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ABSTRACT 

The object of this paper is to evaluate an integral involving confluent hypergcometric 

functions. The result obtained comes in double generalised hyp ergeome trie series a special 
case of the series given by Kampe de Feriet, With the help of this integral one theorem is also 
obtained. One infinite integral involving double hypergcometric series F(2) is also obtained 
with the hcl p of this theorem. 


1, INTRODUCTION 


The Laplace Transform 

i^(p) ^ P J h{t) dt .... (l*lj 

has been generalized in the form^ 

<pip) = P {2p‘)Ki)dt, (1-2) 

Equation (1‘2) reduces to (M) when k = - m = ^ due to the identity 

( 1 - 3 ) 

We shall denote the integral equation (1'2) symbolically as 


K» 

and the equation (M) as usual shall be denoted as 
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Irhe object ol this paper js to evaluate an integral involving confluent hypet- 
geometric functions and with the help of this integral to obtain a theorem 
connecting „ Transform and Laplace Transform. Some infinite integrals 
are also evaluated with the help of the theorem. 


2. Theorem. If 

<Kp) =r7.t^M 


(ett) 


and 

then 


’Pip) # A(0 

^ip) = P (2p)^''+* 2°'+i'’+^'+ 1 r(l 1/,J + M + V + a) 

J“ (2< + 2^ - a )- 1 '/‘t-'' - O' h{t) X 

r 4ft - 2a ”1 

^( 2 ) I 1 1/4 + p + V + O' > i - ^+/^J 'i + A + 1 ' ; 2 p+ 1 , 2 i + 1 ; ' 2 ij^ 2 p-ot ’ 2 t^ 2 jr-aJ 

dt., . . (2'1) 

provided /?(a) >• R(p) > Oj 1 1 /i ~1" p v cr) > 0. 

and the integral involved in (2-1) is absolutely convergent. , 

Before proving the above theorem we shall evaluate the following integral : 

J” /P-1 («0 m (271) dt 

_ (2y)**+^ r(3/a+T + P + P ± 0 'S/a+v+P-f p±S : ~ A+p, ^+\+v 

- ^v+P’+P+l r(2-^ + i’ + P + f>) ■'' [s-’Jd-v+l'+P: 2p+l,2v+l ’ 

2y - a] 

j8 ’ /S • * * ‘ (2‘2) 

where R{^) > i?(2Y) > 0, R[a) > 0, i?(p + /^ + v + I) > 0, and the double gene- 
ralized hypergeometric series 

\a,b^d,e ] ^ ^ [b)r^s {d)r (e)s 

'^ ’L (2'3) 

is a special case of the Kampe de Feriet’s hypergeometric function of two varia- 
ables of higher order and symbolically denoted in Kampe de Feriet’s notation as 


2 

c, d 


1 

a,b 

X 

1 

1 

e 

a',b' 

y 


Now in L. H. S. of integral (2-2) changing the (271) into the jPi func- 

tion, we get 

[i-A+p 

?/,£ U--/ 1'’! 


(27)i*+i J 


2p -I- 1 


■=”] 


dt 


/P+P-i ,-|(a+^) t 

- J |i'l2|.VlV (2«’- f„" * «■* W («<) 

(iSl) dt (4I) 


= I 
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Solving this integral with the help of result [3, p. 410] we get 


r(f d— k -f- i^)r 

^ “ j 0 P+/^+v+l j r f( 2 - »; + V Hr P + F + 0 ( 2 » + I)?- 

(1y!BV F P + ^ + ’^’t+'i' + P + H + ^ + r ^ «] 
(2y/iS) 3^2 1^ 2v+ 1, a-’j + v + P + f* +r iSj 

Again expanding and on interpreting the result with the help of (2*3) we 
get the result ( 2 ' 2 ). 

In (A) the term by term integration is justified since the integral is abso- 
lutely convergent for the conditions stated with the result ( 2 * 2 ). 

Particular cases : 

In the integral (2*2) taking = j + J and a = p ^ i get 


J” j-i(“+2^-2y)< ^ (2yt) 


a^+i (2yf+i r 

= jut + cr+l + 1} O' + ft + V + 1 5 i A + Hs i + A + v> 


2y - c 

2it+ l,2v + 1 


a” 

r • • • ‘ 


where /?(«) > R{^) > 0. E{o + ft + + I) > 0 and i?(/3) > R{2)) 

and jg double generalized hypergeometric function [1, p. 224J defined as 


From the relation (2*4) we get the following operational images 

<°r-l 

«v+i (2yf +i r(l + + V + ct) r , , 

2 y - cT] 

2« + 1, 2v -f- 1 ; ^ J . . . . (i 


2 y - oT 
2 « + 1, 2v H- 1 ; ^ » -j- 


for R{ct) > B{p) > 0, R(a + P + v 4 - 1) > 0 and R(p) > R{2 y) > 0. 

Again using the operational property that if 

5 iP) = h{t) 


pip + a)''^g{p 4- a) == hit) 
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we can write the relation (2*5) as 

l”-' (»<) (2r0 # * X 2”+'‘ + ''+> 

+ t' "1" O' + F j ^ 4" Pj ’} 4" A “I" V, 2n + I, 2v 4“ I ; 

4y - 2a "I 

2 j) + 2 y - a * 2 /»-l- 2 y- «J • • • • ( 2 ' 6 ) 
for R{a) > fl(f) > /J(y 4“ 4“) > 0 R{a + ()• 4- v 4* 1) > 0. 

Now with the help of result (2'6) we shall prove the theorem. We have by 
hypothesis 

m=m 

Now using the relations (27) and (2'6) in Parseval Goldstein theorem\ we 
get 

( 2 y 0 Mx,v («i!) <P{^) dt==«^+i ( 2 y)'*+i r(l I/ 44 -ja+r 4 - ct) 

X J” (2/ 4- 2y - a)" 1 ^(3) n 1 /4 + « + r 4- a ; ^ - A 4- ^ 4 4- A 4- V, 


2/^ 4~ 1 , 2r 4- 1 


2y 


’2i4-2y -a ’ 2i!4-2y 


« 

Jy-a 


dl 


Multiplying both sides by y(2y)‘i and finally on replacing y by * we obtain 
the theorem. ^ 


If 

and 

then 


CoroUary — In the theorem if we take iS: = - m = -J we get 

(at) i>it) 

m==m 

^ip) =p{ccy-i-i r(5/2 4 - r -f- cr) 2“'+'''''+2 f (2/ 4 - 2p 

J 0 


2p 4~ V 4“ o, J 4' A 4“ V _ —2a' 

X 2v4-.1 ’ ^TWp~^ 


h{i) dt 


( 2 - 8 ) 


provided fl(a) > R{p) > 0, R{cr 4 - v 4- 5/2) > 0 and the integral involved in (2-8) is 
absolutely convergent. ^ ^ 

Example — In the theorem if we take 

h{t) = tP 

= r(p 4- 1) p~p 

where R{p 4 - 1) > 0 and R{p) > 0. 
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^(p) 


X 


Now since by hypothesis 

HP) ^ (^0 Hi) 

Kf I** 

we have on using the relation (2*4) 

p{2 pf+i r( P + l)a V+l r(| + + v+cr-p) 

(y _ |a)'i+’'4-^+0'-P 

i^^^fi+F+v+CT-P, ; l-k+ix, 4+a+v, 2ii+l, 2v+l ; ,2-9^ 

L y-i<x 7~ia J • 

Putting the value of h(t) in relation (2-1) and equating this with the value of 
obtained in relation (2*9) we get 

Jo (t + F(2jll/4+(i+v+(T ; i-A+p, i+x+v, 2p+I, 2p+l ; 

t + 2p- a’ t + 2p-a^ 

ra+ p +.^.-p) r(P+i) ^ i-A+MH-x+v. 

.... ( 2 - 10 ) 


(2^-a)i+F+v+o'-P 

2p+l,2v+ + l 

where R{p + 1) > 0, R{ot) > R{p) > 0 and i?(ll/4+i^+y -f cr) > 0, 
On adjusting the pararneters we get 


= r(<»-P-i) r(p + i) 


pa-9-l 


i?(a) 


a- p~l-,b,d,c, e; 


. p 


P ’ P 




( 2 - 11 ) 


where R{p + 1) > 0, R{a) > R[p) > 0 and R[a) > 0. 
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ABSTRACT 

In this paper two theorems relating Whittaker Transform defined by Varma R. S. in the 
form 

d>iP) = f” (2^0-* ^k. m (2^-0 
J 0 

with well known Laplace Transform and H- Transform defined as 

^(p) = f ipt) h{t)dt. 

J (J 

respectively arc obtained. Also with the help these theorem some infinite integrals involving 
Hypcrgcomentric function and Bessers functions are evaluated. 

1. Introduction 

The classical Laplace Transform 

^[A(0 dt (M) 

J 0 

has been generalised by Verma® in the form 

Wih (0 ; A. m ] = 25 f” {Ipty^ '^k m (2^0 /<(0 dt .... (1-2) 

where W j. is Whittaker function. 

Relation (1'2) can be reduced to (I’l) due to the identity 
x'i (x) = e~^l^ 

Also we shall use H-Transform defined by the integral equation 

H [ Ki) ; ”j = j*” (/'O* ipl) h{t) dt. (1-3) 

In this paper we shall prove two theorems relating Whittaker Transform 
with Laplace transform and H-transform respectively. Some infinite integrals 
are also evaluated with the help of these theorems. 
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2. Ifheorem 1. tf 

m - hi^iDik, mi 


and 


then 


r^ip, «)- I [r“/#/i(0;^J 


. (21 •) 


J- ,<, + ™ + 5/4 




;2pt 


dt 


- M2rtl £ A-2”) X (2M!L. ^ 

•pm m-k-m) r(i 3 /t +. <. + ».) 

I - A; + ??i 

^[^ 2^2 J , 13 / 4 ~[- a ' + fw 

provided R (13/4 + (t i 772 ) ><?, R (p)> 0 and the integrals involved in the relation 
(2’2) are absolutely convergent and also h{t) is independent of a. 

Proof, We have (2. p. 295) 


a!p 


Wk. „ (2.1;,) = L r (2.)t 2 ^ 


1^ 


[ 


(13/4 “b <7 772 ) 

I- A: + ??z 

2 w + 1 , 13/4 + ( r +??2 


;2« t I 


where R (p) >o, i2(«) >o and R (13/4 + i w) > o 


. (2'3) 


Applying Perseval’s Goldstein theorem* to the relations (2’1) and (2'3) we 
get 

(2a)i y, T(-2m)(2^r P + ^ + 

m,-m r(i- A- ffi) r(lb/4 + cr 4- OT J 0 

p r ^ k+m ; 2 « J 1 a) dt 

l_2ffl + 1, 13/4 +a+jn J 

Replacings by 1/S in the left integral, multiplying both sides by a (2a)"i 
and finally on replacing a by p we obtain theorem. 

Corollary 1. — In the theorem if we take c = - A- 11/4 we get the theorem as 


If 


and 


Pip) = W 


f-A-7/1 


h m 



then 


... (2j&)5/4 -&-3/2 

~ r(|-Ai7n) J g ^ i‘^V2i>t) ^{S, p) dt .... (2'4) 


provided R(p) >o, /J(a’) >o, i2(| ~ k -^z m) > 0 , A(S) is independent of a and the 
integral involved in (2 ’4) is absolutely convergent. 
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Cotollary — In the corollary 1 if we take A = i m = ;J. we get 
If 



HP) 

= L [ 

hi\/t);Pl 


and 






Hp> «) 

= !•[ fi" 

“/'AO);/.] 


then 






HP) 

^oo 

1-2 <p{t,p) 


provided R{p) [ 

> 0, R(a) > 

0 , A(f) is ■ 

independent of a 

and the 

in (2*5) is absolutely conve 

rgent. 



Example. 

If we take 






K‘) = 

v-x e - git 


then (2., p, 146) 





e 

-«/i A(#) = 

^ ~ (a + ^)/^ ^ ^-1 



• 

= 2 j5) 

(« + q) (2 

'Z y^rCct-i-^^) 


= 

IT 




(2-5) 


where (a) > o and Ri;p) > o. 

Since 

HP) = Wlt^ + ^ k(l /0 ; A, m] 

we have ( 1,, p. 13 J 

A _ 1 r(cr-» + 13/4 ± m) „ fo'- u + 13/4 ± « . , q ~\ 

P\P) -^•(2^a--»^+^l(a_,_fc+15/4) ^^^[a~v-k+i5li ’^~2pj- 

where R{a - v +9/4 ± m) > o, R(p) > R{po) > o and \p\> \q \ . 

Now using the value of a) in relation (2-1) and equating this value of 
^{p) so obtained with the value of 4>(p) obtained in relation (2‘6) and on adjust- 
ing the paranaeters wet get 


(2-6) 


£ EtiMMl r 

m, - m r(j}- k-m) r(<J + »* + g “ 1)J o 

E r 

^ ^ L2m + 1, CT - 


‘ + ” 

+ i»+;-l J 


dt 


_ (/> + r(g " t> + m - 2) E- ! O' * p/2 ± m - 2 . q 

2 {2p) a-v/2-2 T{a - « - A - 3/2) [ a - a - A - 3/2 ’ " “2/- _ 

where R{(t - v/2 ± m - 2) > o, R(p) > R(p^) > o and 1 /> I > I j | 




... (2-7) 
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3. irheorem 2. iJf 

^{p) = w [ i>{vr) Ik, It] 

and 

then 


(3*1) 


Hp) 


^-1/2 2-8A-3Wa-9/4 f(or + | j.p+2) r“ 

^«/2+X+i/4 i( 5^3/2) r(5y2+X-&+V2) Jo 

r 1, 2 + V2 + A ± P 12/8^1 

l_3/2, z. + 3/2, 5/2 + A - A + »/2 

.... (•3-2) 

provided i?(2x + o + 1/2) > 2 | iJ (ft) J - 7/2, >o, js indenpendent of a and 

the integral involved in the relation (3-2) is absolutely convergent. 

Proof: We have [3., p. 171] 

^-j/2 pv+ii -2 2-3A-8t./2-2 r (2 + A +'p/2 ± A) 

A+v/ 2+1 r (o + 3/2) 1 (5/2 + A - & - t>/2j~ 

1, vj2 ")* A dr (4 ■{' 2 


a4^3 


[3/2,1/ 


+3/2, 5/2 ^ x^k vl2 


•,-p^l8a J 
(3'3) 


= H [ <2A+ J ^ - a <2 (2« i2) ; j] 

where iJ(2 A + t> + J) > 2 | R{f) | - 7/2, R{p) >0, iJ(«) >0. 

Applying Parseval’s Goldstein theorem^ for H-transfoam to the relation 
(3'1) and (3-3) we get 

r (2<rt^)^{t)dt= 2^3A-3z>/ 2-2 r(t)/2 + A dr F+2; ^ 

’ «A + 5/2+1 r(t;+3/2) r(5/2,+A-it- p/2) 


Jo £^.^3 3 [ 3 / 2 , t; 4 


2^/2 + XiP + 2 

+ 3/2,5/2 + ^-^ + 


/9 ’ 

0/2 


Replacing by ^ in the left integral, multiplying both sides by « (2a)'i and 
on finally on replacing « by ^ we obtain the theorem. 

Corollarp^-^ln the theorem 2 if we take A; = = J we get 

If 

<P{p)^Lii^ mipi 


and 

then 

HP)' 




2-8A-8„/2 -»m r(A+g/a +7/4) 
:ri^4>/8+A+J r(» + 3/2) j ^ 


'l-.A+o/a + 7/4 
.3/2,t,+3/2 


5 4ff) 

.... (3-4) 
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provided I^p) > o, R{2\ + r; + 7/2) > f?, i^{p) is independent of ot jindi the integral 
involved in (3*4) is absolutely convergent. 


Example* If we take 


then since 


we have (3, p. 106) 


^(^ ) =; 


g{t, a) = r i'{p) (pl)^ Tv ipt) dp 

J (I 


S(t, «) 


W-"/ 


Is fa-") 


vtt r, Sec yTT/rt 

tan g- 4/2 H- ■ /iv/a (<®/8(j-a) ) 


where /?(a) > o and - | < A’(®) < [ . 

Also by hypothesis 

</>W = ; a; ii] 

then [1, p. 13] 

^ X rfa jJr Jt+ 1 ) [Ad:; - 1 - 1 

/ W ^ ( 2 p )^4 r(A - k+' 3 / 2 ) [a - A -I- 3 ji ’ 


Using value of in the relation (3-2) and equating this val.u^ nf a//. 
With the value of f/)(/)) obtained in the relation (2*1) we get " ^ ^ 

f” tv+h-t^lS{Q-P) 3^3 L 2 + + A ± h 

J 0 L3/2, »+3/2, 5/2+a- A+r>/2 ’ 


C(iil j/2) r (5/2 + A - A + V,.) ru ± jh- 1) fa-4)J 
, ■I'(A + »/a + 2 i; y.) r{A - A + 3/a) 2'=/a-2A-#,7a , 
„ ( A ± (i 1 « -| 


a 1 |_a-.A+3/2''>i -'S i^ (3*6) 

where A(>) > o and - ) < A(y) < | . 
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THERMO-ELASTIC DEFORMATION OF AN ISOTROPIC WIRE 

By 

MD. MAHP002 ALI STDDIQUI 
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ABSTRACT 

The case has been considered when a small increase of temperature of amount **T*' is pro* 
duced by heating the rod with a small cross sectional area so that a uniform dilatation of amount 
proportional to “T’’ takes place without any corresponding change of pressure, the constant of 
proportionality being the coefficient of expansion, 

Under the above circumstances the stressstrain law enumerated by J, M. G. Dahamal and F. 
Neuman is : 

T == ( A “• V Tji ) Sji 2 eji 

where v — KC (Bull madules X coeifficient of expension) 

A natural modification of the above law is made in the present paper by using the lollowing 
non-linear law with finite components of strain £ij : 

TiJ = [X I, ( l - I,) - V T ]Sij + 2 [ IJ- - { \ + li) I, ] Sij - 4 li eai 8aj 

As is to be expected the solution in not unique. The first order approximation of a solution 
shows that all linear elements are extended at the rate CTj J which is in perfect agreement with 
the linear theory.” 

We assume the displacement components as under : 

u=xil-p);v^y(l-q);w=z{l-r) (M) 

where f, are real constants 

The components of strain are : 

i ( 2 - * ( 1 - ?* ) ; = J ( 1 - ) 

EjiS = fSA: = = 0 . • . • (i'2) 

First we adopt the linear law of Duhamal and Neumann but use the finite 
strain components leading to the stresses given by 

r?; = I ( 3 - r® ) + p ( 1 - 3® ) - ■>' r .... (1*3) 

Yz =Zx = Ky = 0 

Since the curved boundary is stress free we have 

Xx ^ Vy Zz — ^ • (1*4) 
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so that It follows immediately that 


= ^2 -- 

Relations (1*3) now lead to 

= giving A = (l = fcr)i ( 1-5) 

Now we proceed to use the modified non-linear stress-strain law given above. 
The stresses are 

JT* = A [ 1 - 4 ( (?=' + rM ) - A [ a + H + rM** - i ( />' + (/=» + ) 1 

+ f‘( + )^-vT 

= X [ i- + 9a 4. ,2 ) ]_x L a + + ( 7 M- - i (P^ + (7® + ^2 j 3 

+ /* (1 -?«)_( + 4.^2 y-vT 

Zz = x[ ] - A r 2 + 1- -1- rM' - I (/>* -I- ?* + J®) ] 

+ .»( l-»-a)-Cx + F) 

= r;, = Zj, = 0 

The body-stress equations of equilibrium are identically satisfied, and the 
curved boundary being stress-free it follows that and we are lead to 

the following biquadratic equation in r : 

since v = where A = ( A + § M ) , we have 

V I I ± y 1 ~ -y C r I (1-8) 

Obviously one solution of (1-8) is 



where higher powers of CT have been neglected because both C and T are small 
quantities. 


Corresponding to this approximate solution the extension per unit length 
becomes 


= (IzZ) _ ^ / 
vz ~ 3 y 

- 

“ 3 


1 - 


9 LV 

3; 


This is in perfect arrangement with the ordinary result. 

Incidently, the calculations reveal that the situation is the same as corres- 
ponds to the case of a hydra-static pressure with a change of sign. 
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ON GENERALISED BESSEL FUNCTIONS AND THEIR 
ASSOCIATED FUNCTIONS 

By 
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[Received on 24th October, 1964] 


ABSTRACT 


In this paper a few functions associated to the generalised Bessel functions have been 
defined and certain recurrence fornaulae and expansions have been obtained. Associated func- 
tions of the fiist and the second type have also been expressed in terms of infinite series of 
( 1 ) ( 2 ) 

T J i^nV^ respectively. 

1. Generalised Bessel functions of the first kind. 

Taking {%} and {xn} the first and the second type of the Bessel 

functions of the first kind and of arguments Xn) and unrestricted order 

respectively defined by the equations ; 

/n 03 

J IX ^ * ‘ ' 

fli except frt which is given by 

where r may be given any integral value from 1 to Uy 


and 

Jfx ^ ^n} ~ * • • • (^) 

^1, . . . • ijt — - ^ except tr, which is given by + • • • • “1“ 

where the last term within the summation is {x^^) or according as n is 

odd or even, 

we can show that 


. l{ } + //X + 1 { } ) + • • • • + 

}" 'o .{*»}+ /™+ 

= i u'ff { > -4‘V . { ». } ). 


d^P 

t (2) 


/A +/> 


{^n} — i^i 1 {^n} + Jy! Y {^w} )+....+ 


.( 2 ) 


»»*» t4‘’,{»:4+(-l)*+V”^.. {«»}). 


( 2 ) 


(3) 

(4) 

(5) 
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( 6 ) 


= i . {*.} + ( - I)”;"*;. ('«> > 

'd^p 


s<‘ /" {<„(■ 


sn -I- 


sn 


= £ {*«}7^‘^*n}, 


m = -co 




p) 


'*-(‘” + '=7^1 - 2 .»/'> !«„>/’{(-i)««M. (3) 

•^1^ ■*" / J n! = -co »« 


where 1 J 1 < 1 in case ;<• 0, ± 1, ± 2, . . 

To prove (3) from (1), we find that 


f 1 ^ 0 ^ 


^1. 


^1. 


M t, 


•) 


') 


li-j) 


- CO except i,-, which is given by <1 + . . •+«<„ 

-1- -i ^ P^pJt^ (*i) • • • h.,i 

: - CO except tv, which is given by <iH- • • ■+"<» = ^ +P 

- CO except /f, which is given by <j, -|- . 




The star in t* indicates that the term corresponding to tp does not occur 
within the space maked by On using the recurrence relation 

tJi («) = '^* iJt-1 W +./«+! W )’ 

we get 

=- CO except h, which is given by /i+ ... +««» = /* 


Thus 

in 1 {«»} +//;^ 1 )+•••• 'i” (/m-„ n ^ 

= X (^1+ ' • • * • • h.„ 

hi • • ; tn — - °° except tr, which is given by <i+ • • • ^ 

Similarly (4)-(6) can be proved. 

To prove (7) we use [1, p. 102 (39) ] 
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y* ( M ^ + ^)) = Jt-k W h (^) (a) 

where J r | < 1 in case t 9^0, ± 1, ± 2, . . . . 
so that 

(-f” + i"! } = X • • • +"^«^ ■■ ^^1+ • • • +"'»») 

It,- k, W • ■ • It,, - k„ («) Jk^ W • • • Jk^ (^) 

^i» fjj ; *i< • • » ^» = - eo except fr wnich is given by ti4- . . . = p 

where 1^1 < j in case < 0, ± 1, ± 2, . . . 

Putting fci+ . . . -j-nkfi = jn, where jn = 0, ± Ij ± 2, . . . we have 

4” {*.('*+ y) } - f A-ti « • ■ -vj. (*») <*•>•■■ /i„ ('») 

/i . • • 3 = - CO except ^rj which is given /i + . . . + 

and • . . +nk^ = m 

Again if we put /i - == qn we get 

3 i • • • > Qn ) 1^1 ‘ • • } ; m = - 03 except which is given by ^ 1 + . . . +«?ji 

— k'-m and . . . +«A„ = m 

CO 

Ai . . . , m = - CO provided . +nk,^ = m 

tn = — 03 

where | r | < j in case p 0, ± 1, ± 2, 0 . . 

In a similar manner (8) can also be easily proved by using fa) and Tl d 
102- (40)]. 

/i(«(l-.)) == (^3 ^^(^3 

where [ r [ < | in case t 0, ± 1, ± 2, . . . 

2, First kind of the generalised modified Bessel functions. 
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file first and the second type of the generalised modified Bessei functions 
of the first kind which are denoted by {xj respectively are Re- 

defined by the equations 

l" K} - f li. (*.) • • • W 

• • • 9 ^ which is given by ^i+ . . - = P 


and 




( 2 ) 


^ _ 00 except tr, which is given by < 1 + . . . +nt„ = M 

where the last term within the summation is /t„ (x,„) (x„) according as n is 

odd or even. 

From these definitions it can be easily shown that 


1 ^ M = ( ^ 1 !- 1 1 ^ ■ 


^(1) 


“d i a {%} 




/X + p 


,W} ) 


{^n} = ^ jtxLi + 1 + . . . + 

,(a) , , . , tC^) 


+ in ( i/x _ „ {^«} + (" •^/x + n )’ 


° - i ( j” , {%} + ( - ‘>”‘4” {»..} ) i 

•dxp 


and 


(3) 

(4) 

(5) 

( 6 ) 




where ] j ] < | in case l^^O, ± I, ± 2, 


3. The functions {x„} and {x„}. 

If p takes integral values then from § 1 (1, 2) it can be shown that 

M = ^ cos (m 0 - «! sin ^ - . . . - x^ sin n 6) d 9 (1) 
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^nd 

hU^n} = i eos 2 ^ + ATI cos 4 ^ + . . . 

X cos (m fii - ATi sin ^ % sin 3 d - . . .) flf i9. (2; 

We can now define the functions {xj and which arc gene, 

ralisation of the function E^i (x) associated to Jm fx), by the equations 

! \ 1 i"”' • / 

m ^ j ^sin (m t? - sin (9 x„ sin n e) d 0, (3) 

and 

I _ i /a cos 2 5/ + *4 cos 4 ^ + . . . 

m ^ ^ J 0 


X sin (m 0 - Xi iin 0 - x^ sin 3 0 -,...) d 0. (4) 

It can be easily shown that 

K} = ( - { ( - l)’^ .„}, - .„} = - {.„} ; (5) 

K} = ( - ir"’ ( - >)« -.}. = - C { ( - j -»} i (6) 

= (-!)’” (- 1)” «»}. K} = ( - ir !)”+' ; (7) 


= ( - 1)" ( - !)»» Xnhfl' {^4 = (-!)'” {Xn}, 


(S) 
' m 


(2) 


"b {^n} + ^M+n 


-.(1) 




3 {^n} 

0 


J (*»» i 


( 8 ) 


f9} 

(10) 


m 


€ K} - i ■ ■ • (1 + (- 1)” ) - l«i (Cl {'»} + Cl <'»i + 


- J (C M + ( - 1)' C« {«»}) I 


+ 1" *“ <®,-. + (-1)”+* {«»} ). (II) 

) 

m-ff 


ttl-i- p 


f.. 1 1 ,(2) (l-(- 

r?i “ A: 


= ;r w 

A: =s - CO except A; = ± m 


m-A 


( 12 ) 

(13) 
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, , (L-l-rlrt 

'^^11 f m-k 


k =z= - CO except k = zb 


(l4.) 


From the definitions and f}J {cv^^} and (5) — (12) it evidently 

appears that these functions may satisfy numerous results analogous to those 

(1.) (2) 

which are satisfied by J and J {aT/J respectively. 


4. 


The functions {«„}, {.v,,}, {.v„} 



• We now extend to n arguments the definitions of the functions [x) and 
(a?) which were originally studied by Anger and H. F. Weber. 

(1) (2) 

The functions and {,v„} arc the generalisations of the func- 

tions Jjj {x) and they are defined by the equations 

cos (it (? - Ay sin I? - ... - sin n O) dO , (0 

/„ I = i C'^ /a cos 20-\-x.i cos 4(9+ . . . 

J(t I “V n J 0 

X cos (liO - Ax sin (J - ... - x„. sin n 0)d6 (2) 

Obviously, these functions reduce to {A;,} and respectively when 

[i takes the integral value m. , Also it can be easily seen that when M is hot an 

(1) (1) (2) (2) 

integer, the functions {a„}, {a„} and {a,,}, { a.;j} are distinct. 

(j) 

Similarly in view of the functions fi [a,,! and E \x,.} the functions 
(1) (s) *” ' ^ 

{a„,} and {a,,.} which arc tlic generalisations of E^j (a) arc defined by the 
equations 

{^;»} == " sin (i*i9 - Ai sin 9 - ... - x,,, sin n o) dO, (3) 

{x,^} = 1 f’^ /a 29+Ay cos 4(9 + . . . 

H J 0 

X sin (ny) - Aj sin 0 - Ag sin 3(? - , . . ) dQ. (4) 

From the above definitions we can show that 
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= I cos ( li0-Xi cos S + X3 cos 30 - ... ) 

' X cos (nO + sin 20 - sin 40 dg 

{a:,,} = 2 Tw/a cos 2e-\-Xi cos 40 + . . . 

^ ” J 0 

. TT 

X COS 11 $ COS (— i £ - cos 0 + :^3 cos 3 |? - , , 

{^»} = f cos 0 + Ks COS 30 - ...) ■ 

, X cos ( ii0 ^ + sin 20 - sin 40 + . . . ) d0 , 

/ v ^ J '2 f^T/a g-;v2 cos 20 4 - «4 cos 40 - 

F ^ ^ J 0 

COS sin ( '^ “ % cos 0 + AJg cos 3 $ - d 0 

■ {«»} = i% { ->}• { ( - 1)« } ; 

KI =_E^y {-«„}, { X „} = - E^;' {(-!)« x „} ;' 

F Ju^ K} “ w K} + K} + • • • • V 

^ jX+1 

K} + K} ). 

i • • • sin ^ k}+j;:ViK»+ • • • 

+ 4«^X(CK} + (-!)”+" , I 

I^®/1 W} “ I V '^AiVl ^A^-I }) + •••• 


\ 


1(5) 

/ 


( 6 ) 

(7) 


(8) 




:^a+^4+ • • • sin2 ^ = Ix^ [xn] 


+ E 


(2) 

>+1 


{a} )+.... + in., (e“_{».} + (- 1)e” ) 

8J?{a} 




= 4 <j“, {«»} 


i/t+pi^n} ). 


8J"{»4 

0^P 

aE^^AJn} 

dXp 

dxp 


- i {*«} + (-1)^ W ). 

= i {««}+(- 1)^ {xn }); 
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ixn V — 1 V' f I sin/^rr 


m r-*^ 

t(0 


X 


( 


Jo^ } 


= I \ /‘ + ?K l<-m '” / / 


( 1 ) 


- + 

m 


,<2) I , sizi/^w 
‘l^-m 


^« = “co 

= si^ / } “ / j (^ \ «) 

( ^r"! \ ^ 7 


<'K} = ^ E CK} 


r<0 j ^1 - ( - lyn COSTT/A 


( 10 ) 


“00 


-' m 


.|/»i5lL- />(.„}. + 2 .i.J (.+»'.( ^r’{-'l)) 


e'“>{.„}-1 V ‘I” “■ I" 

m — -“00 


_ 3 »/■>{„,+ £ „.„i (,+„), /tD” + _L/V}U 

\ ‘ “ ctTi ^ /t + ti-~ 711'' m ^ " 1 1 I 

J 2<jr 

^ cos (/*^ - ATi sinfil- . . . ,-x„ sin n0)d9 = {,v„ } -|- 

co. j. TT jj;^ {( - l)n -,„})_ X sin E^O^(- J)n 

/ Ztt 

^ sin {1^9 - x^ sin 0- . , . xn sin «0) = x {.v„ } + 


cos ^ M {( - 1)« j sin /. ^ jj;>| ( _ 1 | 

in- e^a + '■'-'•1 f'OS 4(? + . . . . . 

Mo cos (/^j -,v, sin 

^3 s>n 39-. ..) de = cos Mtt {a-„ } + cos /itt sin im E^^\xn } 

hiT e *'a c®® 2^ -f cos 4 iJ -f . . , . . 

Mo sin - A'l sin 9 - 

*3 sin 3^ - . . .) =, cos (ITT {jc„ }+ sin^ int {xn } 


( 11 ) 
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On replacing ^ by 7r-(9 in the integrands in (1) - (4), we obtain the follow- 
ing results : 

{(- 1)’"a;b}, '' 

r** f* Ir 

{*« } = cos /*jr {(- l)n Xn } + sin P-tt {( - lj« Xn }, 

e!'^ {xn } = Sin HTT {( - 1 )« ;v„ } - cos ^ e|;^ {( - 1 ^ }. f 

p. ji 

{xn } = sin Pv {( - ])« Xa}- cos pv {( - 1 )» Xn }, 

p r* t*" 

5* The functions {xn } and \xn }. 

m '• m ^ ^ 


Among the functions belonging to the class fm (x), the function Tyn (x) is 
most simply represented by the definite integral 

Tm(x) {0 - %-) sin (m9 - A?! sin e) dQ. 

^ J 0 ^ 


Various properties of this function were studied by Scblafii [2, p. 341], also, 
from the form of the above integral itself an association of Tm {x) with/w {:t) is 
evident. The functions T ^ {xn } and tJ } are the generalisations of the 
function Tm (a?) and they are defined by the equations : 

{xn} = ^ {f) - T) sin {me-x, sin S~. . .-xn sir n$) d9, (1) 

and 

T^^hxn } = 2 \ gX^ cos 20 + Xi cos 40 + .. . 

« Jo 2 ^ 

X sin sin ^ ~ sin 3^ - . . ) dff, (2) 

from these we can show that 

(-])m+i 2-^^ {(-j)" + 1 a:b}; (3) 

r® („}-(- 1)” 3^’ {( - 1)» *. ). r® {« } . ( - 1 )»« r®{,. } , ( 4 , 
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+ C+ ,(«}) + •■■ + i"” (C » {*" > + ^» + « (’'■ »• 

'm (*" } - 2 /™{»» } + 2 cos> Jmi<*2 + •«• + ■■■„ J,i, (7 “_ ^ } 

+ >>+• ■ ■ +^’“<C« > + < - '>”■" CJ" » 

®JjLi!ll=J(2'(‘’ {*. } -7-<‘> {»,}), 

dXp '^'^P W+2> 

a r'*’ /*. i <•) , ™ , , 

{*•} + (- ')“ 2 )) • 

I = ~ (9 cos (tVywrr *- cos 0 'h cos Z 0^ - * .) 

m ^ ^ vr Jo 

sin [mO - x<^ sin 20 + sin 4(9 - . , .) dO ; 

7 -^'^ ^ ^ f-/^ e cos 29 +a;, cos 4 

M ^ jTt j 0 

ATj cos + ^0 cos 3(9 . .) sin w/? ^[(9 ; , , 

2'» <*"1 + 2 j| j“ {*«}+» e" {«. ! - 0, 


5. 1. Series for {a'n } and {.Vn } in terms of }’s and f 

respectively. 

From (1) and (2) of § 5 we shall show that 


t” {*^}=£,ia“+7i<"-)-2;i2* !*■)). 


C {*" } - 2, i (^74 {*” 1 <Ut (*" !)■ 


j^l k ^'^m-Y2k 


To prove (1) we substitute 


sin 2k 0 ^ 

~j^ for a - ?;7r 
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in § 5 (i). Now, term by terra integration shall be possible provided the series 
obtained^ by the above substitution converges uniformly in 

Since the above Fourier series does not converge uniformly near (9 = 0 and 
0 — TT, therefore, we need to justify the term by term integration. Lets and s 
be two arbitrarily small positive numbers. We can find an integer Mq such that 

TT sin 2^ 

( 9 “ 1 — < ^5 where 5 < 6? < tj'. and M > Mq, 

^ k^\ ^ 


Again, for all values of B between 0 and :r, we have 


/A V 0 

to 2L/ h 

^ ^=1 . ^ 


= I (1+2 cos 2i{+2 cos . . . + 2 cos 2 Mt) di 
r7r/2 sin (2M4- 1) ^ ^ 

~ J ^ t • t 

_ ^ f+2 sin (2M + 1) ^ tt r(M>i-i)7r sin 




=11 


{2M+l)4> X 


for some value of i> between ^ 7r/2, by the second mean— value theorem, since 

{tl siat) is a monotouic increasing function. 

From the graph of ( sin x/a;) it can also be seen that the last expression 

does not exceed J w j in absolute value ; let this value be 7r4/2, so that 
Jo ^ 

m J "f" IT ^ J 0 — A sin (m 0 - jTj sin 0 - . . . ~ Xn sm n^) dd 


Jo'^L 


TT 

(^ - 9 ) + 2 


sin 2k 0 


r-o w 


TT-S J 


1 0 - ^ 


j sin (mg -x^sw - xn sin «^) d9 

\ sin 2l£ ^ 1 . , 

I + 2j T . — Sin {m& - 

i = l ^ j 

jfi sin ^ - . . . - Xn sin n$) I dg 


< I (Trig + (77-2$) e) B < 2(As -j- s) B 
where B is the upper bound ol j sin (rng ~ x^ sin g - . . . - xn sin ng) | . 
fied t^rm integration is justi- 
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In this way we shall extend the definition of various functions associated 
with (x) to the functions of n arguments a'i, . . . , Xn so that they may be asso- 
ciated with the function (xn } or {xn } as the case may be. 
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BODIES AND THE STABILITY OF THE 
GENERATING SOLUTION 
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1. INTRODUCTION 

This paper is an outcome of my study of the papers of Danby^ ^ and Szebe* 
hely^^ on the elliptic restricted problem of three bodies. Danby in his paper 
has studied the stability of the triangular points and Szebehely in his paper 
studied the stability of the collinear points in the elliptic restricted problem of 
three bodies. The present work staited because of a curiosity to know the stabi- 
lity of the generating solution in the sense in which Danby and Szebehely look. 
While going through the papers of Batrakov®, Pius®, and Abalakin^, 1 found that 
they were mainly restricted with the existence of periodic orbits of the second 
kind in circular restricted problem of three bodies and this restiiction raised a 
keen interest in me to examine whether the word circular can be replaced by 
elliptic and the periodic orbits of the second kind by periodic orbits of^ the third 
kind in the above problem. This problem might be solved by HiiPs method^ 
which seems to be more useful for numerical work. Here 1 have followed Poin- 
care’s method which looked to me more attractive for a qualitative study* 

Coming to the results obtained in the paper it is found in section 6 that the 
orthogonal inierseciion of the generating solution with the ^r-axis is a necessary 
condition for the existence of periodic solution which coincides with the condition 
obtained for symmetric periodic orbits'^ and whence it follows that a complete 
classification of the periodic orbits of the third kind can be studied as in^* 

2. FORMULATION OF THE PROBLEM. 

Here the motion of a body with negligible mass is being considered in the 
gravitational field of two finite masses. Both the finite masses are assumed to be 
describing ellipses about their common centre of mas5es. Coordinate axes are 
chosen in such a way that the A;-axis will always coincide with the line joining 
the primaries and the common centre of masses is taken for the origin. 

With this selection of the axes it is proposed to prove the existence of 
periodic orbits of the third kind. This existence is shown in section 6. In sec- 
tion 7, the stability of the generating_ solution is being considered taking into 
account the disturbing mass upto 0 (Vm')- Under this consideration it was possi- 
ble to classify the periodic orbits as : 

(i) Elliptic periodic orbits, 

(ii) Hyperbolic periodic orbits, and 
(izi) Parabolic periodic orbits. 
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Also conditions have been established for which the three types ot periodic 
orbits may exist. The above classification is only the author’s generalisation for 
3-dimensional corordinate system oi the similar orbits for two dimensional co- 
ordinate system. 


3. EQUATIONS OF MOTION 

Let Wq and be the two finite masses at S and/. Let 0 be the centre of 
masses jwq and m' and let 0 ^ v be the coordinate axes such that is the plane 

of motion of 6* and J and OC, is a line perpendicular to ^ - plane. If 0) 

and Viy 0) be the coordinates of S and /, then equations of motion of the 
negligible mass P(^5 Q may be written as [2, page 254 j : 

%w ■ .. 

i 0; ’ 07? * S - gr (1) 


where 14^=4^ (n2o/^o H~ It') and 
given by 


- li)'^ + (’? - ‘^i)“ + io, Ij, .... are 


(mo + Tn') lo = - Tn'TjL cos v', (wq + m') % = - rn'r^ sin 

(Wq +m') - m'r^ cos o', (m^ -{- m') Vi = rn'r^ sin o', 

where rj = SJ and o' is the angle made by SJ with the positive direction of O^. 
It will be assumed that 

= a'(l - e'^)f{l e' cos o') 

where a' and e' are the semi-major axis and the eccentricity of the ellipse des- 
cribed by the relative motion of J w. r. to S. 

Let us change our fixed axes 0 ^ v C to rotating axes 0 xy z with the 
angular velocity »' where o' is the same angle as introduced before so that the x~ 
axis will always coincide with the line joining 5/. If (x, be the coordinates 
of F relative to axes 0 x y z, then they will be given by the following transform- 
ation formulae [6, page 242] 

I = X cos o' -y sin o' 

V = X sin o' +_)i cos o' 

^ = z , 

Equations of motion (1) reduce to 



II 

^ -j; ' 

__ dJV 

dy 

z 

__dW 

dz 


where W => (tWoAo + Tn'jr') and 
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ar (a; - *0)2 -|r J)) 2 -f 2®, (Ji; - 

V ^'h „ m, fi 

»»0 + m' ’ ^ JWo + m' 

The expression for T, the kinetic energy per unit mass is given by 
r.= J [i 2 .+ ;‘> + ? + 2 i' {xy-yk) i-h'^{x^+y^)] 

Taking x,j/, z for the generalised coordinates, Hamiltonian function can be 
written as: 

« = + ) ] 

Let us return to fixed axes through »io, where (x^i 0, 0} are the coordinates of 
w. r. to the origin at the centre of masses, so that 

X = ^ cos »' + i" sin.r' -[- Xq. j) = T cos v' -X sin v' , z = Z- 
Then + ;2 4 , 2 V {xY - rX) + h'^ {X^ + T^) 

+ 2 Xfl (■^ cos v' -ir Y sin v') + xo- 

So H — \ [x^ +T® +4l^.+2 v' {xY~rX} + 2*0 (X cos o'-+ Y sin o') +* 0 ® 


- i '2 Xo { 2{X cos 0 ' + r sin o') + Xof - 2k^ 




4. INTERMEDIATE ORBIT AND EQUATIONS OF MOTION IN 
DELAUNAY VARIABLES 

Since 0 is the centre of masses ttiq and placed at S 0) and J{xi^ 0, 0), 


Xq 

^ ttiq + m' ^ m^i + m 

Let the unit of masses be so chosen that fWo + w' = 1 and let the two masses be 
m' and 1 - m'. Also, let us assume the eccentricity e' of the elliptic orbits of the 
primaries be of 0 Id Now by [ll. Section 2*03]» = k* 

V (i -6'^) and = kja' so neglecting the terms of 0 + 277imVi X 

n-t CL^ €-1 sin 

cos o'. Again, i„ = -m',ri = fn'^ y^fr^' 272 ' = 0 («'“). If ■d' be the angle 
subtended at 5 by the line joining; and P at any instant, 
then cos j? = cos 0 ' + sin 0 )/r. 

and so »'* x^ {X cos 0' + I' sin o') — -k^ m' ^75 + 0 (m'®). 

Thus neglecting terms of 0 (ttj'®), H can be written as : 

r f ^ 1 r cos 

H = i\^x^ + f'^+Z^ + 2 «i ( 'Y-rX) |r" T “ " 77 ~ j 

+ 2 m' #1 cos o' {XY- rX) + 0 (m'®) 
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For the intermediate orbit, let us consider the Hamiltonian function Hq 
which is given by 

+fa {xr- rX) - --J 

Let us change now our variables to spherical-polar cjordinates r, e and 6 and ; a 
and <!> by the following formulae : ^ I r, d 

X = T cos 6 cos f/>, X — t cos 0 cos ^1 — fQ sin $ cos <!> — r cos $ cos <l> 

j> = r cos 0 sin ji = r cos 0 sin 9!) - rff sin & sia <f> + cos d cos <i> 

Z~r sin e , « = f sin 0 -f cos 0 

Therefore 

■i^o = J r r® + cos® - n-^ cos® 0 ~ ^ 


We shall prefer to write our equations of motion in new set of variables r 0 
and f- For this, the other set of canonical variables will be introduced bv the 
formulae : / 


A - ar - '’A- 


6y pa 


9^0 


cos® 0 


where T^=: I [r^ cos® 6 f^] 

Thus Hfl = 4 [/Jj® +/'a® r®+j>3® r® sec®^] -n-^ p^-k^ r®, 
and the reduced form of the canonical equations are 

= 9^ * = 9^0 ^ \ 

dt 3^.1 ’ 'dt 3jf>a ’ dl ' Sj&a" 

_ 9^0 ^ „ 3^0 #3 _ _ 9^0 ^ 

dt 'dr ' dt " 3(?^ ’ dV d<P 



find the solution of the above equations, consider the corresponding 
Hamilton jacobi equation, “ 


dt 


+ I- 


'MVj 1 /0S'\ 
_ \0r I r® [ 3^' I 


+ 


1 

r® cos® 0 


9^ 

d-f 


1 


- n-. 


3? _P 
dT ~ r 


The solution of this equation can be written as [1 1, pp. 143-148] : 

5 = - «!« + o-gp + '/(2ai >® + 2A®f-tv2® ~ 

+ V' oTj® - ffg® sec® d d$ - 
where fj and are the roots of the equation 

(2ai + 2% «3) r® + 2A® r - «a® = 0 

and 0 < < fjj. Hence the complete integral of (2) is furnished by (3) t.e., by 
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B - 

- 0aa ’ - 




_ 95 . _ 05 . _ 05 

»P3 gp 


As in [11, pp. 143 148], Wg, a^, ^j, ^g, jSg, may be given the following 
values in terms of elliptic elements : 


2a 


■ nji 


Va{l-e^) cos I, Bx — -t 


"a = *v"a (1 -fiS), /?a = <“ 

«3 = a (1 -«2) cos I, ^3 = .n.+ (t - t) 

For convenience sake let us introduce Delaunay variables instead of a^, 
(i = 1, 2, 3) for our further study. Delaunay variables are given as 

L = W/T . G = Wa{i~e^) > fi = -«2) cos I, 

^ = p- S “ > A = -n. 

Therefore <1^1, «33 jSg, and ^3 may be expressed as follows : 

OTj = - gp - Oi fi, ag = G, ag = H 
rs; r 8 

Since 


(f (i + g</G + ^ A + "i ~ / '^dH-{ldL + ifiG + hdH) 

so the canonical equations can be written in new variables in the form : 

dt~ Zl ’ dt ~ dg ’ ~dl ^ 

^ ^ ^ 

^ ’ df ~ ‘ df ~ 

where R^^-^niH + mk |^p- - H cos o' 

+ 0(m'2). 


5. EXPANSION OF THE DISTURBING FUNCTION 

Restricting ourselves with the terms of 0 
494] that 

1 „ i _ =,1 S * 3 ) 

r f A* ij, tg, tg 


AND THE ELIMINATION OF t. 
(m'), we write from [2, pp. 490- 

(i, G, H) cos (q / -f tg g + igft) 
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It may be noted here that I', the mean anomaly of the primaries will not be 
involved in the arguments of the cosine functions for then the coefficients will 
have e' as a factor. But m' is already a factor and thus such terms will be 0 (m'2) 
and they will be neglected. 

Similarly, cos »' = cos V, Thus 

^ “ ors ■\-HH-\-m' . S ‘s) G, H) cos (ij / + I’a g + h h) 

- Til H cos U ^ 0 (m^®) 


Now in order to avoid T from the disturbing function, let us introduce the 
conjugate variable Z»'. Then as 


dV 

dt - "1 = - gX ' 


and so let 


? c'^*i>'V*s)(i^G,H)cos(zV+/ag + i3A) 


- 2ni H cos V 


j + (?(»»'* 


) 


Let us now transform from the variables L, G, H, L', /, |f, A, and to I,, c?, 
. in such a way that our Hamiltonian gets rid of For this we shall 
find out the determining function S given by S I / + C? g + // /i + Z' -j- 5^ + 

+ • * • • 

^ ^ 0S T 0S ^ 

where ^ = ^ ^ , 

Let the transformed Hamiltonian be R* and then 






95i 




8/ 


0g 


3/t 


0/' 


/, g.A, Z') =iJ» + + .,g + 

+ 8G + • • . Zj + + • ' 

So equating the terms of equal orders on the two sides ; 

Other order : 


1st order : 


R-o^ Ro* = ^, + n,{H- L') 


.0^1 0V e Hm' cos I' ~0 

0Z • 0r ^8/j ■ 0tf + dt' ' 01' ^=03/ -0 


The latter equation is satisfied by = - 2ei H m' sin I'. 
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'Thus to the first ordei* 


" 2% + - '•') + i„|' i, “» (’V + M + W 


where L = L, G = G, h = H> L' = L-2eiHm' cos /',T= /, 7'= g, 
h — h- 2^1 m' sin — V 


Dropping bars ( - ), we can write the Hamiltonian as ; 


R- _L „ 
^ ^ -i: «i 


'.a- ^') + , 


‘n 'a. 


»s) 


^i5 ^3 


(L, G, //) cos (^ijl 4" 4r *3^) 


where cosine function has been expanded in Taylor’s series and the terms ol 
0 (m'2) have been neglected. It is now seen that I' does not appear in R and so 
for the further study L' may be regarded as a constant whereas L, G, and h 

are variables. 


Later on, it is seen that U and U have the same period as H and A, so for 
the existence ol periodic solution, we shall have to show only that there is a 
periodic solution in L, G, g, and h. 


6. EXISTENCE OF PERIODIC ORBITS 
For symmetry let us introduce new variables 
= Lj flfjj = G, ^^3 = jf/ 

Ji = ^ Ja = Js = A 


Let us represent the disturbing function in the - variables (x,\ vA ft = 1 2 31 

byi? where F=Fo+?»'-P’i + w'"fa+---- ^ ^ 


We shall now try to find the periodic solution of the third kind by Poincare’s 
method^® for the equations of motion 


dxj 

di 


0F ^ 

dyi ’ dt 


-|(i = 1.2,3) 


• (4) 


For m' s= 0, the equations (4*) can be written as 

Zjo 




dt 




The generating solution t + are well-known solution 

of the problem of two bodies. Here at and toj- are arbitrary constants and 


»i(“) = 


0^0 

'dH 



, = 0 = 


0Fo 

xi = oi ’ 


«3<°) = 


This solution will be periodic with the period To, if 

yiiTo) -^i(O) = To = 2kj/r (t = ], 2, 3) 

XiiTo) — Xi ^0) = 0 


0To 


'dx^ 



Here h (i = 1, 2, 3) are integers, so that n/®) are commensurable. 
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tet ttie general solution in the neighbourhood of the generating solution Lfe 
penodic with the peiiod To(l +£»?) where « is a negligible quantity of the order 
m'. Introduce new independent variable C by the formula : 


1 CL 

for which the period of the general solution will be Tq which coincides with that 
of the generating solution. Therefore, the equations of motion (4) can be written 
as 




(5) 


and the general solution in the neighbourhood of the generating solution may be 
given as 

Xi Ui pi yi ^ C “4* + Vi{C) (t “ 1,2, 3). 


The equations (5) can be written in terms of new variables and Vi as 
dC dVi ' dC 


■|J(* = 1,2, 3) 


(6) 


where 


m I ii I ^{) = + ^3 1 "0 + Pi 1 + »'i + yi) 


-f (1 + 


, Tv , V 

L5i S i 


T A -r daidaj J doi J 0coi j 


+ 0(^i*) 


(?) 


Now in order that the periodic solution of the third kind may exist, the 
necessary and sufEcient conditions are written as [10, pp. 134] : 


^*(^o) — ^i(O) '= — 0 

Jl’K^'o) -J’(o) - 2AiTr = = 0 


... ( 8 ) 
... (9) 


Restricting our solution only upto the 1st order infinitesimals, the equations 
(6) may be written as 


COi 


Now expanding F^^/^Tq + + Ti) in ascending powers of 

/^8> ^ 3 ’ ^be equations (8) and (9) may be written as : 
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(to, y.-, m') ^ 0JFJ 3 3 safFJ ^ 

— 3“& ^“i 

|(A+1.2. 3) 

/<r D 'T m' r T?I^ r^Q r^ Id tdt 1 

^.(To, /3.-. r.- m') = - Vg- - m ^ T„— - J ^ J ^ id idt J 




3^[Fi] 1 8^F, 

0^1^ ro9ai‘ 


i" Jo 9 “>i' J 


,T r « , n 9_m 

' . , mi + . m +.-3 Wll . ^0 

+ 0fli 0«1 ^ ® 'dH 0“2 ^ ® 0fli a^sj ^ 

’?2(^0^ /3lj urn) — - m T^ + Pi g^^ J-^ g^^2 J ^ g(0^ 

« 9TO_lS + 

+ i®a + ^3 g^^ ga^ + 

^,5m + y ML . y W1+ l_n 

+ 0<72 0^*1 ^ 0% 0“2 ^ 0^2 3 “ 3 ^ J “ ® 

. r ^ 3^0 r-r .-^T- f" 


CO 

1 




J_0JF„ 

(•To 0^Fi 

■ To SV 

J 0 9^3 9“x 


^ . 3TO_+P 3_TO 

+ ^a 0^3 0(72^ ■ ® 033® 

3™.] ^ 

+ yi 0^3 0O)i g^^ 033 0o>3 + ' * ^ 


1 CT 

where [Fi] = ^ °Fi {t.jaij'nP) i + o;) d'C (t = 1, 2, 3). 
0 Jo 


Since C is not involved explicitely in the characteristic function F, so F = C 
r)F 

is an integral and ~ 0, the first of the above six equations may be considered 

OA'i 

as a consequence of the remaining five. Thus for seven unknowns jS;, yj and a 
we shall have only five equations. Hence two unknowns (say yj^ and o') may be 
chosen arbitrarily. Let y, = 0 and o = o(m') ^ 0 and again as the choice of the 
origin of time is arbitrary, so we may take a).|_ = 0. Then the equations (11) will 
give j8i, )3a, yffg, yj and Vg as holomorphic functions of m' , reducing to zero with 
m', if the following conditions [6, pp. 178-184] are satisfied : 
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= 0 (i = 1, 2, 3) 

d<f>i 

2gy = 0{i-l,2,3) 

9 (4. g». %> %) 1 ¥= 0 

9(Vg* ^^3’ ^2> J^s) 1 == — 7t = 0 (i = Ij 2j 3) 


The Jacobian on left hand side of (14) can be written as 

8^[Fi1 8^[Fi] 

0 0 0 00, 0O)jj 0£l)j 

a'[Fx] 9'[Fi]. 


3TO. 

3 “3 3'»a 


8![^J 

“ 0V ' 

3^[Fx] 

_ 3^8 3^2 

and so the condition (14) reduces to 


0J*[M 

3^3 

a^[Fi] 

8 %® 


0 =7^ 0 

0 


3^F„ 

m] 



35^1! 

daj_^ 

c/ti) 2 


^ nFx] 

3fla 033 


mi 

0 ^[Fxl 

nFxl , 


’ 9^2 ^^3 

3“3’’ 

1 0^8 9*^2 



[It may be noted here that -- 


0 (i= 1,2,3; 


/= 1,2,3)]. 


The conditions (13) reduce to 

IzJ1& 1 - 2 u^ 3 [Fi] _ q1 
' ®' ....(15) 

_ 1 ffil „0 

4orV^ d(l - ff2) 0or 

where cr == sin / /2, gives e and a for which the periodic solution may exist. Let 
Bq and (To be the corresponding values. 


J.4 Q 2/7 

Since Fq = + tii % and so 9 =^. 0 


. (16) 


Now the existence of the periodic solution will follow if the two determinants 
occuring in (14) are not zero. 
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Since 


ia. ig {«!. «a. %) cos [t^ ^ („g(o) ^ ^ vj 

*i» *a» ^3 

• • [^il ^ 5!/p^*i> *a» *3 (^ 1 ’ ^ 2 > %) [fj co^ ig ^> 3 ] 

* 1 » *3’ *3 

il/2,(0)+f3 ;.3<0) =0 

The conditions (12) sVw that = 0 = sin (j>g + == So 

either wa ==©g = 0 ; or o>g = 0, ©g = tt ;**or «a = “>3 = ’i- ; 0 r <og = r, <03^= 0 : which 
show that the conditions of symmetric conjunctions or oppositions are the neces- 
sary conditions for the existence of the periodic solutions which coincide with the 
conditions obtained in [4, Sec. 3]. For definiteness, let cog = aig = 0 in which 
case, we find that ^ 3 « wumn 


0 “a® 


^ 0 , 

== Cl), 


0 o)j 


= 5^0 


, = 0 


(i==l, 2,3;i=1.2, 

Now expanding [FJ in the neighbourhood of aig = 0 = Wg, we find that 

Will K- “ 3 ) - [FiJ ( 0 , 0 ) = i M < 0^2 .j. 


»a- + -0£lJ ,0, , 1 3!C^] ^ a 

^ 9"2 0<»3 ^ ® ^ ^ 00,3^ “3 


(9> 0) is a stationary value, so the L. H. S. must be of constant sign 


mi 9TO _ / d^[Fj] Y 
0 ®a® 9"3^ \ 0“2 fio's/ 


(17) 


i. e. the 1 st determinant on the L. H. S. of (14) is not equal to zero. For the 
Other determinant, let 

where the expression is taken from [ 2 , pp. 490-494]. Since the generating solu- 
tion is an ellipse, so e ^ 1, i. e. Cg ^ 0 and thus fFJ is a continuous function of 
«a and and so [F"!] will attain its extremum in (0 < < a ), (0 < < a,) and 

therefore as in (17) it is clear that a 1 ;. t v. 3 ^ 1 ; ana 


(18) 


f Wxi _ ^"Wii ■> 0 

0^38 0^3® 0^3 0^3 

for = ag, ag = §3 (a^, Sg being the values corresponding to « = eg and cr = o-g). 

Thus combining (16), (17) and (18), we find that the determinant (14)*i3 not 

equal to zero. Hence for a particular commensurability = - £ there will 

exist a periodic solution of the third kind if e, e' and cr are given by the equations 
(Id), 

Since in every neighbourhood of m' == 0 , there is an enumerable of m' whose 
limit is zero and so we may conclude that in every neighbourhood of m' =0 
there is an enumerable no. of periodic orbits of the third kind, ’ 
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7, Stability of the generating solution 

Definition [7] — Let C be an orbit. We say that C is orbitally stable, if given 
£ > 0, there is > 0 such that, if is a representative point of another trajectory 
which is within a distance of C at tinae t, then R remains within a distance t of 
C for / > T. If no such V exists, G is orbitally unstable. 

We shall be making use of the following theorems [6] which are given here 
without their proofs. 

Theorem 1.— If the differential equations of the perturbed motion are such 
that it is possible to find a definite function V, whose differential V by virtue of 
these equations be of sign opposite to ihat of V or is identically zero, then the 
unperturbed motion is stable. 

Theorem 2. — If the characteristic equation D {s) = 0, not possessing roots 
with positive real parts, has roots whose real parts are equal to zero, then the 
functions Xs can always be so chosen that the unperturbed motion is stable or 
unstable depending upon our choice. 

[If in the expression (7) of section 4, terms of 0 (^i®) be also taken into 
consideration, then the corresponding terms in equations (10) will be denoted by 

Now keeping the above theorem in our view let us find the characteristic 
exponents in the present problem. For this we shall reduce our problem from 
sixth order to a problem of the 4th order. 

Characteristic Exponents 

Canonical equations of the elliptic restricted problem of three bodies can be 
written in the form : 


dL 

0F 

dl 

0F \ 

dt 


dt 


iG_ 



aF 

dt ~ 


dt 

“0G } 

dH__ 

0F 

dh _ 

0F 

dt ~ 

' 0ft 

dt 

m 


where F = F (L, G, H, Z, g, h) == Fo (A H) + m' (L, G, H, Z, g, h) + F^ + • - • 
Fo (4 H) = k^l2L^ + H, 

Fs = ^Gs (ij G, H) cos {ifi + 4- ifii) (j = 1, 2, . . . .) 

L, G, H, , . , have the same meaning as in section 4. 

Since F does not involve t explicitly, so Jacobi’s integral can be written as 

F (4 G,H,l,g,h) = G (20) 

where G is the Jacobi’s constant. As R, H. S. of (19) are independent of t, so 
instead of the independent variable t, we can introduce I which »can be done as 
follows 
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0F 



dL 

dl 

_ 

0F 

t = - 

W 



% 




II 

3F 

dG 

dl 

__ag 

0F 

8G 

3F 


dL 


0X 


BF 


3F 

dH 

dh 

dk 

0H 

dl 

“"9F 

dl ~ 

8F 


dL 


0X 


Let us solve the equation (20) for L and thus L — $ (C, G, H, I, g, h) where 

$ (G, G. H, I, g, h) = §0 (C> (*^s hg,h)-{-.. . . 

$0 (C, H) = &2‘//2C-2niH 

= a periodic function in f, g and h with the period 25r. Differentiating 

F ($, G, Z, i,h) = C w. r. to I, g, h, G and H we shall get 


^ ^ , aF 

3L ■ 0/ 0/ 


= 0 , 


0Z ■ 0g 0g ’ dL ’ dh dh 
dF 01', 8F „0F 0$ ,3F ^ 


Therefore, by means of (21) we shall get 

dL ^ _d^ 

T[ ~ W ' ^ ~ dg ’ dl dh 

dg _ ^ dh S'! 

df di ~ 3H 


Now the first equation coincides with L = $ and so we find that the equations 
(19) are reduced to a system of four equations of the 1st order. Thus 


(fG 

, a§i 

dg 


= m' — , 

ag 

dl 

dH 

, a$i 

dh 

dl 


’ <// “ 




a§i 

dH 


(Terms of 0(m'®) are neglected). 

For m' = 0, this system has got the solutions 
G<o) = G„, HW = Ho 


g(o) = gg, /,( 0 ) = _ ^ i 4 - ho where nW 

Let To be the period of the generating solution and thus 

l{To) - m = 2k^ TT 


(2C-2/II. H(»))8/a 
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and so 


tm (r.) - m(0) = - i 24 , - 24 , 

k 

.*. nW (Ho) = where (kj^, k^) are characteristic numbers of this periodic 

solution. According to the method of small parameters of Poincare, the general 
solution G (Z), H [1) g (1) and h (1) can be given in terms of I and differences^of the 
initial valu« for the unknowns for m' = 0 and for m' ^ 0. Let the general solu 
tion for ffj ijii 0 in the neighbourhood of the generating solution be given as 
G (0 = = + 

•^(0 = *2. W) == - I + ho + 7a +7a 

and 

H{0) = Ho + ^2, /1(0) = /,„ + 

Let Xi'ji, y, m') = G (T) ~ G[0),y^ {js, y, m'} = ^(T) - ?(0), 

W, Y, m') = H{T) - H(0), [p, y, m) h(T)- h{Q) + 2 V- 

concerned with only the characteristic exponents, so there is no 

for thl geneTiung solutTon“™T^^^ sol^ition has got the same period as 

lor me generating solution. Taking into view the period for lill), let T J 2k. it 

Acs in rftl tn /-I ‘'a • 


As in [8], to the first order of j3, y, m 

_ 07- 7 . \ 


= 2Z:a 7t m' 


•2k.7rm' 


7 mil. 


Jz = - 


I acpf + 


j — 2i^"5 


7 (&1 


”'[J 


9 ’i*i i G o> H o, AO)) 




The condition of periodicity Xj = Xa = j;, == 0, gives the equations 

?[ii] ^ [^ij a[§i] __ . 

^*^0 9^0 0 < 7 o 


equation 

o 

^ 

dx^ 

dPi 

§a 

dPi 

3^j 

where S ~ «2*a a ir 


dxi 

^y^ 

dx^ 

dYi 

07j 

dya 

9^1 


^-5 

0)l 
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Let us assume that for /?| ==. y; = 0 {i - 1, 2), 

^ 2-^= ni'A^i {m'), = m' (ot') 

?n'4a (?w'), ^ = m' 4j(m'), ^42(m') 

= m' i4i3 (m') m' A^^{m'), |^== K).^ = «' ^43 (^') 


= rn'A,,{m') - 2k^ ■. = m'A,,{m') 

Putting these values in the characteristic equation (22) and writing ^2iJ ^ 3 i> 
. *. .for All • • • •> (22) can be written as 


ImMit- S m^Ao 


m^Ar,. th^Aa 


tti'Am-S m^A^ 


Neglecting the terms of 0{m'^), the above equation reduces to 


{m^Ai,-S) im^A^,^S) (m^A^.^S) {m^ A^^- S) + -^2! j « 0 

Two roots are m'An and m^A^^ and the other two roots are given by 


<S* = ih 2^2 


^^^0 +■ Ofm') 

rfTv ‘ a V “ + ^ 


O! = ± 






Restricting our consideration with the terms of 0{V' m')^ we find that two charac- 
teristic numbers are zero and the other two are given by 

5 = ± 2*2 77 '^ £■”1 h _j. Q ' m ') 

“ {2tf - 2% /fo)®/* V 9V 

As S is very small, we may replace 6* by 2k^ tt a-, then 

Thus the characteristic exponents are 0, 0, + a and - a. Now 

[^■i] = E *2' * 3 ^ (C, Go, Ho) cos {i^g, + 43 K) 

h* ^2* ,^3 

=f Jg/Zj 

It is clear that [$j^] is a continuous function of hg and so it must attain its maxi- 
mum and minimum in the closed interval [0, 2n-], i.e., in the open interval 
( - s, 2^ + e) in Aq and ^0 arbitrary e > 0. Thus [<|)J has got in the 

interval [0, 2rrJ at least one maximum and one minimum. The corresponding 
values hg will satisfy the periodicity conditions : 
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it will have maximum value when < 0 and minimum when 

> 0. The condition = 0 is not possible. Corresponding to the maximum 

3/^0 

value the characteristic exponents a will be real and corresponding to the mini- 
mum value a will be purely imaginary. 


If a’s are real, then the unperturbed orbit is unstable and if are imagin- 
ary, then by theorem 2, the stability or instability will depend upon the choice of 
higher order terms. We shall not discuss this later case. 


Let us call the periodic orbits with purely imaginary characteristic expo- 
nents, elliptic orbits in the generalised sense and the orbits with non-zero real 
characteristic exponents, the hyperbolic periodic orbits and with zero character- 
istic exponents the parabolic periodic orbits. 


For sufBciently small m', there exists elliptic periodic orbits as well as hyper- 
bolic periodic orbits in a sufficiently small neighbourhood of the generating 
solution of the elliptic restricted problem of three bodies. The hyperbolic 
periodic orbits correspond to instability and the elliptic periodic orbits correspond 
to critical case which needs a special consideration. 


I am obliged to Dr. K. D. P. Sinha for his suggestions 
to complete the paper. 
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ABSTRACT 

Experiments show that phosp hated composts arc much better in crop production tlan 
unphosphated composts obtained from organic substances. Addition of coal powder markedly 
improves the crop production by composts. 

The utilization of the manure was well known to the ancients. Verro (40 B.G.) 
emphasised the complete decay of manure before being applied to crops. Colu- 
mella (50 A.D.) described the use of pits for keeping up the optimum moisture con- 
tent. It appears that Romans understood the use of decayed organic materials and 
built manure heaps on their farms. But the scientific study and the application of 
composting was initiated by Hutchinson and Richards (1921) at Rothamsted 
and elaborated by different investigators (Howard and Wad, 1931 ; Jackson, 
Wad and Panse 1934 ; Smith and Coworkers 1930). Howard systematised the 
old procedure into a composting method known as the Indore process. The 
Indore process with modifications has been used widely (Howard, 1933 ; Acharya, 
1950 ; Scharffj 1940, Wilson 1948). Lady Louise E. Howard (1961) has stated 
that in sunny climates the fixation of atmospheric nitrogen is a most advanta- 
geous factor and Prof. Dhar’s researches on this point have opened up new 
possibilities of the greater importance. 

The unbalanced character of the stabble manure as a fertilizer has long 
been recognized. It contains too much of nitrogen in proportion to its O 5 
content. Dhar ef al (1955), Doring (1955), and Berezoa et al (1956) observed 
that the addition of phosphate to the plant material undergoing decomposition 
increases its nitrogen content. Dhar et al (1952, 1953) emphasized the fertilizing 
value of coal because of its richness in plant nutrients and its ability to reduce 
nitrogen loss from the soil. 

The present investigations were undertaken to study systematically the 
influence of phosphates and coal both in combination as well as separately on the 
composting of organic matter. The fertilizing value of the resulting composts was 
determined by conducting pot culture experiments with paddy and wheat crops. 

MATERIALS AND METHODS 

Composting expervmnt , — The mixtute of leaves to be composted was divided 
into nine lots and stored in the form of heaps. The phosphate in the form of 
Tata and German basic slags was added at the rate of 0*5% 1*0% P^Og. 

Wherever required requisite amount of coal dust i.e. 1/lUth of the total weight . 
of the organic matter was also added. The materials were mixed well and water 
was slowly added to obtain proper moisture content. The whole mass was 
stirred twice per week in the first and the second month and twice per month in 
the succeeding period. Sufficient moisture level was maintained throughout the 
period of composting. 
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After definite intervalsj composite samples were taken out, powdered, sieved 
and analysed on oven dry basis. Total carbon was determined by the naethod of 
Robinson, Mcleans and Williams (1929) and total nitrogen by Kjeldahl salicylic 
acid reduction method (John-Brooks 1936). Ammoniacal and nitrate nitrogen 
were determined by Olsen’s niethod as modified by Richardson (Piper 1942), and 
available phosphate by Dyer’s method (1934). 

Pot culture experiment — Each pot was filled with 10 lbs. of soil passed through 
2 mm. sieve. Sieved soil was thorouglily mixed with the required amount of 
compost or basic slag as the case might be. Wheat was sown on 2nd October, 
1962 and harvested on 25th March, 1963. Transplanting of paddy was carried 
on 26th July, 1963 without any further treatment. Paddy was harvested on 
28th October, 1963. Throughout the experiment, proper moisture level was 
maintained for growth of the crops. 

Details of the expriment 

Number of treatments = 14 

Number of replication = 4 

Total number of pots «= 56 

Number of seedlings = 8 

or seeds in each pot 

The composts were mixed at the rate of 10 tons per acre 
Abbreviations used ; — -T. B. S. for Tata Basic Slag 

G. B. S. for German Basic Slag 

RESULTS AND DISCUSSION 


Analysis of the leaves used in composting experiment 


Loss of ignition 

88-5832 

GaO 

0-9385 

Ash 

11-4168 

KgO 

0-9923 

HGl insoluble 

4-5265 

MgO 

0-6312 

Sesquioxide 

3-3812 

'l otal carbon 

38-1562 


1 5201 

Total nitrogen 

0-7285 

PaOc 

0-7639 

G/N ratio 

52-3 

Loss on ignition 

Analysis of the Soil 

3-9628 

KjO 

1-0489 

Ash 

■ 96-0372 

MgO 

1-0203 

HGl insoluble 

81-6210 

Total carbon 

0-4903 

Sesquioxide 

10-0573 

Total nitrogen 

0 0485 

FegOg 

3-9800 

NH 3 -N 

0-0022 

Available PaOg 

0-1043 

0-0201 

NOa-N 

0-0039 

( 1 % citric acid solution) 
GaO 

1-4256 

G/N ratio 

10-1 
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Analysis of basic slag 




Tata basic slag % 


German basic slag % 


SiOj^ 


33-64 


22-75 



Fe ^03 


6-95 


16-20 



KaO 


0-907 


0-9525 



GaO 


30-3670 


33-55 



MgO 


2-2875 


5-505 



Total PgOg 

7-908 


17-9050 



Available P^Og 

4-061 


9-3969 





TABLE 1 




Temp, variation 25-40^^0 Leaves + Moisture (in heaps) 

Sunlight 

Period of 
Exposure 
in days 

Total-C% 

Total-N% 

NHs-N% NO 

3-N% 

Available 

P O G/iN 

/o 

0 

38-1562 

0-7285 




52-3 

50 

29-7825 

0-9490 

0-0387 

00562 

0 0713 

31-3 

100 

22-6908 

1-0846 

0-0554 

0-0882 

0-1135 

20-9 

150 

17-8997 

1-0299 

0-0513 

0-0820 

0-1355 

17-3 

200 

13-6352 

0-9848 

00470 

0-0757 

0-1494 

13-9 

250 

11-5339 

0-9444 

0-0428 

0-0661 

0-1601 

12-1 




TABLE 2 




Temp, variation 28- 

51-5°G Leaves -j- 0-5% as T.B.S. Sunlight 

0 

36-6880 

0-7285 

- 


- 

52-3 

50 

26-0056 

1-1248 

0-0575 

0-0808 

0-2043 

23-1 

100 

18-2072 

1-4132 

0-0916 

0-1598 

0-2694 

12-8 

150 

12-4258 

1-3567 

0-0831 

0-1497 

0-3081 

9-1 

200 

9-2257 

1-3158 

0-0791 

0-1359 

0-3262 

7-0 

250 

7-6379 

1-2631 

0‘0722 

O-1 198 

0-3331 

6-0 




TABLE 3 




Temp, variation 28- 

'50^0 Lea ves“^Goal-|”0*5®/e P^^Os as T.B.S. Sunlight 

0 

40-5647 

0-8329 

- 

- 

- 

48-7 

50 

30-7293 

1-2405 

0-0501 

0-0693 

0-1839 

24-7 

100 

23-0245 

1-5679 

0-0845 

0-1365 

0-2417 

14-6 

150 

17-0113 

1-5862 

0-0892 

0-1446 

0-2950 

10-7 

200 

13-1025 

1-5510 

0-0830 

0-1339 

0-3121 

8-4 

250 

10-3165 

1-5003 

0-0771 

0-1224 

0-3198 

6-8 
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TABLE 4 

Temp, variation 28‘5-53°G Leaves 4" 0*5% as G.B.S. Sunlight 


Period of 

Exposure Total-G% 
in days 

Total-N% 

NH3-1S1% 

N08-N% 

Available 

PaOg% 

G/N 

0 

37-1167 

0-7096 


- 


52-3 

50 

26-0204 

1-1499 

0-0641 

0-0801 

0 2161 

22-6 

100 

18-9012 

1-4399 

0-1031 

0-1561 

0-2785 

13-1 

150 

12-3263 

1-3723 

0-0935 

0-1468 

0-3162 

8-9 

200 

9-2214 

1-3312 

0-0846 

0-1374 

0-3363 

6-9 

250 

7-5643 

1-2775 

0-0726 

0-1201 

0-3399 

5-9 




TABLE 5 




Temp, variation 28-51^0 Leaves+Ooal4-0‘5% P^Og as 

G.B.S. 

Sunlight 

0 

41-0264 

0-8420 

- 

- 


48 7 

50 

31-0816 

1-2528 

0-0524 

0-0701 

0-1173 

24-1 

100 

23-2014 

1-5789 

0-0853 

0-1401 

0-2525 

14-6 

150 

17-1219 

1-5990 

0-0966 

0-1451 

0-2969 

10-7 

200 

13-1068 

1-5641 

0-0891 

0-1380 

0-3184 

8-3 

250 

10 2247 

1-5114 

0-0782 

0-1264 

0-3275 

6-7 




TABLE 6 




Temp, variation 29- 

■35*5°C Leaves+1% I’aOg 

as T.B.S. 


Sunlight 

0 

34-8744 

0-6617 

— 

... 


52-3 

50 

24-7214 

1-2178 

0-0580 

0-0819 

0-2314 

20-3 

100 

16-1258 

1-4318 

0-0943 

0-1621 

0-2786 

11-2 

150 

110154 

1-3706 

0-0864 

0-1532 

0-3308 

8-4 

200 

8-3138 

1-3291 

0-0809 

0-1401 

0-3614 

6-6 

250 

6-8224 

1-2805 

0-0756 

0-1208 

0-3766 

5-7 




TABLE 7 




Temp, variation 29- 

Leaves+Goal+ PV 

PaOg as T.B S. 

Sunlight 

0 

38-6321 

0-7938 

— 

— 

— 

48-7 

50 

29-1455 

1-2514 

0-0526 

0-0708 

0-1962 

23-3 

100 

21 8426 

1-5803 

0-0872 

0-1391 

0-2532 

13-8 

150 

15-9624 

1-5987 

0-0908 

0-1461 

0-3028 

10-3 

200 

12 0836 

1-5623 

0-0B63 

0-1388 

0-3350 

7-7 

250 

9-5458 

- 1-5141 

0-0177 

0 1285 

0-3427 

6-3 
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TABLE 8 

Temp, variation 29-45-5''G Leaves+1% as G.B.S. Sunlight 


Period of 

Exposure Total-G% Total-N^ 
in days 

NH3-N% 

N 03 -N% 

Available 

G/N 

0 

36-1269 

0-6898 




52-3 

50 

24-9824 

1-2436 

0-0665 

0-0908 

0-2448 

20-1 

100 

16-0108 

1-4454 

0-0965 

0-1701 

0-2904 

11-1 

150 

10-9095 

1-3883 

0-0882 

0-1524 

0-3584 

7-9 

200 

8- 1883 

1-3401 

0-0811 

0-1408 

0-3802 

6-1 

250 

6-6745 

1-2954 

0-0176 

0-1216 

0-3923 

5-2 




TABLE 9 




Temp, variation 28- 

-52-5°G Leaves H-CoaHl% P^Og as G.B.S, 

Sunlight 

0 

40-7972 

0-8377 

— 



48-7 

50 

29-0118 

1-2677 

0-0537 

0-0723 

0-2007 

22-9 

100 

21-6162 

1-5919 

0-0887 

0-1408 

0-2594 

13-5 

150 

15-8238 

1-6092 

0-0933 

0-1479 

0-3143 

9-8 

200 

11-7974 

1-5770 

0-0899 

0-1402 

0-3484 

7-5 

250 

9-4047 

1-5213 

0 0884 

0-1301 

0-3588 

6-1 


The foregoing results show clearly that there is a considerable oxidation of 
carbonaceous compounds when leaves are allowed to undergo slow oxidation 
in air.^ Moreover, when slags are incorporated the velocity of oxidation is 
appreciably increased. This may be due to the alkaline nature of the slags 
and that alkalinity favours oxidation is a well known fact. During composting 
process, a progressive increase in nitrogen concentration has also been observed. 
The increase in nitrogen is more pronounced in systems containing slag. This 
is due to the fact that more nitrogenous compounds are created from the 
air per unit weight of the carbon oxidised in presence of basic slags than in 
their absence. Loss of organic matter and increase in nitrogen during the 
composting of organic materials has been reported by a number of workers 
(Howard and Wad 1931, Gotaas and Coworkers 1953, Dhar ei al 1951). 

The reason for considerable nitrogen fixation in presence of phosphate is not 
far to seek. Dhar has explained it from the view point that during the process of 
ammonification and nitrification of proteins a highly unstable intermediate pro- 

+ ^2 

duct Le, ammonium nitrite is formed (Proteins amino acid ammonium com- 

poundS“^N 02 “->N 03 ). It readily decomposes forming water and nitrogen gas with 
marked evolution of heat. This, alongwith nitrogen fixation and formation 
of protein caused by the absorption of the energy obtained from the oxidation 
of organic materials in the compost, ammonification and nitrification of the 
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nitrogenous compound formed and present in the system which opposes the 
increase of proteins in the composts, takes place and thus the amount of proteins 
remaining in the composts tends to decrease. But in the presence of phosphates 
in the system more or less stable phosphoproteins are formed by the combination 
of proteins and phosphates (Dhar and Ghosh, 1956). These compounds seem 
to resist ammonfication, nitrification and loss of nitrogen better than phosphates 
alone. Moreover, basic slags also supply calcium and magnesium ions in the 
system during the decomposition of organic matter to form calcium and magnesium 
nitrite which are more stable than ammonium nitrite with the result nitrogen of 
the system is conserved. 


Pot culture experiment 


Yield of 

S'. Trea.»e„.. 

in gm 

Means 

Yield of Yield of Yield of 
wheat paddy paddy 

straw grain straw 

in gm in gm in gm 

1. Soil alone (control) 

10-25 

21-25 

16-50 

28-00 

2. Soil-f compost (Unphosphated) 

21-25 

34-75 

35-25 

55-75 

3. Soil + G.B.S. (Same amount of PaO^, as in 
compost containing 1% PgOs as G.B.S.) 

13-75 

26-00 

22-25 

37-50 

4. Soil + Cr B S. (Same amount of PaO^, as in 
compost containing 0 5% PaC>6 as G.B.S.) 

12-75 

22-50 

19-75 

39-00 

5. Soil -j- T.B.S. (Same amount of PaOj-, as in 
compost containing 1% BgOg as T.B.S.) 

13-75 

25-00 

21-25 

35-25 

6. Soil + T.B.S. (Same amount of P3O5 as in 
compost containing 0*5% as i\B.S.) 

12-00 

22-00 

19-00 

31-00 

7. Soil + compost containing 1% PaO, as 
G.B.S. 

32-75 

52-00 

53-50 

82-75 

8. Soil + compost containing 0-5% PgOr, as 
G.B.S. 

30-2 

46-00 

48 00 

75-00 

9. Soil 4- compost containing 1% PjOs as 
T.B.S. 

30-75 

49-00 

50-50 

79-50 

10. Soil H- compost containing 0 5% P^Gr, as 
T.B S. 

28-25 

45-2.5 

4/ -00 

73-25 

11. Soil + compost containing Coal -j- 1% 
PgOj as G.B.S. 

42-75 

71-00 

67-50 

104-25 

12. Soil compost containing Goal -l- 0‘5% 

PaOg as G.B.S. 

37-50 

61-00 

62-00 

97-75 

13, Soil 4- compost containing Coal + 1% 
PgOB as T.B.S. 

36-00 

64-00 

64 00 

101-25 

14. Soil -j- compost containing Goal -f 0’5% 
PjOs as T.B.S. 

36-00 

58-00 

58-25 

94-21 

C. D. at 5% level 

2-36 

10-11 

12-15 

6-71 
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A close examination oi the results shbws that when cOal is mixed with the 
leaves undergoing decomposition and oxidation in heaps, the loss of nitrogen 
with the lapse of time is reduced and coal compost is richer in nitrogen than the 
compost prepared in absence of coal. The decrease in nitrogen loss can be 
explained on the basis that coal acts as a negative catalyst, It is well known 
that the carbohydrates preserve body proteins from undergoing oxidation and 
it is just likely that carbonaceous matter present in the coal may act in such a 
way as to protect the protein of the nitrogenous compounds of the compost from 
oxidation. It appears that coal may also absorb some ammonia and thus retard 
its loss as coal and lignite possess great absorbing capacity for gases, Dhar and 
Agarwal (1952) observed that carbonaceous material in the form of coal when 
added to the soil with ammonium sulphate retards the loss of nitrogen. 

From our experiments recorded in foregoing pages it is clear that for the 
preparation of compost both basic slags as well as coal are useful as the compost 
prepared with these contain greater amount of total nitrogen, ammoniacal 
nitrogen and nitrate nitrogen. 

From the yield data it is evident that by the application of different composts 
to the soil in pots much better crop yields are obtained than in the control. The 
efficiency of different treatments in increasing the yield of wheat and paddy crops 
is in the following order : — 

Compost containing 1% PqOs as G.B.S, and coal > Compost containing 1% 

as T.B.S. and coal > Compost containing 0 5% Pa^s as G.B.S. and coal > 
Compost containing 0*5% PgOg as T.B.S. and coal > Compost containing 1% P^O^ 
as G.B.S. > Compost containing 1% PaOg as T.B.S. > Compost containing 0*5% 
P^Og as G.B S. > Compost containing 0*5% P 2 G 5 as T.B.S. > Unphosphated 
compost > 1% PgOg as G.B.S. > 1% P^Og as T.B.S. > 0*5% P 2 O 5 as G.B.S. > 0*5% 

as T B.S. > conrol. 

These experimental results show that the composts which have been prepared 
by the incorporation of phosphates have given much better yields as compared to 
unphosphated compost. ^This significant difference in yield seems to be due to the 
presence of higher amount of total nitrogen, available nitrogen, available phosphate 

o 

and other plant nutrientt. Copeland and Merckle (1942), Aslander (1953), Dalton, 
Russell and Sieling (1952) attributed this beneficial effect to high nitrogen content in 
the compost. These results also show that the additon of the same amount of P 2 O 5 
as present in the phosphated compost produces much lower yield than the phos- 
phated compost. It appears, therefore, that the mixture of compost and phosphatic 
material possesses several advantages over an application of phosphates alone 
to the soil. 

The yield data also shows that the phosphated coal mixed compost is better 
than the phosphated compost. This may be due to the presence of higher amount 
of total and available nitrogen in the former than in the latter. Dhar et al (1953) 
carried out field trials and iound bituminous coal very favourable for growing 
both paddy and wheat. 

Thus ic is obvious fiom the experimental results recorded in foregoing pages 
that the composting of organic materials if carried on in presence of phosphates 
and coal will be a fruitful proposition for increasing the manurial value of the 
composts. 
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INFLUfiNdE OF LIGHT PHOSFhATE ANH ORGANIC MATtEj^ 
INOCULATED WITH ANABAENA NAVIOULOIDES AND GHLORELLA 
PYPRENOIDOSA ON NITROGEN FIXATION IN SOIL 

By 

N. R. DHAR and S. P. JAISWAL 

Sheila Dhar Institute of Soil Science^ University of Allahabad ^ Allahabad 
[Received on 26th November, 1965] 

ABSTRACT 

lExperimcntal results have been recorded showing that the addition of algae docs not 
increase markedly the thermal and photO'Chemical nitrogen fixation in the slow oxidation of 
organic matter. Phosphates markedly increase this nitrogen fixation, 

Algae create carbonaceous compounds in the soil in small amounts and check nitrogen loss 
from soils in the nitrification of nitrogenous compounds, 

In the recent years emphasis is being laid on the part played by blue green 
algae in maintaining soil fertility (De, 1939 ; Fogg, 1942 ; 1951 and 1952 ; Watan- 
abe et al^ 1951). De and Sulaiman (1942) in their experiments with rice plants 
observed nitrogen fixation in pots inoculated with algae. Dhar and Gupta (1954) 
have experimentally shown that algal contribution in enriching soils is very small 
as compared to that of the organic matter undergoing slow oxidation. De and 
Mandal (1956) obtained about 13-44 lbs. of fixed nitrogen in unfertilized water 
logged soils inoculated with blue green algae. 

Organic matter seems to enhance the growth of algae. Bristol Reach (1932) 
at Roihamsted found that generous dressing of Farm*yard manure increased the 
number of blue-green algae as compared with the unmanured soils. Pearsal 
(19^2j observed that blue-green algae are found in abundance in fresh water 
especially with high content of dissolved organic matter. Phosphate and lime 
have also been reported to be helpful in increasing the growth and activity of 
algae (De and Sulaiman, 1942 ; Okuda and Yamaguchi, 1952). 

The present investigations were undertaken to study systematically the 
influence of algae on nitrogen fixation in soil in conjunction wiih energy material 
in the form of Wheat straw and Phosphates in the form of Tata and German basic 
slags. In view of their importance in plant nutrition the determination of avad- 
able nitrogen, available phosphate and free amino-acids was also undertaken. 

METHODS AND MATERIALS 


The following media have been used for growing Anabaena naviculoides and 
Chlorella pyrenoidosa : 


Medium for Anabaena 

Medium for Chlorella 

KNO 3 

0’2 gm. 

NHjNOg 

0*2 gm. 

K^HPO* 

0 2 gm. 

KgHPOi 

0 2 gm. 

AlgSOi-7HaO 

0 2 gm. 

MgS04-7Ha0 

0*2 gm. 

CaCia 

OT gm. 

GaGla 

0*1 gm. 

FeClg ( 1 % solution) 

2 drops 

FeClg (1% solution) 

2 drops. 

Distilled water 

1000 cc. 

Distilled water 

1000 cc. 


All the constituents viz* wheat straw, soil and basic slags used in these 
experin 3 ents were screened through 100 mesh sieve. 100 gms. of air dried soil were 
taken in clean enamelled dishes to which required amount of organic material 
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htiA phosphates were added and thoroughly mixed. Wherever required the soil 
in dishes were inoculated with Anabaena naviculoides and Chlorella pyrenoidosa, 
already grown in the given media. Two identical sets of experiments were 
started simultaneously. One was exposed to light from a 100 watt bulb and 
other was kept covered with thick black cloth adjacent to the exposed sets, 
Throughout the experiment moisture content was maintained at 40% level. 


After definite intervals of time composite soil samples were taken out and 
analysed on oven diy basis for all the constituents. Total carbon was determined by 
the method of Robinson, Mclean and Williams (1929) and total nitrogen by modi- 
fied Kjeldahl method (John-Brooks) to include nitrate nitrogen. Available phos- 
phate was determined by Dyer’s method (1934). Arnrnonical and nitrate nitrogen 
by Olsen^s method modified by Richardson (Piper 1912). Free arainoacids iu the 
sample were extracted by the method of Payne et al (1956). Paper Partition Chro- 
matographic techniques as developed by Giri et al (1952) and Consden et ^/(1944) 
were employed for the identification of amino acids, (Quantitative estimations were 
carried out according to the colorimetric method oi Harding and Mclean (1916). 

The following abbreviations have been used for difFereot amino-acids in this 
paper. 

Gly— -Glycine Flis — Hissidine 

Al — Alanine Asp — Aspartic acid 

Va — Valine As^ — Asparagme 

Ly — Lycine Glu — Glutamic acid 

Ar — A*ginine Leu — Leucine 

Pro — Proltne fhreo — Threonine 

Se^ — serine 

RESULTS 
Analjfsis oj the soil 


Moisture 
Loss on ignition 
HGl insoluble 
Sesquioxide 
Fe^O, 

GaO 

MgO 

P2O5 

KaO 

Totol carbon 
Total nitrogen 


2-57% 

G/N 

12-1 

4-2410% 

NHa-N 

0-0050% 

73-4662% 

■ ^ 03 -N 

0-0079% 

12-4012% 

Exchangeable Ga 

9-8 m.e./lOO gms, 

4-3897% 

(Na G1 method) 

2 8616% 

Available PaO., 

0-0411% 

1-8372% 

pH 

7-5 

0-1903% 

Total bacterial count 

1 T6 millions/gms. 
T8 millions/gm. 

0'8610% 

Azotobacter number 

1-4614% 

0-1202% 

Fungus count 

5TOOO/gm. 


Total carbon 

Analysis of wheat straw 
36-6124% 

Total nitrogen 

O- 6 O 240/0 

G/N 

60-7 


Analysis of basic slags 

SiOa 

Tata basic slag% 

33-64 

FeaOg 

6 95 

KaO 

0-907 

GaO 

30 3670 

MgO 

2 2875 

Total PaOj 

7-908 

Available PaO,, 

4-061 


German basic slag% 
2275 
16-20 
0-9525 
33-55 
5 505 
17-9050 
9-3969 
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Average temperature 28 °G 
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’ \ • DISCUSSION : : . 

The results f'ecorded in table I show ihat when soil humOs is allowed tO 
undergo slow oxidation in presence of air, there is a small increase in nitrogen 
of the system. Similarly Dhar (1952) reported a small increase in nitrogen with- 
out added organic matter in Indian soils rich in calcium phosphate, Remy 
(1909), Mockeridge (1917) and deRossi (1932) etc. found gain in nitrogen by 
inoculating soils several months. It is further observed that when spil is inocul- 
ated with algae, there is some saving of carbon and slight increase in Nitrogen. 
The increase in nitrogen is greater with Anabaena naviculoides than with 
Chlorella pyrenoidosa. This may be due to the fact that Anabaena is capable 
of fixing small amount of nitrogen autotrophically. 

A perusal of the preceding results show that wheat straw when added to the 
soil is slowly oxidised in contact with air and there is a considerable increase in 
the total nitrogen content of the system. This clearly shows that the energey 
released during the process of carbon oxidation is actually utilised in fixing 
atmospheric nitrogen. It is observed that when the syrtem is illuminated, the rate 
of oxidation of carbonaceous compounds and the increase in the total nitrogen 
are markedly enhanced. Moreover, the efficiency of nitrogen fixation is always in 
a ratio of approximately 2 : I in lighc/dark showing that the light energy absorbed 
by ' the system is also utilised in accomplishing the endothermal reaction of 
ammonia formation. This efficiency is further increased when phosphate, in the 
form' of basic slags; are incorporated alongwith organic material, 

A close examination of the experimental results reveals that in presence of 
energy material, there is a marked saving of carbon and greater increase in nitrogen 
in the sets inoculated with algae. It seems, therefore, that organic matter activates 
these organisms. -De and Mandal (1956) reported greater nitrogen fixation by 
blue green algae in presence of crop than in its absence. They attributed this 
stimulating’cffect to the increased supply of carbon ,dioxide resulting ‘ from the 
respiration and decompositiori of roots of higher plants. Furthermore, in the pre- 
sence oi phosphates the growth and activity of these algae, seem to be further 
enhanced. This is in agreement with the findings of Okuda and Yamagiichi (1952). 

Ihe efficiency of nitrogen fixation ij, the amount of nitrogen fixed in mgm. 
per gram of carbon oj-idiscd is greater in the presence of algae than in their 
absence. Moreover, the efficiency of nitrogen fixation is always greater in the 
case; of Anabaena than in the case of • Chlorella. The increase in efficiency in 
algae sets seems to be due to the addition of organic matter by the growth of algae 
and its consequent oxidation and fixation of nitrogen. Since Anabaena is endowed 
with the power of fixing nitrogen autotrophically, its efficiency is greater than 
that of Chlorella. It is further observed that efficiency of nitrogen fixation in 
the algae sets falls off with time. If shows that algal growth and activity is more 
pronounced in the beginning than in the end. 

The experimental results show that the available phosphate of the system 
increases with the oxidation of carbon and it is greatly enhanced when phosphates 
are added. In the algal sets the increase in the availability of phosphates is 
slightly greater in the systems without algae. Besides the increase in availability 
due to production ol more carbonic acid and oiganic acids, the organic phos* 
phorous of the nucleic acid and nucleotides etc. of the alg material may be made 
available by dephosphorylation (Thompson and Black 1950). 

A perusal of the preceding results also shows that with' the increase in 
available nitrogen there is an increase in number and amount of free aminoacids 
in the system. The number and amount of free aminoacids produced is greater 
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in ttie sets exposed to light tiian in those kept in tjhe dark. These observations 
clearly show that light energy is helpful in nitrogen iSxation and subsequent 
utilization of 6xed nitrogen in the synthesis of aminoacids. Dhar and Mukerji 
(1935) and Dhar and Roy (1955) have obtained aminoacids by exposing to light 
the solutions of nitrate and glucose with titania as photosensitiser. 

It is interesting to note that with the addition of phosphate to the system 
the number and amount of aminoacids is increased. This may be due to the fact 
that phosphate form more or less stable complexes with aminoacids and make 
these more stable (Dhar and Ghosh 1956) towards oxidation and dccompositiob, 
Dhar and Roy (1955) observed that in presence of phosphates, formation of amino- 
acids is enhanced. Das and Biswas (1957) found that the soil fertilized by 
phosphates was somewhat richer in aminoacids than the unraanured plots. 

Similarly the systems inoculated with algae are also found to contain some- 
what greater number and amount of aminoacids than the uninoculated ones. 
Serine was frequently detected in the algal sets containing organic matter arid 
phosphates. Decomposition and oxidation of algal bodies may be responsible 
for the increased amount and number of aminoacids. Fowden (1951), Watanabe 
(1951), Williams and Burris (1952) and other workers found many free aminoacids 
present in algal bodies. 

It is most fascinating to record that increase in nitrogen fixation due to 
inoculation of algae is very small as compared to the nitrogen fixed by the slow 
oxidation of organic matter aided by light and phosphates. Hence there is no 
doubt that the fertilization of the vergin soils and recouperation of nitrogen in 
tropical soils at least, is prcdominently a photochemical process. 
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ABSTRACT 

An electronic sampling switch with thirty-five input channels, each channel sampled for a 
period of 100 to 500 microseconds, is designed as part of an analog to digital computer input 
system.^ The thirty -five stages of a ring counter are designed to provide gating voltage to diode 
gate circuits. The input signal voltages applied to the circuit vary from lO mv. to 10 volts. 
The output voltage is found to be linear with respect to input voltage and the gain of the diode 
gate is found to be about 0*5. 


INTRODUCTION 

In connection with research on the recognition of speech by digital compu- 
ter, we felt the need of designing an electronic sampling switch, whose mechanical 
analog is given in Fig. 1. In the 6gure it may be observed that there are thirty- 
five input channels and only one output. The rotating switch samples each 
channel for a period of say, 200 nmicro-seconds and within say, one or two micro- 
seconds the contact is made with the second channel. In this way the rotating 
switch will sample all thirty-five channels each for an equal interval of time and 
again repeat the operation. Mercury jet rotating switches are available on the 
market but are handicapped by a fixed and relatively low rate of sampling. 

CIRCUIT 

The block diagram of the circuit is given in Fig. 2. Negative pulses from, a 
pulse generator trigger a thirty-five stage ring counter circuit. Gating waveforms 
from the plates of the ring counter circuit are applied to each of the thirty-five 
diode gating circuits. These thirty^five diode gate circuits have a common output. 

PULSE GENERATOR 

The pulse generator circuit consists of a free running multivibrator which 
produces square waves of variable repetition frequency as its plates. The square 
waves from one of the plates is differentiated by an R-G circuit, clipped by a 
diode clipper and amplified by a voltage amplifier to get a positive sharp pulse. 
This positive pulse is applied at the grid of 6L6 tube which is used as a power 
amplifier to deliver a negative sharp pulse of amplitude of 50 to 60 volts. This 
negative pulse is applied to the cathode of the left hand tube (a-section) of the 
ring counter. The sampling period is equal to the time between two consecutive 
triggering pulse which is determined by the time constant of the multivibrator. 
Therefore by changing this time constant, the sampling may be done at any 
desired rate, The pulse generator circuit is shown in Fig. 5, 
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RING COUNTER 

In the ring counter there are thirty-five basic binary circuits arranged in the 
form of a ring with two common cathode resistances. For simplicity^ the circuit 
of four stages of a ring counter and its wave-forms are shown in Fig. 3 and Fig. 4. 
It may be observed that the plate of the right hand tube of each binary is 
connected with the grid of the right hand tube of the next binary stage by means 
of a coupling capacitor and the plate of the right hand tube of the last stage is 
connected to the grid of the right hand tube of first stage completing the whole 
ring. Initially it is assumed that the right hand tube of the first binary stage 
(6-section) is conducting and the left hand tube (^ 2 -section) of the same stage is 
non* conducting ; while in every other binary stages, the right hand tube (6-*sec- 
tion) is non-conducting, and the left hand tubes (< 2 -section) of the same stages are 
conducting as shown in the figure by shading. If the current of a conducting 
tube in 6-section is Ib the voltage drop across Rkb is Rkb U, since only one tube 
is sending current through Rkb. The total through Rko from («-l) left hand 
tube (( 2 -sectian) is («-!) la where n is the total number of the binary stages in 
the ring counter and /a is the average current through each tube of ^ 2 -section 
and the voltage drop across is Rka {n-\) la. The second cathode resistance 
is so selected that Rkb Ib = (n-l) Rka la. This is the most important point in the 
design of ring counter of n stages. 

We considered that before application of the triggering pulse the circuit is 
operating with the shaded tube portion conducting such that the first stage is an 
abnormal one with a-tube oflT and 6-tube on, while all other stages with ^2-tube 
on and 6-tube off as shown in Fig. 3. 
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The application of the negative triggering pulse to the left hand cathodes 
(^-section) makes the second stage as an abnormal stage turning the first one as 
a normal stage. The triggering action of the ring counter is explained in detail 
in many textbooks. Thus the triggering pulse is bringing the second stage to the 
same condition as existed in the first stage before application of the triggering 
pulse. Similarly successive pulses applied to the cathode will produce similar type 
of stepping from one stage to the next down the line. The last stage is coupled to 
the first stage ; therefore the counter is brought back to the initial condition by the 
number of pulses equal to the number of stages and it will repeat the cycle. The 
waveforms at the plates of ^-tube and i-tube of each stage are shown in Fig. 4. 

Sometime difficulties are felt in triggering a ring counter of many stages. 
When the negative pulse is applied at the cathode, it turns on the a-tube of 
abnormal stage, turns off the ^-tube of the same stage and also transfers current 
from the a-tube to the 6 -tube of the next stage. As the cathodes of all a— tube 
are connected together, this negative pulse will have the tendency to keep the 
< 3 -tube of the second stage conducting whereas it is desired to change the a-iube 
to the non-conducting state. This does not occur due to the fact that the cross- 
over signal through the coupling capacitor is of such amplitude and duration as 
to over ride the effect of negative input pulse at the cathode. For this over 
riding action to take place it is necessary that the applied pulse shape may be 
maintained, and its amplitude can be controlled within quite close limits. The 
pulse shape and the amplitude control may be achieved by the pulse generator 
circuit of Fig. 5. 

DESIGN AND ANALYSIS OF KING COUNTER 

The gate voltage from the ^-plates of the ring counter which is used as 
the control voltage of the diode gate circuit should have a value of about 
100 volts. The values of different circuit constant are given below : 

Rb^ = - - 47 kilohms, 

Rai == == ^ == kilohms. 

= R^^ == R^r^ - Rix = Rix. kilohms. 

R^^ R^^ = = ^^'21 = = = 220 kilohms. 

= c^a = C^a = = 25 micro-micro farads. 

C-^b = C^b == C^b = C^^b 25 micro-micro farads. 

= Cq = Q = = C 35 =::= 75 micro-micro farads. 

Rkb ^ 20 kilohms. 

A 67 kilohm load line is dri^ wn on the characteristics of 6SN7 tube with 
the supply voltage of 200 volts. When the grid to cathode voltage of 6 -section 
tube is zero volt, the plate current lb comes out to be 2*40 milhamperes. The 
plate voltage of 6 -section tube of abnormal stage of the ring counter is ebi = 200 
—2*40x47 = 87 volts and the voltage drop across the cathode resistance Rkb is 
2*40X20 = 48*0 volts. The voltage across will have the tendency to make 
the grid of the 6 -section of the first stage negative with respect to cathode. 

Let us check whether the 6 -section of the first stage is really at clamp. 
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The grid to earth voltage of 4-sectibn of first stage is equal to 


200x220 

470+220+56 


59 


volts. Before clamping the grid to cathode voltage is 59 — 48 = 11 volts. If 
we assume that the static grid to cathode resistance of the tube is 250 ohms, 
the grid to cathode voltage of the i-tube of the first stage after clamping is 


calculated to be 


llxO-25 


*25+ 


220x470 

220+470 


0’02 volts. 


So the tube is actually at clamp. 


A 56 kilohm load-line is drawn on the characteristics of 6SN7 tube from 
the supply voltage of 200 volts. When Cc == 0, the plate current is 2*9 milliam- 
pere. As the two sections of the cathode will remain at the same potential, we 
should have 2*4x20 = 34x2*9 X Rka so that Rka is approximately equal to 
500 ohms. The voltage drop across Rka is 49 volts and the cut-off value of the 
grid voltage corresponding to the plate-cathoUe voltage of (200— •49) = 151 
volts is -9 volts. The grid to earth voltage of the bi section of first stage is 


87 X 220 

220+47 0'^^'^ ^ cathode voltage of the same tube is - 49+27 = 

- 22 volts, which is 13 volts below cutoff. Hence a negative pulse of such 
amplitude is essential for triggering that the grid of the cutoff tube will be raised 
up at least by 13 volts. When properly triggered the plate voltage waveform of 
all 6-tube will vary from 87 volts to 200 volts, such that a pulse of 1 13 volts 
amplitude is available for the gate circuits. 


Let us now check the operation of the normal binary stages, where a tube 
is conducting and 6«lube is non-conducting. From the 56 kilohm load-line the 
plate voltage of fl'lube is 200—56x2*9 = 38 volts. The voltage between the 

38x220 

grid and ground of 6- tube is 470^22 0 volts and the voltage across Rkb is 

48 volts. Therefore, the grid to cathode voltage of the 6 tube. is 12 - 48 = - 36 
volts, which is far below cutoff. Let us see whether a-tube of the normal stages 
is really at clamp. The voltage across the grid to ground of a tnht is 
220 X 200 

h “ volts. Before clamping its grid to cathode voltage is 60 - 48 

= 12 volts. If we asssume that the static grid cathode resistance is 250 ohms, 
the grid, cathode voltage of ft-tube after clamping is calculated to be 

12x0'25 

0’02 volts. 


0-25 + 


220x470 

220+470 


When proper triggering voltage is applied at the cathode of a-tubes, the plate 
voltage wave-forms of all a*tube will vary from 28 volts to 200 volts such that a 
gate voltage of 162 amplitude is available for the diode gate circuits. 


DIODE GATE CIRCUIT 

The circuit diagram of the gate circuit is shown in Fig. 6. As in this case 
the input voltage is a rf-c voltage from 20 millivolts to 10 volts, a unidirectional 
gate circuit is used. The above circuit works in the following way : As observed 
in the figure the input voltage is applied at the point A and a positive gate signal 
from the a-plate of the ring counter is applied at the control terminal B. 
Initially when the voltage at the control terminal B is very low, the diode Tj 
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(Jonducts, since the voltage at the cathode of is adjusted to a negative value 
by the negative biasing voltages Ecc which is about - 150 volts and the resulting 
current through back biases the diode To> Therefore, in absence of a gate 
pulse, no input voltage will be transmitted to the output, provided the input 
voltage does not exceed certain value. A positive going gate signal, which is 
chosen to be of such amplitude as to back bias causes the diode Tj to cease 
conduction and the gate, therefore, is open for transmission. The input signal 
must be d-c coupled, but the gate may be either a*c coupled or d-c coupled. But 
in this case we preferred a d^c coupled one. In this way thirty five stages of identical 
gate circuits are constructed such that all stages have common load resistance RU 
The control signal or the gate voltages to each gate circuit is provided from the 
plates of each left hand side tube (f 2 -section) of the thirty-five binaries of the ring 
counter. We know that as the successive pulses are applied to the cathode of 
the ring counter, the gate is transferred from one stage to the next and when 
the gate has shifted to the last stage, the cycle is repeated again. As the plate 
of the left hand tube of first stage is connected to the first stage of the diode gate 
circuit, during this gate period the gate circuit no. 1 will remain open for 
transmission, and all other circuits are closed during that time- During the 
second gate period, the gate circuit no. 2 will remain open for transmission and all 
other circuits except no. 2 will remain closed for transmission. The gain of the 
gate circuit is {R^+Rf+R^) where i?f is the forward resistance of the diode To* 

EXPERIMENTAL RESULTS 

The above circuit is constructed. The most important parameters in the 
operation of the ring counter are the cathode resistances Rkb and Rha- In the 
actual circuit Rka and are taken as the variable resistances such that their 
values may be varied within 20% of their calculated values. By adjusting the 
cathode resistances, supply voltages and triggering pulse height, proper gating 
voltage waveforms may be observed at the ^-plates of the ring counter. The 
resistances chosen in the gate circuits have a large value such that they do 
not load the ring counter. From a voltage divider some input voltage applied 
at the input terminal of the gate circuits. The output voltage is observed on 
a oscilloscope. The curve between the input and the output voltage is shown 
in Fig. 7, The noise level if found to be 20 millivolts and the gain of the diode 
gate circuit is found to be about 0*5. 
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ABSTRACT 

Potentiometric titrations of alumina and ferric oxide sols have been carried out scperately 
as well as with the mixtures of the two sols in aqueous and non aqueous medium using both the 
glass and hydrogen electrodes. From the number of inflexion points it is concluded that the 
alumina sol behaves like a dibasic acid in the alcoholic medium but no chanse from monobasic 
to dibasic character is observed with the ferric oxide scl. The results of potentiometry also find 
conhrroation with the conductiometric data on the titrations o^ the tvo sols. With alumina ferric 
oxide sol mixtures two inflexion points are realised with mixtures containing uplo 20% alumina. 
Below this ratio only one inflexion poin^ is obtained. 

Data on Pallmann Effect studied with different concentrations of the sols does not indicate 
this difference in behaviour as far as measurements in two medium are concerned. 

The constitution of metal hydroxide sols had been a subject of much 
controversy. A number of workers, namely WyrouhofF and VtrneuiF, Duclaux^j 
Mal6tano3, Hantzsch and Desch^ Linder and Picton^ had suggested that these 
sols contain basic salts or chlorides of condensed hydroxides. Pauli® on the other 
hand was of the view that the colloidal particles in hydroxide sols could be 
compared to complex ions resulting from the ionisation of substances closely 
related to coordination compounds. The most significant contribution in this 
direction had been of Thomas and Coworkers’^^ who in a series of conjmunications 
had tried to explain the phenomenon of the formation (including peptization), 
precipitation and dissociation of hydrous metal oxides in terms of olation, oxola- 
tion and anion penetration. Whitehead^ had made a comparative study of the 
complex compound theory ol hydrous oxides with other theories on the formation 
and precipitation of colloidal solutions. 

On the experimental side, most of the work of Thomas, cited above deals 
with pH measurements of metal hydroxide sols prepared under different condi- 
tions and subjected to such treatment as ageing, boiling, dilution, peptization by 
different electrolytes, coagulation by strong and weak electrolytes and charge 
reversal etc. They have however, done little to elucidate their view point by 
the electrometric titration technique. It was,^ therefore, thought desirable to 
resolve this problem with the help of pH metric titrations carried out in the 
aqueous and alcoholic media. The results obtained with these studies have 
been confirmed by the conductometric titration method. Attempt is also made 
to study the phenomenon of Pallmann effect vis*a*vis the composition of sols. 
These studies, however, failed to give any useful information on this point. 

experimental 

1, Alumina sol.— Tea gms. of anhydrous aluminium chloride (E. Merck; 
were dissolved in about 200 ml. of double distilled water to which dilute 
ammonium hydroxide was added with vigorous stirring and simultaneous boi ing. 
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The white gelatinous ppl. of Al(OH )3 thus obtained was centrifuged and 
washed free of the dissolved salts. After thorough washing the ppt. was suspended 
in about 500 lul of double distilled water, boiled and to it were added equal 
quantities of IN HOI and H^^O, till the ppt. was completely peptized. It was kept 
boiling throughout peptization. Afterwards it was dialysed and the pH maintain- 
ed at 1*70 after dilution of this to one litre. 

2. Ferric sol , — About 800 ml of double distilled water was boiled in a Pyrex 
glass beaker and to this was added FeCl^ 50% solution drop-wise with continuous 
boiling and stirring so as to allow sufficient time for its hydrolysis. In evqry case 
2 gm. of TeCla was added. Next the sol on cooling was dialyzed diluted to one 
litre and the pH maintained at 2*50. 

3. Alkali solulions ,' — In every case N/5 KOH in double distilled water or 
double distilled ethyl alcohol was used as the titrant. 

Titrations were done in about fifteen pyrex boiling tubes. Ten ml. of the 
pure or the mixed sols in the given ratios (9 ; 1, 8 : 2, 2 : 8, 1 : 9, etc.) were added 
to the tubes. To each tube were added different amounts of the titrant and 
the volume was made up to 20 ml. in each case either with water or alcohol. 
The tubes were well corked and in the first instance readings were taken for pH 
measurements with the Cambridge Bench type pH meter with Cambridge glass 
calomel electrodes and also by the Hydrogen electrode. Conductivity was 
measured with a Kohlarausch Bridge type Philips conductivity meter. In case 
of Pallmann effect studies the solutions were made in 25 ml. Pyrex beakers which 
were covered and kept aside for six hours at a lower temperature. The sol 
always coagulated due to the action of alkali and in no case kept floating on 
the surface as the medium used was partly aqueous. The pH of the supernatant 
equilibrium liquid and that of the settled ppt. or coagulam was measured with 
the glass calomel electrode assembly, once keeping the assembly in contact with 
the liquid and then with the suspension. 

The values of Base-Exchange-Gapacities have been obtained from the 
inflexion points in the curves and those of dissociation constants have been 
calculated from the relation. 


salt 

pH = pK + log so that at half neutralization of the first acidity 

pH = pK and so on. No difference was found in the results obtained with the 
fresh sol and the aged sols (sols kept for 48 hours). Results are ^given in the 
table I 


DISCUSSION 

Typical pH titration curves are obtained on titrating ferric oxide and 
alumina sols against caustic potash. (Fig. 1. curves 1—4). There is however a 
striking difference in the alumina curves realized in the aqueous and non-aqueous 
media. It will be seen that the number of inflexion points are increased from 
one to two in passing from the aqueous to the alcoholic medium. Although 
Ruehle^®, Frilz/^ Palit^^ and Singhal and Malik^® have recommended non 
aqueous titrations in certain cases like polybasic acids and clay minerals in order 
to avoid the levelling effect of the aqueous medium, there appears to be little 
justification to^ explain the results of the titrations of hydrous oxide sols on this 
basis. Even if it is assumed that these sols can behave as dibasic acids, the very 
fact that the pIC values for the alumina sol (as determined from the two inflexion 
points) are stretched so apart (Table 1) that the levelling effect of water can 
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hardly interfere with the emergence of the two inflexion points. The reason for 
the difference in behaviour in the two media should, therefore, He somewhere 
else.. Assuming that these sois are metallic oxy chloride sols rather than hydrous 
oxides (in other words the chloride ions are necessary for their stability) their 
formation may be represented as follows : 

Ferric oxide sol. 


1. Fe(HP)Q+*l‘+ ^ (OH)+++m 

OH\ 

2. Fe(HjjO)5 (OH)++ X 2 (OHs)^Fe( + 2 HgO 


Reaction (2) may be considered as one responsible for the formation of 
micelles in this sol. The sol complex thus formed undergoes the following changes 
due to further hydrolysis to give the colloidal solution. 


OH- ^ 


HaOl 4+ 


OH, 

lOH" 


V 


.OH. 

Fe< )F, 


. -HaO 
-^H,0 


fHO 

lOH^ 

OH, 


\ 


OH 


2 / 
OH/ 


.O HI ++ 

Xpe-^aO I' , g H-i- 

^HgOj 

II 


fHO . 
iHO X 


.OH 


/ 


OH 1 


Xf.^OH 


III 


^H.OJ 


+ 2 H+ 


Since act as peptizing ions in the formation of the sol, an equilibrium 
represented by I and II above should exist. The ol polymer shown by III would 
represent the coagulated state of the sol, that is, one from which all the peptizing 
ions have been removed resulting in the formation of an uncharged micelle. 
Existence of one inflexion point in the pH titration curves support the above 
mechanism. 

The other possibilities viz* the formation of polymeric ol or oxo compounds 
is ruled out since these would involve the existence of more than one inflexion 
point in the pH titration curves. 

3. FeCHaO)^ OH++ ^ FeCHaO)^ (OH),+ + H+ 

fHO ^ Qjj yOH 1 +-1- 

4. 2 Fe (H,0), {OH),+ ^ j >Fe-gjg + 2 H,0 

[ob/ XhjOj 

IV 

The complex ol compound (IV) undergoes further hydrolysis which may 
give a complex corresponding to III representing again a coagulated state of 
the sol. 

Although the possibility of the existance of oxo compounds does not^ exist 
in the case of ferric o^ide sols (since only one inflexion point appears both in the 
aqueous and non aqueous media) it is quite possible in the case of the alumina 
sol. Assuming that just as in the case of ferric oxide sol here colloidal formation 
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takes place according to reactions (1) and (2) and not according to (3) and (4), 
the only possible cause for having two inflexions in the titration curves of alumina 
in the alcoholic medium is the existence of oxo compounds together with the ol 
compounds in the alumina sol. 


OH ^ 

(OHa)^ Al^ ^Al (H^O), 1 

^OH / ^ I 

L J 

fHO . OH 1 ++ 

+2H. 

[lly \h“8j 

IV 

V 

OH 


VI 

VII 


The existence of the equilibria IV and V and also VI and VII may be 
considered responsible for the two inflexion points in the alcoholic titrations. 
The fact that the process of oxolation which involves the loss of proton from the 
ol bridge is facilitated by the addition of alcohol as shown by Hall and Eyring^^ 
also lends support to the mechaism proposed above. Moreover the tendency of 
the ol complex to change into the oxo complex in the non aqueous medium is so 
marked that this behaviour is exhibited even in mixtures of alumina and iron 
oxide containing as low a proportion of alumina as 2 alumina : 8 ferric oxide, 
(fable 1), 

TABLE I 

Base Exchange Capacity^ and pK^ values calculated from pH metric and 
conductimetric curves. 


1. m.e.q. per litre of the sol. 

2. pK values at the respective inflexion points are given in parentheses. 


Sol 

Aqueous 

pH Conductivity 

Alcoholic 

pH 

Conductivity 

Alumina 

600 (2-2) 

605 

600 (3-1); 1190 (7-4) 

600 ; 1200 

Ferric 

500 (3-1) 

500 

510 (3-7) 

500 

9 A1 : 1 Fe 

595 (2-]) 

590 

590 (2-5); 1180 (7-7) 

600 ; 1180 

8 A1 ; 2 Fe 

580 (2-3) 

580 

585 (2-8); 1170 (8-0) 

580; 1160 

7 A1 : 3 Fe 

575 (24) 

570 

570 (2-9); 1150 (8 5) 

575 ; 1150 

6 A1 : 4 Fe 

560 {2-5) 

560 

565 (2'8); 1130 (8-2) 

560 ; 1130 

5 A1 : 5 Fe 

555 (2-5) 

550 

550 (2'9); 1110 (1-4) 

550 ; 1100 

4 A1 : 6 Fe 

545 (2-7) 

540 

550 (3-0); 1080 (7-5) 

540 ; 1090 

3 A1 : 7 Fe 

530 (2-7) 

530 

530 (3-1); 1050 (7-7) 

530 ; 1070 

2 A1 : 8 Fe 

520 (2-6) 

520 

525 (3-2) ; 1040 (7-8) 

500 j 1040 

1 A1 : 9 Fe 

515 (2-9) 

510 

510 (3-2) 

510 
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Further confirmation to the view point discussed above is forthcoming from 
the results on the conductometric data in aqueous and alcoholic media (Fig. 2 
curves 1-4), Here too the behaviour of alumina sol as such and in its mixtures 
with ferric oxide is similar to that of the pH metric titrations. 

The inflexion in the pH metric and conductometric titrations of clays with 
alkalies is often taken as a measure of the base exchange capacity of clays. If this 
can be taken as a measure of such determination then the exchange values (for 
the exchange of chloride ion by hydroxide ion of the alkali) given in table 1,, 
may have some significance. However, the similarity of the data obtained from 
pH-metric and conductometric titrations is particularly striking. The data on 
pK values on the assumption that the hydrous oxide sols of alumina and ferric 
oxide are the dissociation products of the ol and oxo compounds are also enum- 
erated in table 1. 

The studies on Pallmann effect do not provide any nciv information. The 
nature of the curves between pH and concentration of sol is the same both for 
aqueous and non aqueous media, (Fig. 3 curves 1-4). 
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ABSTRACT 

The effect of glucose, fructose, mannose, galactose, xylose, arabinore, lactose, maltose, 
mannitol and tartaric acid on the growth and activity of JSfitrosomonas has been studied. It has 
been observed that smaller concentrations of these organic substances produce beneficial effects 
on the growth and activity of J^itrosomonas. The process of nitrite- formation is hindered in the 
, beginning for a certain period but after that it begins and takes place even more vigorously than 
when no sugar is added. The results show that the bacteria feed upon sugars and other organic 
material first and it is only v hen these have been used up that they begin to derive their 
energy for their growth and metabolisna from the oxidation of ammonium salts. Even in such a 
high concentration of sugars as 1000 mg/82 ml the bacteria do not get killed, but only remain 
dormant. 

In previous two communications^’^ relating to the ‘‘Effect of orgainc subs- 
tance on Nitrosomonas, Part I and II’*, the results showing the effect of D-glu* 
^cose, D~fructose, D-mannose, D-galactose, L^xylose and i*-arabinose on the 
above bacteria were given. In the present paper the results of our study of 
nitrite formation by Nitrosomonas in presence of lactose, maltose, mannitol and 
tartaric acid are recorded. 

The experimental procedure adopted was the same as described in Part 1. 

TABLE 7 A 

Nitrosificition in the presence of lactose 

(i) Volume of the culture medium taken =80 ml 

{ii) Volume of the enriched culture (inoculum) added == 1 ml 

[iii) Volume of the ammonium sulphate added = 1 ml 


Amount of Amount of lactose left at different intervals of time 

lactose 


No. added to the Time in hours 

medium 



(in mg) 

48 

96 

144 

192 

240 

288 

336 

384 

1 

Control 

Nil 

Nil 

Nil 

Nil 

Nil 

Nil 

Nil 

Nil 

2 

5-00 

3 > 

33 

99 

33 

93 

93 

39 

93 

3 

10-00 

6-785 

93 

9 > 

39 

93 

33 

39 

93 

4 

2U-00 

14-93 

10-85 

5-428 

33 

93 

33 

39 

93 

5 

25-00 

21-71 

17-64 

10-85 

8-142 

93 

33 

93 

93 

6 

3000 

27-14 

23-06 

19-00 

10-85 

6-785 

33 

39 

99 

7 

40-00 

35-28 

29-85 

22-21 

14-62 

6-785 

33 

93 

33 

8 

50-00 

43-424 

36*64 

31*21 

19-00 

12-21 

5-428 

93 

>3 

9 

60-00 

52-92 

44-78 

37-S96 

31-211 

27-14 

16-28 

6*785 

33 

10 

80-00 

77-35 

59-71 

52-92 

48-85 

39-353 

31-21 

19-CO 

10-85 

11 

100-00 

96-34 

88-26 

82-777 

67-85 

59-70 

51-56 

43-42 

29-85 


Control = Containing no lactose 
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dfABLE 7b 

Nitrosification in the presence of lactose 

fi) Volume of the culture medium taken = 80 ml 

(n) Volume of the enriched culture (inoculum) added ==: 1 ml 

(m) Volume of the ammonium sulphate added = 1 ml 


No. 

Amount of Nitrite formed at diflferent intervals of time (mg/litre) 

lactose 

added to the Time in hours 

medium 

(in mg) 48 96 144 192 240 288 336 

1 

Control 

0-92 1-8400 

2-3096 6-6164 24-334 

50-324 

138-00 

2 

5-00 


- 0-782 

1-4375 4-b0''> 24-642 

62-790 

20S'461 

3 

10-00 


- 

0-92 1-7972 

9-5818 

45-176 

123-28 

4 

2000 



0-782 

2-2117 

9-5818 

39-56 

5 

25-00 



— — 

1-1696 

3-220 

24 336 

6 

30-00 


- 

~ — 

1-0120 

2-300 

17-572 

7 

40-00 



— 


1-4825 

6-900 

8 

50-00 


- - 

— — 

— 

1-012 

1-916 

9 

60-00 


- — 

— — ^ 



10120 

10 

8000 


— ^ 

- - 




11 

100-00 


- 

- 

- 

- 

- 



Control = < 

Containing no lactose 








TABLE 8A 





Nitrosification in 

the presense of maltose 





(i) Volume of the culture medium taken 


= 80 ml 


(tt) Volume of the enriched culture (inoculum) added 

= 1ml 


(tti) Volume of the ammonium sulphate added 


= 1 

ml 


Amount of 

Amount of maltose left at different intervals of time 


maltose add- 






No. 

ed to the 


Time in hours 





medium 








(in mg) 

48 

96 

144 192 240 

288 

336 

384 

1 

Control 

Nil 

Nil 

Nil Nil Nil 

Nil 

Nil 

Nil 

2 

5-00 







3 

10-00 

6-7^ 


•‘3 »5 >1 

9 > 

99 

>> 

4 

20-00 

14-927 

5-428 



99 

99 

5 

25-00 

20-125 

12-21 


5> 

»9 

99 

6 

30-00 

23-069 

17-64 

12-21 5-428 

9 ) 

99 

19 

7' 

40-00 

35-28 

28-50 

19-00 13-57 6-785 

9 9 

99 

99 

a 

50-90 

44-78 

39-353 

32-568 21 71 11-36 

5-428 , 

) 9 

9 

6000 

52-92 

47-49 

42-06 37-99 29-85 

20-350 13-57 

6785 

10 

80-00 

71-92 

67-85 

59-71 52-92 43-424 

33-925 27-14 

)4‘92 

11 

100 00 

96-38 

88-205 

76-00 67-85 59-71 

52-92 

44-78 

31-211 


Control = Containing no maltose 
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TABLE 8B 

Nitrosification in the presence of maltose 

(i) Volume of the culture medium taken = 80 ml 

(ii) Volume of the enriched culture (inoculum) added = 1 ml 

{Hi) Volume of the ammonium sulphate added = 1 ml 


No. 

Amount of Amount. formed at different intervala of time (mg/litre) 

maltose add- 
ed to the Time in hours 

medium 

(in mg) 48 96 144 192 240 288 336 

1 

Control 

0-920 

4-1035 

19-163 

36-80 

73-862 ' 

103-86 

172*56 

2 

5 00 

- 

1-7967 

7-682 

35-139 

86-85 

146*625 

211-60 

3 

10-00 

- 

0-920 

1-964 

14 375 

49-831 

95*827 

153-52 

4 

20-00 

- 

- 

1-104 

7-682 

17-9676 

28*75 

55-52 

5 

25-00 

- 

- 


0-92 

3-4120 

14*375 

41-028 

6 

30-00 

- 



- 

1-0551 

6*7055 

17*228 

7 

40-00 




— 

— 

2*30 

7*682 

8 

50-00 

— 


— 

— 

— 


1*1040 

9 

60-00 


— 



— 


... 

10 

80-00 



— 


— 


■„ 

11 

100 00 

- 

- 

- 

- 


- 

- 



CoDtrol — 

Containing no maltose 







TABLE 9A 





Nitrosification in the presence of D-mannitol 





(i) Volume of the culture medium taken 


= 

80 ml 


(tz) Volume of the enriched culture (inoculum) added = 

1 ml 


(Hi) Volume of the ammonium 

sulphate added 

== 

1 ml 


Amount of 

Amount of mannitol left at different intervals of time mg/Iitre 


D-mannitol 








No. 

added to the 


Time in hours 




medium 









(in mg) 

48 

96 

144 

192 

240 

288 336 384 

1 

Conti ol 

Nil 

Nil 

Nil 

Nil 

Nil 

Nil Nil Nil 

2 

5-00 

S3 

3> 

33 

33 

53 

53 

33 

3 

10-00 • 

6-038 

3> 

35 

33 

33 

3 3 3 5 


4 

20-00 

13796 

5-i)90 

33 

35 

S3 

33 35 


5 

2500 

19-146 

8-10 

55 

35 

33 

33 33 


6 

.'^0-00 

25-03 

17-672 

8-54-2 

55 

35 

33 35 


7 

40‘u0 

36-819 

29-46 

17-672 

6-036 

58 



8 

50-00 

46 655 

36819 

27-982 

17-672 

5-890 

33 33 


9 

60-00 

57-436 

51-546 

41-237 

30-0t 

19-146 

4-712 „ 


10 

8000 

79-52 

73-636 

70-691 

64-80 

57-436 48-60 39-765 27*98 

11 

100-00 

100-14 

97-20 

92 783 

86-891 

81-00 73-636 64-80 53-019 


Control = Containing no mannitol 


[ 307 ] 


TABLE 9B 


Nitrosification in the presence of D mannitol 

(i) Volume of the culture medium taken = 80 ml 

(ii' Volume of the enriched culture (inoculum) added = 1 ml 

(ii£) Volume of the ammonium sulphate added = l ml 


Amount of Nitrite formed at different intervals of time (mg/Htre) 
D-mannitol 

No. added to the Time in hours 


medium 



(in mg) 

48 

96 

144 

192 

240 

288 

336 

1 

Control 

0-920 

1-335 

6-729 

21-184 

39-46 

79 25 

189 36 

2 

5-00 

1-575 

1-150 

5-966 

19-230 

43-208 

90-99 

230-00 

3 

10-00 

— 

0-7187 

2-300 

10-181 

34-731 

81-36 

211-60 

4 

20-00 

— 

- 

1-150 

3-274 

14-375 

54-167 

115-16 

5 

25-00 


— 

0*6388 

1*4375 

9*200 

35-41 

92-91 

6 

30-00 


— 

- 

0*575 

3*334 

11-50 

42-60 

7 

40-00 


— 

- 

- 

0*760 

2-750 

16-67 

8 

50-00 


- 

- 

- 

- 

0-920 

4-7916 

9 

6000 


— 

-- 



— 

1-000 

10 

80-00 

— 

— 

— 


— 

_ 


11 

100-00 

— 

- 


— 

— 

- 

- 


Control =: Containing no mannitol 


TABLE 10 

Nitrosification in the presence of t)-tartaric acid 

(t) Volume of the culture medium taken = 80 ml 

(ii) Volume of the enriched culture (inoculum) added ==; 1 ml 

{Hi) Volume of the ammonium sulphate added ^ 1 ml 


Amount of 
B tartaric acid 
No. added to 
the medium 


Nitrite formed at different intervals of time (mg/ litre) 
Time in hours 



(in mg) 

48 

96 

144 

1 

Control 

1-9167 

4-423 

12-321 

2 

5*00 

1-600 

5-75 

18-160 

3 

10-00 

1-4375 

2-13 

5 227 

4 

20-00 

1-240 

1-5131 

2-875 

5 

25-00 

1-1051 

1 337 

1-800 

6 

30-00 

0-989 

1-150 

1-474 

7 

40-00 

0-t)28 

1-00 

1-278 

8 

50-00 

0-690 

0-943 

1-15 

9 

60-00 

0-690 

0 943 

1-085 

10 

80-00 

0-46 

0-736 

0-989 

11 

100-00 

0-46 

0-69 

0-989 


192 

240 

288 

336 

33-541 

79-86 

184-. 0 

345-00 

60-375 

106-45 

230-00 

419-00 

21-81 

57-50 

95-934 

239-58 

8-214 

26-54 

65-71 

140-00 

4-107 

19 17 

46-00 

102-33 

3-194 

8-214 

23-00 

52-272 

2-211 

4-192 

12-78 

31-94 

1-800 

3-0267 

8-214 

22-115 

1-643 

3-0267 

7-19 

19-167 

1-15 

2-30 

4-107 

11-50 

1-085 

1-4375 

1-9167 

4-423 


Control 


Containing no tartaric acid 
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TABLE 11 

Nitrosification in the presence of large concentration of D-glucose 

(i) Volume of the culture medium taken = 80 ml 

(ii) Volume of the enriched culture (inoculum) added == 1 ml 

{Hi) Volume of the ammonium sulphate added = 1 ml 


Concentration of D-glucose 


No. 

Amount of D-glucose added 
to the medium 
(in mg) 

Amount of D-glucose left 
after 840 hours 
(in mg) 

Nitrite formed in 
840 hours 
mg/litre 

1 

Control 


848-40 

2 

10000 

- 

836-90 

3 

200*00 

— 

810-00 

4 

300-00 

5800 


5 

400-00 

212-00 


6 

500-00 

367-00 

— 

7 

60000 

516-00 

... 

8 

800-00 

742-00 


9 

1000-00 

962-00 

- 


Control Containing no glucose 


DISCUSSION 

Warington® was the first to report that the presence of sugar produced an 
injurious effect upon the process of nitrification. It was later supported by 
Winogradsky^ who observed that 0 015 M of glucose completely stopped the 
nitrification by Nitrosomonas in pure culture and the solution became sterile. 
Among other workers who produced evidence in support of the injurious effect 
of organic compounds in general upon nitrification are Pandalai, Nelson, Ruban 
and Gundersen. Pandala® found that nitrification was depressed in the presence 
of organic matter. >Nelson® found that 1% dextrose and 0*5% pentoses completely 
stopped the bacterial nitrification and the culture became sterile. He further 
observed that lower concentrations of these sugars only retarded the initial 
growth of the bacteria but did not produce any permanent toxic effect. Gunder- 
sen^ has produced results showing that although certain organic compounds such 
as tryptophan, glutamic acid, tyrosine, phenylalanine and histidine cause inhibi-^ 
tion of nitrite formation when they are present in the culture, yet certain other 
organic compounds like vitamins, such as thiamine, riboflavine, p-aminobenzoic 
acid, nicotinamide, pyridoxine, pantothenic acid and vitamin produce 

any inhibitory effect on the process of nitrification by J^itrosomouas, Ruban® 
reported that although in his experiments the presence of organic compounds 
stopped the oxidation of ammonium salts by nitrite formers, yet. the organism 
did not get killed and when transferred to a fresh culture medium they resumed 
their growth and activity. 

Sugars and various other organic compounds serve as universal food 
material for living organisms. It is, therefore, difficult to understand why organic 
food material should prove toxic or inhibitory to the growth of Nitrosomonas, 
A detailed study is, therfore, needed to find out how far the organic food material 
is really toxic to the nitrite formers. 
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Like every living organism Nifrosomonas also needs energy for its growth 
and metabolism. The physiological significance of the oxidation of ammonium 
sulphate to nitrite by Nitrosomonas is merely to furnish energy to bacteria. 
Organic food materials required by other organisms also serve the same purpose. 
If organic food materials are assumed to be injurious to JSfittosomonas, it means 
they do not serve as food for these bacteria, while ammonium salts serve as food 
for them. 

In order to understand the influence of organic food material on nitrite 
formers, we have carried out extensive experiments with Nitrosomonas in the 
presence of varied amounts of glucose, fructose, mannose, galactose, xylose, 
arabinose, lactose, maltose mannitol and tartaric acid. 

The results obtained by us are recorded in the Tables lA, IB, 2A and 2B, 
(Part I), Tables 3A to 6B (Part II) and Tables 7A to 11 (Part III). They do not 
substantiate the view that the organic food materials are toxic to the growth of 
the nitrite formers. On the other hand they are found to be beneficial when 
present in small concentrations (from 5 to 100 mg/82 ml). 

Thus our results show that when the sugars are present in small concentra- 
tion they hinder the process of nitrite formation in the beginning for a certain 
period but after that period the nitrite formation begins and takes place even 
more vigorously than when no sugar is added. We are led to conclude that the 
bacteria utilize the sugars in the beginning as food and that after the sugars have 
been consumed they begin to derive energy for their growth and metabolism 
from the oxidation of ammonium sulphate to nitrite. These results clearly 
indicate that sugars in proper amounts serve as better food material for Nitro- 
somonas than does ammonium sulphate. The bacteria feed upon the sugars 
first as a result of which the latter are oxidised and thus energy is liberated for 
the organism. It is only when these sugars have been consumed that the 
bacteria begin to oxidise ammonium salts (here ammonium sulphate) for obtaining 
their energy. That sugars are better food for these bacteria than the ammonium 
sulphate is clear from the results contained, in the Tables I to 10, which show that 
the formation of nitrite takes place more vigorously in the samples which contain 
sugars (5 mg to 10 mg) than in those which do not contain sugars after^ a period 
when the sugars in the former samples have been consumed. The higher con- 
centration of nitrite found in the samples containing 5 mg and 10 mg of 
glucose after 288 and 336 hours (Table IB — Part I) as compared to the^ sample 
containing no glucose can only be interpreted on the basis that glucose stimulates 
the growth and multiplication of bacteria to a larger extent as a result of which 
the sugar containing culture solution comes to have a larger number of bacteria as 
compared to the sample with no sugar. Hence, after the sugar has been consumed 
this solution, because of the larger number of bacteria present in it shows a more 
vigorous nitrite formation. Similar results have been obtained with other sugars 
also, as will be clear from the tables. The optimum quantity of each sugar to 
produce enhanced growth of the bacteria may however vary. The time required 
to produce higher concentration of nitrite as compared to the sample containing 
no sugar may also vary with different sugars. Such a difference is natural and 
may be ascribed to the difference in the nature and complexity of the sugars. 

The results of our study with larger concentrations of glucose (from 100 mg 
to 1000 mg/82 ml) are shown in 'fable 11. These results indicate that as the 
concentration of the sugar is increased the nitrite formation is not only delayed 
as with smaller concentrations but is also retarded. 
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the amount o{ sugar Which is consumed by the bacterk when a high 
concentration 1000 mg/82 ml) of glucose has been taken initially is very 
small even in 840 hours. This consumption is insignificant for such a long period. 
From the above results the natural inference is that higher concentrations of 
sugars are harmful for the bacteria. They depress the growth. However, it has 
been found that the bacteria do not get destroyed by these higher concentrations 
of glucose even after 840 hours, for when from this solution an inoculation is made 
to fresh medium devoid of any organic substance the bacteria begin to grow 
again. This result is in agreement with the observation of Ruban^ who found 
that large concentrations of organic compounds halt the nitrification but the 
cells remam viable and resume active nitrification when transferred to inorganic 
nutrients. It is thus clear that in the presence of larger amounts of sugars and 
other organic compounds, it is only the activity of the bacteria that is affected and 
they do not get killed ; they remain in ihe dormant state and when favourable 
condition is restored they begin to gfcw and perform their activity again. 

The results contained in Table 9B indicate that the effect of mannitol on 
nitrite formation is similar to that of sugars. Tartaric acid however has been 
found to be better as compared to these sugars in certain respects (Table 10). 
Unlike sugars, in the presence of tartaric acid nitrite formation takes place from 
the very beginning, both when the acid is present in smaller or in larger concentra- 
tions, the concentration employed being 5 mg to 100 mg/82 mi. Warington had 
also made the same observation. He had found that the nitrification of 
ammonium sulphate solution inoculated with soil took place in the presence ot 
sodium potassium tartarate also, though the extent of nitrification was small. He 
further observed that when this tartarate was replaced by sugars the amount of 
nitrification was reduced thereby showing that the tartarate was better than 
sugars. 

Thus, on the basis of our experimental results it can be concluded that 
sugars and other food material are not toxic or harmful to J^itrosomonas when 
supplied in proper amounts. Instead they serve as food material ior the organism 
in much the same way as they serve for other organisms. It is only a question 
of the proper amount. When large amounts of these substances are supplied 
they^do produce harmful effect. With other living organisms including higher 
ones also we find more or less the same thing. A tood material taken in quanti- 
ties much in excess of the requirements very often produces ailments in higher 
organisms and some times even this may cause death. Similarly, with Nitro* 
somonas sugars and other organic food material no doubt serve as food but if 
they are taken in excessively large amounts they produce harmful effects and 
thereby the growth and activity of the organism are depressed. 

Our view about the non-toxicity of organic food material to Nitrosrmonas 
receives support from the observations ol certain other workers also. In 1914 
Kossowiez^ had observed that carbohydrates were useful and stimulated the 
process of nitrification in soil. Kingma Boltjes^® found that Narshtoff Hyden 
(a peptone product) stimulated the growth of the colonies of the nitrite formers. 
Similar results had been obtained by Fred and Davenport^^ and Hes^^ Kingma 
Boltjes had also performed experiments to confirm if glucose was toxic to vVtfro- 
somonas as had been reported by Winogradsky and subsequently supported by 
others but he failed to get any such confirmation. Bomecke^® reported that the 
presence of 0T% nutrient broth, 0-66% yeast extract or 0*u5% peptone did not 
produce any adverse effect upon the process of nitrification. Q^uasteF^ observed 
that M/200 glucose only delayed the process of nitrification but did not affect 
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the growth, jensen^^ has recently shown that the oxidation of amtnoniuih 
sulphate to nitrite could go on even in the presence ol high concentration of 
organic matter like 0'37M sodium formate, 0'44M sodium acetate, 0-30M 
succinate, 0*56M glycerol, 0-56M glucose and 0*58M urea. BuswelP® has 
produced evidences that glucose in concentration up to 200 p.p.m. does not 
inhibit the growth of nitrifiers. The work of Kalinenko^’ showing that the 
presence of organic food material in the culture medium of ^ J^ittosotnonas 
increases the bacterial proteinous mass also lends support to our view that the 
organic food materials instead of causing any toxicity produce beneficial effect 
when they are snpplied in proper amounts. 
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This paper gives a method of provin'? that for a type of expressions in a given triad of rational 
integers of same parity in arithmetic progression, there exist a same type of expressions of equal 
value s in a unique triad of irrational integers in arithmetic progression. 

Theorem.— For any triad of rational integers V, Z of same parity, in 
arithmetic progression ; there exists uniquely a corresponding triad of irrational 
integers X, v, in arithmetic progression such that 


Proof , — Fiist consider 

Let X ux, T = vy 
Then from I, we have 


so that 


1(1 + v) = K{\ + JX) \ 

’?(!-’?) = fxCX- F-) 

-j- >?* = 

|3 . ,j8 ^ 2A.H 
+ n) = v(v + p) 
ViZ-v) =/‘(v-/‘) 

+ = 2v/* 

= 2vP’ / 

yix~y) =.- nx-r) J 


X UP - 1 1 — p^r- 

- up| 

-p ± V'2 (p®- i)T 
= 1 - 2 p® f 


(A) 


(I) 


(H) 

(III) 


from III and II it is obvious that x, y become rational and X, 1" become 
irrational if and only if v is of the form ViK for ^ rational ( = — ,) say where I and 
tn are any integers) 


Then 



u =-i/r ^ (t = L 2) 
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wtiere 


P^ = 1+ in \ 
P^ = I- m 
<2,1 — m -[■ 21 

(l^<=m-2l 


(IV) 


1 herefore the only solutions of I such that x, y are rational integers and T 
are irrational integers are 

■* = Q.i,y = m, X = V2 Pi, T = ■/I'l ; i = 1, 2 (V) 

It can be very easily verified that the equations 

«3 ^ j,2 = + r 

2xy = - P 


- 


= 2Xr 


are simultaneously satisfied for the same value of x,y and X,y given by V and IV 
Hence the complete solution of equations (A) such that i, V, ^ are ^ 


rational and X, a, v are irrational is 

4 = OT - 2/, V — m, 4' = m -f 21 

X — V2{1 - m), li = -/ 2 /, V = V2(i + m) 
where 1 and m are any integers 


(VI) 


Now I, V, 4 of same parity and V is the arithmetic mean of 4 and 4 


Therefore ii V — m, we can find a rational integer I such that 1 
$ — m - 21 and ^ = m 21 J 

Hence from VI and VII the theorem is proved 

A NUMERICAL EXAMPLE 
Putting I = 2, m — 1, we get 

- 3, ^7 = 1 , 4 == 

X = V2, P = V = 3^/2 

Hence we have the following equations : 

5(5 + 1) = 3V2(3V2 + 2t/'2) 

1(5-1) = 2-/?(3V2-2V2) 

5^+12 = (3-/2)®-h {2x/2Y 
2-5- 1 = (3V2')“ - (2V2)'' 

52- 12 = 2{W2)W2) 

(-3) {(-3)+(l)} = (V2) {(V2) + (2V2)} 

(- J) {(-3) - (1)} = (2V2) {(l/7)- (2'/2)} 

(- 3)2 -f (1)3 = (V2)^ + (2 v'2T 

2(-3)(l) = (y/2)3-(2/2)^ 

(-3)2- (1)2 = 2(V2) {2V2) 
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WAVES IN A STRATIFIED, COMPRESSIBLE, INVISGID FLUID 
CONFINED BETWEEN TWO RIGID BOUNDARIES 

By ' 

M. M. GUPTA and J. M. GANDHI 
Department of Physios, University of Rajasthan, Jaipur 
[Received on 28th October, 1964] . 

ABSTRACT 

The stability of a compressible, nonviscous fluid of density P varying in the direction of gravity, 
confined between two rigid boundaries and subjected to an initial infinitesimal perturbation is 
discussed. The solution is obtained in the form of integrals. The fluid is assumed to be stratified 
according to the law 

p = Po exp(^2) 

where Pq and B arc constants. The stratification is assumed to be too small to consider any 
variation in the velocity of sound in the fluid. For all values of the wave lengths of the distur- 
bance, hydrodynamic waves are produced and for stable stratification one gets undamped waves. 
The results arc graphically illustrated. 

1. INTRODUCTION 

Vandervoort (1961) showed that a Variational principle characterising the 
equilibrium of a heavy, nonviscous and compressible fluid exists and indicated 
that it might have little importance because of the complicated dependence of 
growth rate n on the wave number of the disturbance k Moreover, he had dis- 
cussed only the case of two superposed fluids of constant densities and having 
constant value of the velocity of sound. Mitchner and Landshoff (1964) stated 
that Vandervoort’s assumption of constant density and constant velocity of sound 
in the fluid appears to be unjustified. However, in the present paper, for the tract- 
ibility of the problem, the velocity of sound has been assumed to be constant 
though the density variation has been taken into account. This is justified on the 
basis that the stratification of density is assumed to be very small, x.g. 

Pd«'\ ( 1 ) 

Besides, since the velocity of sound varies inversely as the underroot of density 
for a small change in the density of the fluid, the corresponding change in the 
velocity of sound is still smaller. 

2. THE BASIC EQllJATIONS AND THE BOUNDARY CONDITIONS 

The characteristic equation for the present problem obtained by Vander- 
voort (1961) is 

n® D P j Div - n® pto P ja)=0(2) 

where n = ~, D = ^ and = k'i + kf (3) 

k being the total wave number of the disturbance in the horizontal plane, 
g is the acceleration due to gravity acting vertically along z- axis, w is the z 
component of the perturbed velocity, and V is the velocity of sound in the fluid. 


t 315 ] 



The solution to equation (2) has to be sought subjected to some boundary 
conditions. As in the present case, since the fluid terminates at the rigid bound!. 

aries, velocity u (u, y, w) can have no normal component at the boundary. 
Therefore 

a; = 0 at ^ = 0 and « d (4) 

Although boundary condition (4) is the only condition that is to be satisfied, 
since the fluid is nonviscous, yet, to compare the results for the corresponding 
viscous case for two rigid boundaries, it will be adviseable to assume that 

Z)w = 0 at ^ 0 and z — d (5j 

for two rigid surfaces seperated by a distance d* 

It has been shown by Gupta and Gandhi (1964) that a variational principle 
exists for (he present problem and thus the equation (2) admits a solution obtain- 


able by a first order iteration procedure, thus enabling the 
as a function of wave number k. The characteristic equation 

determination 
reduces to 

of n 





(6) 

where 

h== 

Cd 

p dz 

J 0 


(7) 


h= 

rd 

j p w dz 


(8) 



|z) + p itjfs 


(9) 

and 

JV = 

n® 


(10) 


3. EQUILIBRIUM OF THE FLUID 
As the fluid is bounded by two rigid boundaries, we choose w as 

«; == d I 1 - cos 

so that the boundary conditions given by equations (4) and (5) are satisfied, 
s being a positive integer. The stratification is assumed to obey the law 


Measuring n and k in the dimensionless form 

y=ndlVVR 

x=:^kdlR ( 14 ) 

and introducing the dimensionless parameters. 

R =: Its ( 15 ) 

and r = ~ (gP + (16) 



i 3)6 1 



equation (6) reduces to 


3/ + {3x^ -}- 1) /? - 3a; 2 r = 0 


(I7) 


giving 

[ i /(3 jc 2 + 1)2 + 36x^ - (3*a + l)i? (18) 

Case I (T = 0). 

Taking negative sign before the radical in equation (18),j); becomes imagin- 
ary and the fluid undergoes undamped oscillations with angular frequency /(j)), 
wave velocity Vw and group velocity Vg respectively given by : 

l{y) = [ R{ix^ + 1) ]4 (19) 

= = -[/?(3;ca_i. i)]j (20) 

<K X 

and Vg^U{y) = iRlVw (21) 

Figure 1 illustrates the variations in /(j ), Vw^,ndVg with a; for i? = w 
(f = 1) and T = 0. 



to equations (19) to (21). 
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Casell (r > 0) 

{a) Taking positive sign before the radical j; becomes real and the fluid is 
aperiodically damped with the damping coefficient 

y = i 1)]J (22) 

(ft) If we take negative sign before the radical in equation (18), y becomes 
imaginary leading to the propagation of hydrodynamic waves with angular 
frequency wave and group velocities I (y), Vw and Vg respectively given by 

Hy) = H + I) + V"R^(5x^~ + l)^ -f'S 6«aT}J^ (23) 

Fa> = 1 J { R{3x^ + 3) + V^i22(3x2l{, f)aqr3‘6)c2^^^ (24) 

„ 1_ r 4- 1) + 67 I 

^ 2Vw |_^ + ■VR^{ix‘^ + 1)2-1- SeA;®'/! (25) 

Figure 2 depicts the variations of I{y)i Frt; and Fg as a function of jv for 
K = TT (,f = 1) and r = 1. 



Fig. Z 


The group velocity Vg^ wave velocity Vw and angular frequency l{y ) for r= 1 
and 5= TT as a function of the wave number a; accordinir to 

cquait.ons (23) to (25). 


[ 318 I 



ferom case II {b) we conclude that We have undamped waves while ^rom Casfe 
II (fl) we have aperiodic damping for the same wave numbers of the disturbance, 
which is physically unjustified. Since the fluid is inviscid, there can be no 
damping and as such case II {a) has to be rejected on physical grounds. 


Case Hi {T < 0, 2"== — being positive). 

This is the case of stable stratification. 


(a) Taking positive sign before the radical in equation (18) jp becomes 
imaginary, we again have waves with angular frequency l{y ) wave and group 
velocities Vw and Vg respectively given by 


lU) = [ i + 1) - / 1)2-3 6x^ (26; 

^ i + 1) - VW{3x^ + 1)®- 3 6*2 (27) 


and 


Vg = 


2Vw 


R- 


jR2(3;c2^ -j 

/i22(3A:2+ l)2_3 6;c2rij 


(28) 


there being no damping of the disturbance. Figure 3 gives the variations in 
I{y ), Vw and Vg as a function of x for = 1 and R = ir {s = 1). 


{b) Taking negative sign before the radical in equation (18) again there is no 
damping of the fluid but the waves are generated. The results are shown in 



The group velccity Vg, wave velocity and angular frequency liy) foi 
and (j= 1) as a function of the wave number ;c according 

to (26) to (28). 
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figure 4 for = 1 and J? == tt (^ = 1). The waves ibave angular ^requeniy, waVfc 
and group velocities Vw and Vg respectively as ^ 


and 


^y) = [ 4 1) + Vr^(Sx^~\- l)2-36xari}J^ 

F«> = 1 [ If {R(5x^ + 1) + 

1 r R\ 3 x‘^ + l)-eTi 1 

~ 2Vw [-^+ '//ja(3A:24- 1)2-3 6xa ri_ 


( 29 ) 

( 30 ) 

( 31 ) 



ria.4 


The group velocity Vgt wave velocity Vw and angular frequency l{y) as a 
function of the wave numbers: for 1 and R^7t {s=z 1) according to 
equations (29) to (31). 
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STtjblES ON tllE ifORMATiON ot SOUe TUNG^TO-GITRATES 

By 

SARJU PRASAD and LALLAN PRASAD PANDEY 
Chemical Laboratories^ Banaras Hindu. University^ Varanasi 
[Received on 28th Decembar, 1965] 

The formation of a number of tungsto citrates has been ascertained by 
conductance measurements. The compounds have been isolated in a few cases 
and probable structures have been assigned to them. 

Lefort^, for the first time obtained tungsto-citrates, and H, Grossmann 
and H. Kramerr® studied the conductivity of the compound Na 2 ,[W 0 Q(CgHQ 07 )J 
at 25^0, at different dilutions. G. G. Henderson^ et aL prepared WO^ 
NaVCgH^O^NaiHaO ; WOa(ngHgO,K)^. ; WOjjCCgHeO^rNH,}^. 

CQH 707 .NH^.Ha 20 by dissolving WO 3 in aqueous solutions of prin*ary alkali 
citrates and crystallising the resultant solutions, and 2 W 02 (GgHg 07 ) 2 Ba. ( 
Ba.l 0 H 2 O by the action of BaGl^ on K~salt. Bobteisky and Simchen^ carried out 
conductometric titrations of sodium tungstate against tri sodium citrate in the 
presence and absence of H^O^. The reactions of sodium tungstate with some 
organic acids in aqueous solutions were studied spectrometrically by G. S. 
Savchenko®. G. S. Rao® studied the effect of mineral and some organic acids 
and certain salts on Na^MoO^ and Na^WO^ and observed that they form definite 
complex with WO^.'^jMoO^'*” ions. E. Richardson’ studied the complex formation 
between o:-hydroxy acids and molybdic and tungstic acids by ion exchange 
method. Complex formation between sodium tungstate and malic acid has been 
studied in this laboratory® and the work is now extended to study the complex 
formation between sodium tungstate and citric acid. 

EXPERIMENTAL 

All the chemicals used wese of B. D.H. or Merck’s ‘^extra pure” quality. 
Conductivity water was used through out the titration procedure. 

0-04032M sodium tungstate and 0*04998M citric acid solutions were prepar- 
ed. The strength of sodium tungstate solution was determined by estimating 
tungsten as tungstic oxide in a known volume of the solution and that of citric 
acid solution by titrating it against standard solution of sodium hydroxide. 

5 ml of sodium tungstate solution (0 004032M) diluted to 65 ml was placed 
on a magnetic stirrer and the dip cell properly dipped in solution. The titration 
cell was immersed in a thermostat to control the temperature within i 0*5°G. 
1 he conductance was measured by Mullard conductivity bridge type E 7566 
with direct reading visual balance detector. OT ml citric acid solution was run 
down every time from a micro burette. The solution was stirred well and the 
conductance recorded. 

In the reverse titration 5 ml citric acid (0‘004998M) was taken in the cell 
and titrated against sodium tungstate (0*04032M). Conductance was plotted 
against volm. of citric acid {cf. Fig. I, Curve I) and sodium tungstate (cf. Fig. I, 
Curve II). The equivalence points were taken as the points of intersection of 
the two portions ot the curves. Direct as well as reverse titrations indicated the 
formation of two types of complexes, one in molar ratio 1 : 1 and other in 1 ; 2 of 
sodium tungstate and citric acid. 
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S.No. 


Gom pound 


%Other Metal %Garbon %Hydrogen 
Colour Calc, Found Calc. Found Calc Found Calc* 


I. Naa[WOa{C6B807)a]2HaO White 26-al 27-14.- 6-73 6-79 21*40 21*24 2*48 2*36 

2*. Pb[W03.GaHe0,]4Ha0 „ 26*02 26*24 28*49 29*55 10*03 10*27 2*10 2*00 

3. Aga[W03*GeH60,]3HaO „ 26*15 26*39 30*98 31*22 10*24 10*40 1*81 1*73 

4. HgEWOg.CeHeO.jSHaO „ 26*68 27*19 3018 29*65 10*56 10*64 1*82 1*77 

5. Pb[W03.C6H«0,]Ha0 „ 29*03 28*43 31*16 32*02 10*97 11*13 1*33 1*24 

6. AgaCWOa.CeHgOJHaO „ 27*32 28*05 32*71 32*94 10*78 10*97 1*28 1.22 

7. Hg[W 03 .C 8 HeO,]HaO „ 29*77 28*72 32*16 31*31 11*09 11*24 1*30 1*25 

8. Cu[W 03 .GeHQ 0 ,]nH 20 - 

9. Mg[W03*C8He07]nH20 - - -- -- - - - 

10. Zn[W03.C6H607]nH20 - - -- -- -- - 

II. Gcl[VV03.C6H60,JnHaO - - - - - - - - - 

12. TJ0a[W03.C3H807]nHa0 - - - - - - - 



VOLUME OF THE TITRANT, (Wt.) 
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isolation of Compounds \ 

Solutions of sodium tungstate and citric acid were mixed in molar ratio 1:1# 
The mixture on evaporation gave a pasty mass which could not be crystallised. 
Aqueous solution of the pasty mass, on treatment separately with Pb(NO^) 2 , 
AgNOg and Hg(NOg)j gave lead, silver and mercury tungsto citrates, respectively, 
in which the ratio of tungsten to citrate ion was found to be 1 : 1. 

When a mixture of solutions of sodium tungstate and citric acid in molar ratio 
1 : 2 was evaporated and treated with alcohol, a crystalline product was obtained. 
It was dissolved in water and reprecipitated by alcohol, filter pressed and finally 
dried over GaCl^j. On analysis it was found as Nai^LWO2(C0H0O7)2]*2H3,O. Lead, 
silver and mercury tungsto citrates were precipitated from the solution of 
NaaLW 0 ij(CeHe 07 y. 2U^O by adding Pb(N 03 ^^ AgNOg and HgCNOg)^ respectively. 
It is interesting to note that in all the cases compounds were formed, in which 
tungsten and citrate ion are in molar ratio of 1 ; 1 as in compounds obtained 
previously. However, these compounds differ from the previous ones in having 
less water of crystallisation. 



5 ml solution of sodium tungsto-citrate {0*002708M) diluted to 65 ml, was 
each time titrated separately against copper sulphate (0-02818M) Fig. 3, Curve I 
silver nitrate (0-04701M) Fig. 2 Curve III, magnesium sulphate (0‘03702M) Fig. 2 
Curve I, zinc sulphate (0*03930M) Fig. 2 Curve II, cadmium sulphate (0*0365 IM^ 
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Fig. 3 Curve III, mercuric nitrate (0‘03581M) Fig. 3 Curve 11, lead nitrate 
(0-02612M:) Fig. 2 Curve IV, and uranyl nitrate (0 04;066V[) Fig. 3 Curve IV. 

An examination of the curves shows the formation of corresponding salts in 
which the molar ratio of sodium tungsto citrate to the metallic salt is 1 ; 1 except 
in case of silver where the ratio is 1 : 2. 

Analysis . — Tungsten was estimated as tungstic oxide after precipitating it 
with dil. HNOg and subsequent ignition, lead as sulphate, mercury as sulphide, 
silver as chloride. Carbon and hydrogen were estimated by micro-combustion 
method and water of crystallisation and organic matter were calculated from the 
data. Sodium was found by difference. 

Properties . — The compounds are stable and white in colour. Sodium salts 
are highly soluble in water but insoluble in alcohol. Water solution is acidic. 


DISCUSSION 

It is evident from Fig. 1 (curves I - II) that sodium tungstate forms two 
types of complexes with citric acid in the molar ratios 1 : 1 and 1 : 2. The 
structure of the complexes may be represented as follows : 

HO-C-GHaGOO|l 

|W03.Na2 > NaaEWOs.CellgO,] + HaO 


\ 


HO-G GHaCOO 

II 

O 



HO-G-GHqGOO 

1 \ ■ , 

HO-G GHaCOOl 

'A 


HO - G ^IHaGOO 

J n 


H 


H 

O2 

H 


H 



WOa.Naa ^ Naa[W 02 (C 3 H 30 ,)a]+ 2 H 20 


But the later compound when treated with silver lead and mercury nitrates 
gives compounds having one citrate ion in the molecule. This shows that when 
Na^ [W02(CgHg0j]a 2H2O dissolves in water, it gets dissociated and the following 
reactions take place 

NaaCWOa(CeHeO,)a]-fHaO > Naa [yNO,{C^B^O,)-\ + C^HgO, 




./ 




\ 


\ 


Hg(N03)a 


\ 




2 AgN 03 / Pb(N03)a 

/ 

/ 

^ / 
Aga[W03(C3H30,)]+2NaN03 / Hg[W03(C3H30,)]+2NaN0, 

PbiW03(C3H30,)]+2NaN03 

The above assumption is also supported by the fact that the solution of the 
sodium compound is strongly acidic. 
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Is is evident from conductometric titrations that 

which have been isolated. 



il 5^4 ti oTd iTo ).1l 

FfO. 3 . 
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SPEGTROPHOTOMETRIC STUDIES ON THE TITANIUM (III) 
CHLORIDE- P-NITROBENZENE AZOGHROMO TROPIC ACID COMPLEX 

By 

M. MAHFOOZ KHAN and NASEER AHMAD 
Department of Chemistry, Aligarh Muslim University, Aligarh 
[Received on 18th March, 1965] 

ABSTRACT 

Ghromotrope 2B gives a pink coloured solution in water and forms a less pink complex with 
1 Itanium (III) chloride. The X max for the ligand as well as the complex is 520 m/t. Beer and 

T found to hold good at the concentration range of 0‘375X 10"® 0*5x 

Job s method of continued variations in aqueous solution and in neutral pH buffer yields a mola r 
ratio of 1:2 (Titanium (III) chloride : Ghromotrope 2B) . The same ratio emerges from molar- 
ratio method. The complex is stable between pH range of 2 to 9 while above this range prccipita 
non occurs on keeping for sometime. A structure for the complex has been proposed. 

Chromotropic acid is well known for its chelating properties and has been 
extensively studied. Comparatively very little work has been done on metal 
chelates of /^-nitrobenzene azochromotropic acid (sodium salt) known as chro- 
motrope 2B (abbreviated in this paper as CTB). Titanium (III) chloride forms 
a complex with chromotrope 2 B, which is less pink than the chelating agent itself. 
The present communication deals with our spectrophotometric studies on this 
complex. 


EXPERIMENTAL 


Aqueous solution of titanium (III) chloride was prepared by dissolving 
crystals of T 1 CI 3 . 6 H 2 O in air free double distilled water and standardised.^ 
Always fresh solutions were prepared before use and kept covered with a layer of 
kerosene ojI throughout the investigations. B. D. H. reagent grade chromotrope 
AD was used for preparing its solution. 


For spectrophotometric measurements Bausch and Lomb spectronic -20 was 
■ Titanium (III) chloride and chiomotrope 2B were mixed in the molar 
ratio ot I : I, 1 : 2 and 2 : 1 and solutions of different concentrations were prepared 
by diluting with air free double diitilled water, to verify the applicability ot Beer 

It was found to hold good for the concentration range of 
0-3/5x10-8 to 0-5 X I0-<‘M for 1 : 2 complex. 


The method of Vosburgh and Cooper® was employed to ascertain the nature 
ot complexes formed in aqueous solution. 0-5x lO-^M solutions of titanium (III) 
chloride and chromocrope 2B were mixed in the ratio of 1 : 1, 1 : 2, 1 ; 3, 2 : 1 and 
**^®**^ absorbance was determined at different wave lengths in the 
^sibie range. The X max. for the complex as well as chromotrope 2B is 520 m/* 


0-8xl0-Mand 0-6xl0-*M aqueous solutions of titanium (III) chloride 
and chromotrope 2B were mixed according to Job’s method of continued varia- 
tions lor two sets, their optical densities noted at 520 mf* and the ‘Y’ plotted 
against the composition of the mixture (Fig. 2). 
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iviolar ratio roethod® was also employed to ascertain tlie composition ot 
the complex. In one set of experiments, the quantity of titanium (III) chloride 
was kept constant and that of chromotrope 2B was varied and in another set, 
the quantity of chromotrope 2B was constant and that of titanium (III) chloride 
was varied (Fig. 3). 

To determine the effect of pH on the formation of the complex, equimole- 
cular solutions (1 X 10“®M) of the reactants were mixed in the ratio of 1 : 2 (metal : 
ligand) and then ten times diluted with buffer mixtures of pH values from 2 to 
9. Above pH 9, precipitation occurs on keeping for sometime. The optical 
densities were determined at different wave lengths in the visible range. It was 
found that maximum absorption occurs at 520 m|i at all pH values. (Fig. 4). 

The complex was studied at neutral pH buffer by Job’s method (Fig. 2) and 
at constant ionic strength of 0*1M KGl by molar ratio method (Fig. 3), 

DISCUSSION 

Job’s method in aqueous solution and in neutral pH buffer gives the molar 
ratio of 1 : 2 for titanium (III) chloride and chromotrope 2B. This ratio is 
confirmed by molar ratio method performed in aqueous solution and at constant 
ionic strength. Sommer et suggested that chromotrope 2B in aqueous solution 
and in acidic medium (0*1N H^SO^) displays maximum absorption at 517 m/A and 
exists in the form given below : 

O OH 



The authors are thankful to Prof. A. R. Kidwai for providing facilities in 
the department. 
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STUDIES tN DRY MATTER AND CRUDE PROtEtN CONTENT 
OF OATS AT DIFFERENT STAGES OF GROWTH 

By 

HARI SHANKER and RAJ NARAIN PANDEY 
Department of Agricultural Chemistry^ Govt Agricultural Co lie Kanpur^ U. P. 

[Received on 20th April, 1966] 

ABSTRACT 

Field trials were made to study the effect of different levels of nitrogen and phosphorus on 
dry matter and crude protein contents of two varieties of oats at different stages of growth. It 
was observed that dry matter percentage increased and crude protein percentaee decreased with 
advance in maturity. The application of phosphorus has slight effect in increasing the percentage 
of diy matter and crude protein, whereas the higher doses of nitrogen increased the crude protein 
percentage but decreased that of dry matter The percentage of dry matter and crude protein was 
higher in the variety ‘Green mountain’ than that in ‘Oai-1 1’, 

Recent reports of greater returns in feeding value when oats are harvested 
as forage compared to ripe grain and straw have stimulated interest in this crop 
for silage, green fodder, dry fodder, and for other forage uses. 

The purpose of this study was to obtain information on dry matter and crude 
protein contents of two varieties of oats fertilized at different k vels of nitrogen 
and phosphorus and harvested at various developmental stages from the view 
point of forage and grain production. Such knowledge could be of value in deter- 
mining the maximum utilization of the crops. 

REVIEW OF LITERATURE 

Differing views are found among reports relative to the best dose of 
nitrogen and phosphorus and best stage of oat development for maximum yield 
of dry matter and crude protein. Berry (1920) reported that percentage of dry 
matter increased and crude protein percentage decreased with an advancement 
in maturity. Similar observations were made by Soiola (1937). Smith and 
Robb (1943) observed that dry matter of whole plant increased from 20-5-47*9% 
in case of control plot and 18 4-50*9% in the plot receiving extra nitrogen. He 
further reported that protein decreased steadily from 10*5-4*9% (control) and 
13*3-6*0% (extra dressing), but protein content markedly increased at all the 
stages of growth by extra dressing. Nicholson (1957) reported that dry matter 
and crude protein contents were highest at the stage of ripening of the crop. 
Burton and Prime (1958) reported that application of nitrogen and phosphorus 
increased the protein content of oat crop. Sorensen (1959) stated that applica- 
tion of nitrogen and phosphorus in combination increased the dry matter, yield 
and total nitrogen both in straw and grain. Smith (1960) observed that dry 
matter percentage increased, while protein percentage declined with maturity. 
Stall-Cup (1960) found a negative correlation between dry matter and crude 
protein contents of oat, when nitrogen was applied at the rate of 20, 40 and 
60 lbs. per acre. Similar results were also obtained by Wedin (1962), Maclaren 
and Garson (1958), and Meyer, Weir, Jones, and Hull (1957). Schmidt (1962) 
reported that highest yields of both nitrogen and dry matter were obtained when 
oats were harvested at maturity as grain and straw. He also found a marked 
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Variation in nitrogen and ciry matter contents due to different levels of nitrogen 
and also due to diifferent varieties. Thatcher and Arny (1917), and Wiggans and 
Frey (1956) reported increased nitrogen content of grain from added nitrogen 
fertilizer. 

METHOD AND MATERIAL 

The experiment was conducted at the Student’s Instructional Farm, Govt. 
Agricultural College, Kanpur, during Rabi season, 1964-65. Two varieties of 
oats, 2 .^, ‘Oats-ir and ‘Green-mountain’ were sown at the rate of 30 Icgms. 
per acre on 10th November, 1964, The design of the experiment was split-plot 
with 4 replications in which phosphorus was the main factor with two levels, 
i,e.^ 0 and 30 lbs. per acre. It was applied at the time of sowing the crop. 
Nitrogen with four levels, 0, 30, 60 and 90 lbs. per acre along with two 
varieties were the sub-factors. The combinations of nitrogen and varieties were 
applied in the sub-plots of the main plots with the help of random numbers with 
a view to know the best variety and suitable dose of nitrogen. Half of the 
amounts of nitrogen were applied as basal dressings, and rest were top-dressed 
with irrigation, 60 days after sowing. 

The composite samples of four plots of similar treatment combinations from 
each block were taken at an interval of 21 days. The total number of samplings 
were 7 during whole period of crop growth. In the last sampling, grain and 
straw were studied separately. 

Dry matter was determined by putting iIk harvested samples in an oven 
at 60'^-70°G and dried to a constant weight. Nitrogen determinations were made 
by the Kjeldahl’s method after samples were ground through a 20 mesh kreen 
and dried at 70°C, as described by Piper (1950). Crude protein was obtained by 
multiplying the N-percentage of the factor 6*25. 

RESULTS AND DISCUSSION 

A description of the 7 stages of growth and the average percentage of the 
dry matter is given in table 1. Similarly the average crude protein percentage is 
given in table 2. 

The dry matter percentage increased with advance in maturity of the 
crop in all the cases, 2 .^,, 13’1~8BT4%. The straw contained higher percentage 
of dry matter than grain, z.^., 89*22 and 84*63% respectively. 1 he percent dry 
matter did not change greatly during the period of early growth until the heads 
were emerging from the boot (stage 4). Thereafter the percentage dry matter 
increased markedly until the maturity. Similar results were reported by 
Berry (1920), Sotola (1937), Nicholson (1957) and Smith (1960). 

The dry matter percentage is markedly affected by the nitrogen and 
phosphorus fertilizaton. Application of phosphorus @, 30 lbs. per acre increased 
the dry matter percentage over control at all the stages of crop growth. Applica- 
tion of various levels of nitrogen, i,e., 0, 30, 60 and 90 lbs. per acre are negatively 
correlated with the dry matter percentage. But there is a significant increase in 
the total yield of dry matter per acre upto the level of 60 lbs. per acre. Similar 
observations were made by Smith and Robb (1943), Sorensen (1959) and Schmidt 
(1962). The variety ‘Green-mountain’ had slightly higher percentage of dry matter 
than ‘Oat-11’ at all the stages of harvest. 
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TABLE 2 

Average percentage of crude protein as afected by various levels of Phosphorus, Mitrogen and Variety 

at different stages of growth 
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TABLE 1 

Average percentage of Dry matter as affected by various levels of Phosphorus^ Nitrogen and Variety 

at different stages of growth 
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Average 13*12 18-09 20-79 24-81 28-85 43-59 84-63 89-22 88-14 



In all the treatments and varieties the crude protein percentage declined 
with the maturity of crop from 22-05-4*00%. The percentage of crude 
protein was higher in grain than straw, 11*96 and 2-37% respectively. The 
percent crude protein decreased rapidly during the period of early growth until 
the kernels were in early milk (stage 5), after which a very little change was 
observed. Similar results were reported by Berry (1920), Sotola (1937) and Smith, 
(1960). ' 

Applications of various levels of nitrogen and phosphorus in combination 
or nitrogen alone increased the crude protein percentage of the oat at all the 
stages of growth. Similar results were obtained by Smith and Robb (1943), 
Burton and Prine (1958), Sorensen (1959), Thatcher and Arny (1956), and 
Wiggans and Frey (1956). The crude protein percentage of 'Green-mountain' was 
higher than ‘Oat-1 T. 

Differences in the percentage of dry matter and crude protein at all the 
stages of growth due to difference in fertility levels are not significant, whereas 
differences due to date of sampling are significant. There is negative correlation 
between the dry matter and crude protein percentage. The results were supported 
by Stall-Gup (I960), Wedin (1962), Maclaren and Garson (1958), Schmidt (1962), 
and Mayer (1957). ^ 


SUMMARY 

Analysis of oat crop at different stages of growth indicated that dry matter 
percentage increased and crude protein percentage decreased with advance in 
maturity. Application of phosphorus increased the dry matter and crude protein 
percentages to very little extent. Application of higher doses of nitrogen 
increased the crude protein percentage and decreased the dry matter percentage. 
The percentage of dry matter and crude protein was higher in 'Green-mountain* 
than that in 'Oat-11*. 
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INVESTIGATIONS ON SOME AMINO COMPLEXES OF COPPER (II) 
OXALATE PREPARATION, PRELIMINARY INVESTIGATION 
AND ABSORPTION SPECTRA 
By 

GOPAL NARAIN 
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[Received on 24th March, 1966] 

ABSTRACT 

Several tetraco-ordinated complexes of copper (II) oxalate with uni and bidentate amines 
have been prepared. Molecular formulae on the basis of percentafjcs of constituent elements are 
Cu(Ca0.j,) (amine)a and Cu (G 2 O 4 ) (amine). Conductivity measurements show the compounds 
to be nom electrolytes. Molecular weight measurements confirm this- Visible absorption 
measurements show a single band in the 600-900 m/t region of the spectrum. 

INTRODUCTION 

A survey of the literature shows that a large number of copper complexes with 
ammonia and various amines have been studied. How^ever, only a few solid com- 
plexes have been prepared with aliphatic amines as ligands^*^* Although an 
extensive series of investigations with inorganic salts of copper are reported, com- 
paratively very little work of this type has been done with the organic salts®”®. 

In the present paper the synthesis, some of the preliminary investigations 
and visible absorption measurements are reported. 

EXPERIMENTAL 


(A) Synthesis : 

The following general method was used for the preparation of the 
complexes. 

500 mgm of Copper (II) oxalate (AR/BDFI) was suspended in 15 c.c. of 
acetone and was shaken with calculated quantity of amine for three hours, 
Resulting complex was filtered and dried over PgOjj. The percentage composi- 
tion of the individual complexes are given below. 

(1) Mono 'Oxalate, bis (ammine) Copper (II) 

Found Gu = 34*36%, N = 14-98% ; Gu requires Cu=34-24%, 

N=15*09%. 


(2) Mono*oxalato, bis (methylamine) Copper (II) 

Found Gu=29*43%, N=12-f:8Vo ; GJ-LoO^No Gu requires Gu = 29*74%, 
N= 13-11%. 


(3) Mono^oxalato, bis {ethyl amine) Copper (II) 

Found Cu=26*49%, N-1M8% ; CgHiiO.Ng Gu requires Gu-26*29%, 
N = lL59%o. 


(4) 


Mono-oxalato, bis {n- propylamine) Copper (11) 

Found Gu =23-33%, N = 10-06'/o ; CgHiaO.N. 
N = 10-39%. 


Cu requires Gu==23-56%, 
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(5) Mono oxatato, bis {iso- pi opylamim) Copper (J.t) 

Found Gu=23-40%, N = 10-10% ; GoHioO.No Cu 
N=10-39%. 8 18 4 2 

(6) Mono oxalato, bis {n-butylamine) Copper (II) 

Found Gu=21-03%, N=9-12%, CioHagOiNa Gu 
N=9-41%. 10 22 4 2 

(7) Mono-oxaloto, bis [iso-butylamine) Copper (II) 

Found Gu==2l-04, N=9-20% ; Cu 

N=9*41%. 

(8) Mono oxalato^ mono {eihylenediamine) Copper (II) 

Found Cu=:29-98%, N-13‘08% ; G^HgO^N^ Gu 
N = 13-24%. 

(9) Mono-oxalatOy mono {pi opylenedi amine) Copper (TI) 

Found Cu=28‘50%, N=12*21% ; GsH.oO.No Gu 
N = 12*42%. 


requires Cu=2S-56%, 
requires Cu=21-34%5 
requires Cu=21-34%, 
requires Cu=30-03%3 
requires Gu=28*l6%, 


(B) Analysis and molecular weight measurements 

Copper was estimated as copper salicylaldoxime complex and nitrogen by 
Kjeldahl method. Estimation of amine content and molecular weight measure- 
ment were done using the methods outlined by Padmaja Shukla and others.’ 


(C) Conductivity measurements. 

Measurements were done in formamide and water at a concentration 
of 10“®M. The cell used had a cell constant ol 0’0245. 

(D) Spectral measurements. 

Spectra were recorded on a unicam S. P. 500 spectrophotometer using 
formamide as the solvent. 


RESULTS 

The percentages of constituents elements have been given along with the 
synthesis of complexes. The results of the determination of percentages of total 
bases, molecular weights, molar conductance, visible absorption spectra and 
colours are tabulated below. 


No. Formulae 


Spectral Mea- 

Percentage of Base Molecular weight Molar con- surements 
Calc. Obs. Calc. Obs. ductance in Colour X max 

mhos in 


1. [Gu( -^O,) (NH 3 ),]o 

18-33 

18-53 

185-5 

171 

0-630 

Blue 

650 

2. [Gvi{G^O,) (GHaNHa)^]’ 

29 04 

29-34 

213-5 

202 

0-341 

J5 

645 

3. [Cu(G,0,) 

37-27 

37-60 

241-5 

230 

0-912 

)» 

660 

4. [GuCC^O,) (n-pr)2]° 

43-78 

43-52 

269*5 

254 

0-901 

a 

665 

5. [Gu(G20,)(n-bu)a]^ 

49 08 

49-28 

297-5 

308 

0-725 


660 

6. [GulG^O^) (eu)l° 

28-37 

28-60 

211*5 

199 

0-812 

Violet 

660 

7. [Cu(G, 04 ) (pn)f 

32-81 

32-56 

225-5 

237 

0-842 

53 

648 


In the above table n— pr represents n— propylamine 


n— bu 

n — butylamine 

eu „ 

ethylenediamine 

pn ,» 

propylcncdiamin^ 
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DiSGUSSiON 

bn the basis oi the percentages of metal, nitrogen and total bases, the 
molecular formulae turn out to be Gu(oxalate) (amine )2 or Gu(oxalate) (amine) 
showing that two molecules of unidentate and one molecule of bidentate amine 
are added per molecule of Copper (II) oxalate. These complexes dissolve only 
in formamide and the solution has the typical ink blue colour characteristic 
of cupric amine complexes. The bidentate amine complexes are also soluble in 
water. 

The complexes dissolve in formamide and water to give very dilute solution 
(Gone. lO^^M) and the measurement of molar conductance of these solutions 
gives a value varying from 0*3 to 0*9 mhos. This value being less than one 
indicates, that these complexes behave as non-electrolytes®. When a voltage 
is applied to two platinum electrodes dipping in this formamide solution in a U 
tube, no migration of the blue colour towards the negative electrode was noticed 
showing, thereby that the complexes do not ionise. 

The freezing point determinations in formamide give the normal absolute 
value of molecular weight. These results suggest that oxalate ion is inside the 
co-ordination sphere, along with the two or one amine ligands. The formulae 
of the complexes must therefore be written as [Gii(Ga 04 ) (am) 2 ]'^ and [Gu(G 20 <i) 
(am)j°. 

1 he arrangement of any four groups around any bivalent copper ion has 
usually been found to be planar, as tetrahedral disposition of the four valencies 
is extremely rare on the basis of crystal field theory‘s. The complexes exhibit 
a single absorption band in the range of 600-900 m/^. When a field is applied 
around any bivalent copper ion, the five 3d levels do not remain degenerate and 
split. The ground level in this case is associated with configuration eg^ and 
excited level with It can thus be concluded that on the exposure of 

light the positron which initially occupies a t^g level comes to a eg level and thus 
a single band corresponding to this transition is to be expected, which is being 
observed in 600-900 m/* range of the spectrum. 

The position of this band depends on the intensity of ligand field around 
metal. Thus replacement ot water ligands in tetraquo copper (11) ion with 
amines changes the position of absorption band from 800 to 600 mj^t for tetramino 
copper (II) ion. This bathochrornine effect is due to the stronger ligand field 
environment produced around the metal. 
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influence of light and phosphate on kiNEkALiSAtiGN 

OF NITROGEN AND FORMATION OF FREE AMINOAGIDS 
DURING COMPOSTING OF WHEAT-STRAW 

By 

N. R. DEAR and S. P. JAISWAL 
Sheila Dhar Institute of Soil Science^ University of Allahabad 
[Received on 26th Movember. 1965] 

ABSTRACT 

Experimental results have been obtained showirg the release of available nitrogen and forma- 
tion of different aminoacids during the composting ot wheat straw. 

The presence of phosphates and light enhance these processes. 

It is well known that the nitrogen of the organic matter in the protein type 
of compounds is released during the oxidation and decomposition ot these carbo- 
naceous compounds. Several intermediate nitrogenous compounds are produced 
which in course ot time are oxidised to ammonia, nitrite and finally to nitrate. 
Dhar et al^ (1950, 1933, 1934) have experimentally shown that ammonification 
and nitrification in soil at least in tropics, are predominantly photochemical pro- 
cesses. Ingham (1940) has remarked that although biological process generally 
considered to be the most important, non-biological nitrification brought about 
by sunlight is believed to be ot special significance in tiopics. Similarly, it has 
been reported that ammonia can be oxidized in soil to nitrate photochemically 
(Gultera et al^ 1947) or physicochemically (Puri et al, 1946), 

It is widely recognized that light plays an important role in the synthesis of 
a number of nitrogenous compounds some of which are of great biological interest. 
Baly et al, (1922, 1923) reported photosynthesis ot aminoacids and nitrogen bases 
by the action of activated iormaldehyde produced photochemically with nitrites. 
Dhar (1935, 1955) obtained aminoacids by exposing to light solutions of 
nitrates with carbohydrates in contact with titania as photocatalys^. 

In this paper we have investigated the photochemical action of light on the 
production of available nitrogen and formation of tree aminoacids both in pre- 
sence and absence of phosphates, 

MATERIALS AND METHODS 

100 gms. of well powdered wheat straw and 10 gms. of soil passed through 
2mm, sieve were taken in clean enamelled dishes, 24 ems diameter. The phos- 
phates were added at the rate of 1*5% P 2 O 5 . Two corresponding sets of experi. 
ments were started. One was exposed to me light ot a lOU watt electric bulb 
with a reflector bung at a vertical distance ot two leet above the table on which 
these dishes were placed. The other set of dishes containing in every detail 
the same materials were kept covered with a thick piece of black cloth. I he 
moisture was maintained at 40% level and the contents were stirred on alternate 
days to facilitate the oxidation of organic substances. 

After definite intervals of time representative samples were taken out, 
powdered, sieved and analysed on oven dry basis. Total nitrogen was determined 
by Kjeldahl salicylic acid reduction method, (John Biooks, 1936). Ammoniacal 
and nitrate nitrogen were determined by olsens method as modified by Richa^- 
son ^iper, 1942). Paper Partition Chromatographic techniques as developed by 
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niri ft al d952) and Consden et al, (1944) were employed lor the identificatloft 
of aminoacids. Q,uaniitative estimations were carried out according to the 
colorimetric method of Harding and Mclean (1916). 

The following abbreviations have been used for the different aminoacids in 
this paper. 

Gly — Glycine 
Al — Alanine 
Va — Valine 
Ly— -Lycine 
Ar — Arginine 
Pro — Proline 


tiis — ^Histidine 
Asp — Aspartic acid 
As— Asparagine 
Glu- — ^Glutamic acid 
Leu — -Leucine 
Three — Threonine 


Loss on ignition 

Analysis 

90-5rtl2 

of wheat straw 

GaO 


0-7562 

Ash 

9-4388 

KaO 


0-6945 

HGI insoluble 

5-2897 

MgO 


0-1808 

Sesquioxide 

1-7423 

Total carbon 


36-6124 


0-9003 

Total nitrogen 


0-6024 

PijOs 

0*4869 

C/N ratio 


60-7 

Loss on ignition 

Analysis of the soil 

3-9628 Ka^ 

1-0489 


Ash 

96-0372 

MgO 

1*0203 

1 

HCl insoluble 

81-6210 

Total carbon 

0-4903 


Sesquioxide 

7-6210 

Total nitrogen 

0-0485 


Fe^Oa 

3-9800 

NHj-N 

0-0022 


P 2 O 5 

0-1043 

NOg-N 

0-0039 


Available 

0-0201 

C/N ratio 

10-1 


( 1 % citric acid sol) 
CaO 

1-4256 





Analysis of phosphates 


Algerion Trichino* 
% rock poly rock 

phosphate phosphate 

Bihar 

rock 

phosphate 

Kulti 

basic 

slag 

Tata 

basic 

slag 

Belgian 

basic 

slag 

German 

basic 

slag 

bl 02 

56-68 

16-31 

25- j2 

31 89 

33-64 

33-26 

22-75 

Fe^Og 

0 01 

419 

3-94 

7-84 

6-95 

5-12 

16-20 

KaO 

9-0269 

. « 

. . 

0-6100 

0-907 

1-032 

0-9525 

CaO 

10-9593 

20-80 

11-7980 

31-7741 

30-3670 

27-42 

33-55 

MgO 

1-1582 

0-92 

0-32 

3-0591 

2-2875 

2-00 

5-505 

Total PjO 

5 19*6345 

27-5001 

19-54 

7-48 

7-908 

17-801 

17-9050 

Available 








Fa<-»6 

7*569 

1-79 

1-12 

3-640 

4-061 

9-2390 

9-3699 

MnO 


• • 

• • 


1-38 

2-30 
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biSGUssioisr 


The results recorded in the foregoing tables show that during the compost- 
ing process there is a gradual increase in the available nitrogen content of the 
system and that increase is more pronounced in light than in the dark. Moreover 
in presence of phosphates the amount of available nitrogen released is further 
increased. This is probably due to the alkaline nature of the phosphates and 
alkalinity favours oxidation is a well known fact. It has also been observed that 
amount of available nitrogen is invariably higher in the system containing 
basic salg than rock phosphates. This again is due to more alkaline nature of 
basic slags. 

The reasons for considerably higher percentage of available nitrogen in the 
phosphated systems is not far to seek. Under ordinary conditions organic matter 
on decomposition and oxidation undergoes the following reactions. 

+ Oa 4 " C )2 +^2 

Organic matter Proteins Aminoacids — > NHg NO, NO, 

In this series of reactions highly unstable compound i.e. ammonium nitrite 
is formed which decomposes releasing energy and nitrogen gas and water as in 
the following equation. 

NH 4 , NO 3 Na 4 * 2 H 21 O + 718 K Cal. 

This reaction is catalysed by acidity. The alkaline phosphate when added 
to the decomposing organic matter reduces the decomposition of ammonium 
nitrite by decreasing the acidity and supplying calcium, Magnesium and Potas- 
sium ions to form Calcium, Magnesium and Potassium nitrites which are more stable 
than ammonium nitrite, and thus increases the concentration of available nitrogen. 

The effectiveness of different phosphates in producing available nitrogen is 
in the following order : 

German basic slag > Belgium basic salg > 1 ata basic slag > Kulti basic 
slag > Algerian rock phosphate > Trichiriopoly rock phosphate > Control. 

A perusal of the foregoing results shows that rate of nitrification as determin- 
ed by the nitrate nitrogen percent over the total nitrogen is always greater in 
composts exposed to light than in those kept in the dark. 'Ibis seems to be due 
to the phtochemical oxidation of the ammonium salts to nitrate. The nitrifica- 
tion is also accelerated by the incorporation of phosphates with decomposing 
organic matter. Recently Dhar el al^ {1961) reported that in presence of light 
and inductors, nitrite solutions can be oxidised to nitrate under completely sterile 
condition and that oxidation is appreciably increased in presence of phosphates. 

The stimulative effect of different phosphates on the process of nitrification 
is in the following order : 

German basic siag > Tata basic slag > Kulti basic slag > Belgian basic slag 
> Algerian rock phosphate > Trichinopoly rock phosphate > Control. 

It is interesting to record that the number and amount of free aminoacids 
was found to be greater in the phosphated and exposed sets than in the unphos- 
phated and covered ones. Rothwell and Frederic (1956) observed aminoacids during 
the decomposition of alfalfa and corn stover in soil at different temperatures. 
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Recently Dhar and Roy (1955) have obtained aminoacids by exposing 
normal solutions of nitrates and carbonydrates with titania as photosensitizer. 
They have also shown that in presence of phosphates formation of aminoacids is 
enhanced. In soils also, the presence of nitrate along with carbohydrate is well 
known. It is just likely that in presence of light, this nitrate nitrogen may get 
reduced to amino nitrogen and in this form may join the carbohydrate chain and 
thus form aminoacids. In the phosphated system phosphates may react with 
these aminoacids and form more or less stable compounds (Dhar and Ghosh 1956) 
and thus make these resistant towards decomposition and oxidation. It seems, 
therefore, that light helps in the synthesis of aminoacids and^ phosphates 
increase their concentration by making these resistant towards oxidation and 
decomposition. 

From these observations it can be concluded that the release of available 
nitrogen and free aminoacids from the organic matter undergoing oxidation and 
decomposition is greatly increased by the action of light and phosphates, 
the manurial value of the composts can be considerably increased by the joint 
action of light and phosphates. 
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UNIFORM RADIAL OSCILLATIONS OF A ROTATING MAGNETtG STAR 
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ABSTRACT 

The condition for the uniform radial oscillations of a rotating mignetic star is determined. 
Pfiina facie it appears that uniform radial oscillations are not possible. However, under stringent 
conditions the star may execute such mode of oscillatiocs- 

Sterne^ has suggested that the probability of stability of radial oscillations 
is greatest for the homogeneous non-magnetic star and even for this the funda- 
mental mode would be the prominent one. 

Sen^ has shown that amongst the non rotating stars- only the homogeneous 
sphere is capable of uniform oscillation. His expression for the frequency of 
oscillation is same as Sternes.^ In the same paper he has further shown that 
superposition o^ a small amount of rotation does not affect the period of uniform 
oscillation of a homogeneous spherical star. In another paper® he has demonstrat- 
ted that fast rotating stars can not execute radial mode of uniform oscillation, his 
analysis supports the observational fact of the non existence of fast rotating 
Cepheids. 

Bhatnagar^ considered radial oscillations of a lotating star. He has obtained 
an expression for the frequency of oscillation, from which he has concluded that 
rotation decreases the period of uniform radial oscillation of the model if y < 
where y is the ratio of the specific heats^ this result had been obtained indepen- 
dently by Ledoux® too. 

The former author has elsewhere® considered the quasi- uniform radial 
osillations of magnetic stars. From which it appears that generally quasi-uniforra 
oscillations are not possible. 

Since actually stars do possess rotation, hence in the present paper rotation 
has been considered as well. Following Bhatnagar^ we have considered the stellar 
model in which strata of equal density are similar spheroids and which is uni- 
formly rotating so that at any given instant the angular velocity is same through- 
out the mass. 

Let ^5 and <0 be the pressure, density, gravity, and angular velocity 
at a point distant r from the centre-at any instant t at a point (r, 0, 6) and let 
the suffix denote the undisturbed values of the variables. 

Let r = fo (1 + >'i) = Po (1 +A) ; P = Po (1 + Pi) and w = Wo (1 + Wj) (1) 

If the oscillations are adiabatic'^ 

Pi = ypi (2) 

where y is the ratio of the specific heats. 
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Let ^ 0 , Cq and (1 - e) be the semi axes of the spheroid through the point 
sf>)> where e is the ellipticity of the spheroidj and these expand to a, a and 
a[l - e). The volume of the thin spheroidal shell of semi axes a, a and a{l - a) is 
4'itX a® (1 - £) 


where 


da _ dr 
a r 


Tq r 

It can be seen that a and ^(1 - e) are the semi major and semi minor axes 
of the meridian saction of the spheroid. Neglecting the square of the ellipticity 
the polar equation® of the surface is 

r — a (I - e cos^^) (4) 

The approximation being valid as according to Glairaut’s theorem on rot- 
ating bodies 

0)2 

where ^ is the mean density and G is the gravitational constant. 


From (3) and (4) 
From (1) 


Po dtQ - P dr 
dr 


dr. 


1 -h 


since for uniform osicllation is independent of r^ 
From (1), (5), and (6) 


1+Pi = 
^ 0 


to the first powers of Ti 


or Pi = ^ 3 r. 


(5) 

( 6 ) 

( 7 ) 

( 8 ) 


From (2) and (8 

i'l = - 3 yri 


( 9 ) 


The stellar magnetic field is assumed to be derived Irom a scalar polential 

C 

of the form where is the surface harmonics of degree indicated by the 

subscript, a simple possible from for the magnetic field® is 


H = 


P 


( 10 ) 


since uniform radial oscillations in a fixed direction of 0 and ^ are being con- 
sidered hence I is taken as constant, n in the above equation is a positive integer. 


Since the star is in rotation, any field will just rotate without suffering any 
distortion. Therefore taking the magnetic field to be constant along a line of 
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force, and to vary from one line of force to another it can be seen that the afTcci 

of the magnetic field is to increase the pressure by , where [i is the magnetic 

/^2 o ^ 

permeability, thus the total pressure will bej^ 

Electric forces can be neglected because of infinite electrical conductivity 
assumed for the stellar material. 

Taking into account the magnetic field, the rotation of the star about the 
Z- axis, and neglecting viscous forces in the general hydrodynamical equation, 
the polar form of equation of motion is. 


\ 0 F _ dh 

8 TT ) 0r dl^ 


4* w^r sin ^0 


where F is the gravitational potential at a point (r, <:/>), the term w^r sin^ 0 is due 

to rotation. 

Fiom (10) and (12) 


I dp _ 2u^ 4' 0F dh . ^ , 

P "dr 8 itp + 0 ^ - ^^2 + ^ ^ Sin -0 


Now (1) and (5) give 


J = 1 y dpo n 4..)2 

P dr P dr^ dr Pq dr^ 


From (13) and (14) 
1 dp n 


2/z4-4 


pi; (IH- r,)^ rx + sins, + IX 

^TT 

where — gives the period of pulsation 
o 

The value of gravity at a point (r, i9, <:/>) is 


+ -J- ( 4 ■»*«" - ) (cos’ » - J) 


where M{r) is the mass of the spheriod interior to (r, 0^ </>) 
From (4) and (16) 

G M{r) 3cos2(9- 1 2 , <5 ^(0 . o 


e sin ^0 


= r I 4 - ,, ,;n 2« _L 3 COS®, - 1 , , 

I I +1 sin ,+ 

_ Gj4{r^) r , . ^ 2 . 4. 3 cos® , - 1 

I J + ^ sin , + 


3 cos®, - 1 
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Vvhere M(r) =t= A^(ro) due to conservation Of mass. 
From (17) and (18) 


Using (1), (15) and (19) 


1, ^ 
Po dh 






Using (1), (8), (20), and the relation = - 2ri 


(/’o+Po/’i) = “ So + , 4sro+ 


SoV»'o® (3 cos®^- 1)] 
2G M{ro) 


ti+cr® Vi 


+ 0)0^ (1 - 5ri) Tq sin® 


112 ^ri.( 2 n+ 4 ) 


which breaks up into the equation of magnetohydrostatic equilibrium in the 
undisturbed state as 


1 d .. . N _ J 4 4. tVloM_ 3 cos®e^ 1 n 

^ 2GM(r„) J 

„ ill (2n4-4) (2n+4) 

- 5 <r„ri sin® 6 - ^ gTpo 


Using (9), (21), and (22) 




= So i 4 + 


2GM(fo) 


( 3 cos®6» - 1) I J-i + - 5 u'oVi sin - 


III (2«+4)®ri 
SirPo ro®”^® 


Hence 




(3y - 4) - u)o^ r 


2 ^ a (s 

“ 2GM(ra) 


+ (5 - 3?) ttio® sin®0 + 8Trp/>-o®”+g (2n4-4 - 3y) (23) 

It is interesting to note that if affect due to magnetic field is neglected then 
the expression for a®, as proposed by Bhatnagar.Mor a rotating non-magnetic star, 
will be obtained as 
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^ (3y - 4) - + (5 - 3y) Wo® sin®^ (24) 

Also it can be seen that if rotation terms are neglected then the expression 
for 0*^5 as proposed by the former author elsewhere^, for a non-rotating magnetic 
star, will be 

^ . (3y - 4) 4 q ;~^6 (2«+4) (2«+4'- 3y) (25) 


The condition for the uniform oscillaiion to be finite is 

^|^(3r 4) +(5-3y) sin^& 

+ 4'|;|‘fe?«(2«+4-3y)>0 


(26) 


and that it should be independent of Tq. It appears primafacie^ that uniform 
oscillations are not possible. Nevertheless, under stringent conditions it can be 
seen that uniform radial oscillations are possible in case of a slowly rotating 
inviscid magneiic star. 
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EXCHANGE CATIONS IN AQUEOUS AND NON-AQUEOUS MEDIUM 
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ABSTRACT 

Potentiometric and conductimetric titrations of hydrogen, calcium, magnesium, and iron 
bentonite have been carried out both in the aqueous and non-aqueous media using caustic soda 
and calcium hydroxide as the titrants. With the different exchange lorms of the clays two 
inflexion points are obtained both in the aqueous and non aqueous medium but with the original 
clay or with the mixtures of different exchange lorms of the clay the number of inflexion points 
is increased from four to five and three to five respectively, in passing from the aqueous to the 
non-aqueous media. The pL<. values as obtained irom the titration c irves were found to tall 
under two categories (0 calcium and magnesium clays (u‘) hydrogen and iron clays giving almost 
similar pK. values. This similarity of behaviour of ferric and hydrogon clay has been explained 
on the basis of the hydrolysis of the highly hydrated ferric ions of the outer double layer of the 
clay giving out hydrogen ions. The titrations with Ga(Ofcl'^ gave different pK values from those 
realized in the case of caustic soda. The cation exchange capacities (c. e. c.) were different for 
the first inflexion point in the case of two alkalies but were almost the same for the second inflex- 
ion point. The c. e. c. values of the clays were in the order. 

H+ > Fe+++ > Mg++ > Ca++ 

The mcrease in the number of inflexion points in non-aqueous medium is presumed due to 
some change taking place in the alumina structure of the clay in the presence of non-electrolytes. 

The use of electrometric titrations as a means of identifying clay minerals is 
well recognized. The technique has been extensively employed by Paver and 
Marshall^, Harman and Fraulin^, Mukherjee and Mitra®, Gricn^, Adhikari® and 
Ghakrawarti^ in the case of hydrogen clays or H-Al clays (as designated by 
Harward and Coleman'^) but the technique has so for not been extended to clays 
having exchange cations other than hydrogen. It was therefore thought desirable 
to work on these lines choosing such exchage clays, as those important either 
from the technological or agricultural view point. In the present communication 
results of potentiometric and conductometric titrations in aqueous and non 
aqueous medium are described with Calcium, Magnesium, Iron and Hydrogen 
as the exchange cations on a bentonite clay sample. The non aqueous studies 
were particularly undertaken in order to account either the levelling effect of the 
aqueous medium (Ruehle®, Fritz®, Palit^®, Singhal and Malik^^) or to assess the 
signiiicance of the so called similarity of clays to weak soluble acids (PurP^) . 

METHODS AND MATERIALS 

The materials were used from" BDH analytical reagents. The organic 
liquids were purified by double distillation. Doubly distilled (all glass) water was 
used. All the containers were made of Pyrex glass. B. D. H. technical Bentonite 
tested for the absence of organic matter and other water soluble imparities was 
used throughout the work. 


[ 353 J 










PBEPARATION OF CLAY SAMPLES 

A known weight of the clay was added to a measured quantity of double 
distilled water and was kept shaking for more than two hours in a mechanical 
shaker. It was then centrifuged for half an hour at 3000 r.p.tn, and the colloidal 
solution so obtained was used for the preparation of different exchange-clay 
samples. The H+, Ca++, Fe ++'^5 sols were obtained by the ion exchange 

method as recommended by Harward and Coleman’, and Slabough^*^. Amberlite 
IR 120 columns (SO'^^xT') were treated with IM Hydrochloric acid and UTM Cal- 
cium acetate, Magnesium acetate, and ferric citrate. Almost neutral salts were 
taken to avoid the formation of a mixed acidic clay. In the case of Calcium and 
Magnesium columns the rate of flow had to be sometimes increased by gentle 
suction. The sols were passed a number of times through the respective regen- 
erated columns till on repeated treatment no change in the pH of the sol was 
observed. 


PROCEDURE 

Ten ml. of the^sol were added to about fifteen boiling tubes each. Varying 
amounts of N/50 NaOH in aqueous or nonaqueous medium were added and the 
total volume was made up to 20 ml. The tubes were then well corked and kept 
for about sixty hours to attain equilibrium. 

Before carrying out the actual measurements preliminary experiments were 
first conducted to determine the approximate inflexion points so that a large 
nuinber of readings could be taken just before and alter the equivalence point. 
In the case of clay sols containing two exchange cations a ratio of 1 : 1 was 
maintained while for those having three cations the ratio was 6 Mg : 5 Ca : 3 Fe. 
Titrations were also done with Ga(OH )2 (in 50% nonaqueous medium). The 
solvents were also titrated against both NaOH and Ca(OH )2 in order to ensure 
accuracy of results in all the mediums. 

APPARATUS 

A Cambridge Bench Type pH meter was used for pH measurements. The 
readings obtained with this glass calomel assembly were checked with the Pye 
Students Potentiometer using a hydrogen electrode. Conductivity measurements 
were carried out with the help of Philips Conductivity Bridge Type PR 9500/90. 
All measurements were carried out at 30±0.05°G. 

Readings in the case of Hydrogen electrode were slightly lower (more so in 
acetone, methyl alcohol and ethyl alcohol) than the glass electrode. This 
however, did not interfere with the shape of the curve and the position of the 
inflexion points. pK values were determined by the relationship 

pH = pK + log 

pKj, pKg, pKs .... etc. were determined from the half neutralization points 
determined from the first, or second, or third inflexion points respectively. 

DISCUSSION 

The hydrogen bentonite as well as the corresponding Calcium, Magnesium 
and Iron clays give two inflexion points in the case of both the potentiometric and 
conductometric titrations. There is nothing significant to report as far as the 
difference between the number of inflexion points in the aqueous and non aque- 
ous media are concerned except for the fact that the pK values are different in 
the two media (Table 1 and 2). 


I 355 J 



TABLE I* 


Base Exchange Capacities^ and pK^ values as calculated from pH metric 
and conductimetric titrations. 

^Results are given only for two typical mediums. Almost similar results 
were obtained with glycerine, acetone and methyl alcohol as the medium. 

]. B. e. c. is given in m, e. q. per 100 gms of the dry clay. 

2. pK values at the respective inflexion points are given below the b. e. c. 
values. 


Cation 

Aqueous 

Alcoholic 

on the 

Method 


Clay 

NaOH Ga(OH )2 

NaOH Ca(OH)a 


pKi pKa pKi pKjjj 

pK, pKg pK, pKa 



pH 

30 

75 

35 

75 

30 

75 

35 

65 

Hydrogen 

3-8 

7-9 

2-9 

4-0 

4-3 

90 

4-8 

5-6 

Oond. 

30 

70 

35 

65 

30 

80 

35 

65 


pH 

25 

75 

32 

65 

26 

75 

35 

65 

Ferric 


3-6 

8-1 

4-9 

5-3 

4-1 

9-4 

6'2 

7-0 


Gond. 

25 

75 

30 

65 

25 

75 

30 

65 


pH 

12 

65 

27 

55 

12 

65 

28 

60 

Galciura 

7-5 

9-8 

8-0 

91 

89 

10-7 

8-1 

9-5 


Gond. 

- 

70 

30 

55 

10 

65 

30 

60 


pH 

20 

75 

25 

64 

20 

75 

25 

65 

Magnesium 

7-3 

9-9 

8-4 

100 

7-5 

10-3 

9'1 

10 8 


Gond. 

20 

75 

25 

65 

20 

75 

25 

65 


The order of base exchange capacities (b. e. c.) as determined from the 
inflexion points of the pH titration curves and the breaks in the conductimetric 
titration curves is of the order 

H+ > Fe+-^-+ > Mg++ > Ga++ 

The concordance between the values obtained by the two methods used is worth 
noticing. 

Other interesting features of these titrations are : 

(z) the b. e. c. values were higher in the case of calcium hydroxide as the 
titrant. 

(ii) the nearness in the pK values of hydrogen and .iron clay on the one 
hand and calcium and magnesium clays on the other hand. 

(Hi) existence of two breaks instead of one for hydrogen bentonite. 

As regards (zii) it appears that the bentonite sample used is not pure but 
contains either illite (b. e. c. 10-40) or chlorite (b. e. c. 20-40) since the value of 
b. e. c. obtained at the first inflexion point is nearly 30 m. e. q. per 100 gms. of 
the dry clays (Fig. 1), Moreover, since the valves of b. e. c. for the first inflexion 
point differ for the four clays used it may be inferred that the chlorite or the illite 
content of the mineral is easily exchangeable with Ga^'+, or Fe+’^"'^- ions. 
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Although the order of b. e. c. (H‘^> Fe++“*'> Mg+“^> Ca"*’+) follows the 
well established behaviour higher the potential of the clay mineral greater 
the ion exchange capacity. It is difficult to explain the difference in the exchange 
values obtained with NaOH and Ga<'OH )2 as the titrants, simply on this basis. 
No doubt that the higher valency of Ca‘^+ ions is able to decrease the potential 
to a greater value than Na+ ions, one cannot byepass the phenomenon of 
exchange adsorption on the addition of the gradually increasing amount of the 
titrant. 


Values almost twice those obtained with NaOH (in the case of Ga clay 
against Ca(OH) 2 . (Fig. 2) point towards the fact that in case of calcium exchange 
adsorption takes place so strongly that a new outer layer strongly attracted by 
the inner layer is obtained so that the potential drops very sharply resulting 
in the release of a large number of cations belonging to the outer part of the 
original double layer. 

The close similarity in the electrometric behaviour of iron and hydrogen 
clays may be explained by assuming that the ferric ions of the outer layer are 
highly hydrated and undergo hydrolysis as given below : 

, „ . . Fe(H,0),+++ - [Fe(H,0)s (OH)]++ +H+ 

followed by 


2 [ Fe(He,0), OH]++ 


i§h;\ 
l§Sv 


OH 

Fe/ NfcZh o 1 

\oH ^ \ ^2^ 1 


HaOl. ++++ 


+ 


2HaO 


rOHa\^ OH 


OH, -■ 


Xqh / \ 1 

XHaOj 


HoOl ++++ 


\oEy 



d- 2 H+ 


rendering the clay highly acidic approximating almost to a hydrogen clay. 

The calcium and magnesium clays should not normally behave as .^cid 
clays since a hydrolytic mechanism as given above is not likely to exist here. 
Therefore the only way by which the acidic behaviour can be explained is that 
both the clays are not purely calcium or magnesium clays, but are Ga~H7pr 
Mg-H clays and that the magnitude of their acidity would depend upon the 
extent to which the hydrogen ions have been exchanged by the respective cations^|. 
In fact it is not possible to designate any clay as purely hydrogen or calcium otc 
magnesium or iron clay. These are all mixed hydrogen clays and the pK values! 
are the average for such mixed systems. 

The change from the aqueous to the nonaqueous medium although does not 
influence the dissociation of the mono base exchange clays it^does effect the 
original clay as well as the mixtures of exchange clays (Table 2). Thus the pH- 
metric curves show four inflexion points in the aqueous medium whereas five 
inflexion points are obtained in the non-aqueous media (Fig. 3). The conductivity 
data also gives an extia break in the non-aqueous media although one number 
less than iri the pH curves. These results cannot be explained in terms ol the 
suppression in the dissociation constants in presence of non electrolytes (the pK 
values not following the order of the dielectric constant) nor in terms of the 
decrease in hydrolytic tendency. It appears that the presence of the non elec- 
trolytes helps in changing the alumina structure of the clay or that of the ferric 
part of the mixed clays in such a manner as to make available new acidic sites 
for reaction with the alkali. 
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TABLE 2 

Bentonite Clay containing more than one cation against NaOH only 
Base Exchange Capacities and pK values as calculated in Table 1 . 


Cations 
on the 

Clay 

Method 

pKi 

Aqueous 

pKp pKs 


pK,-, 

pKi 

Alcoholic 

pKg pKj 

pKi 

pKs 

Hydrogen 

pH 

15 

40 

60 


85 

10 

40 

55 

75 

90 


3-5 

4-5 

4.7 


5-3 

4-4 

6-0 

6*4 

7‘2 

7-8 

Ferric 

Gond 

15 

40 

60 

- 

- 

10 

40 

55 

75 

- 

Calcium 

pH 



30 

40 

75 

— 


30 

45 

70 

85 

Hh 

— 

7-4 

7-8 

9-3 



8-4 

8-7 

10-5 

10-7 

Magnesium 

Gond 

- 

- 

45 

75 

-* 

- 

30 

45 

70 

80 

6 Magnesium pH 

8 . 

20 

48 

75 


10 

25 

45 

65 

90 

■T 

5 Calcium 


6-4 

7-0 

7-9 

8-2 

- 

6-2 

7-3 

7-5 

8-3 

9-0 

+ 

3 Ferric 

Gond 

- 

20 

50 

75 

-- 

- 

25 

45 

65 

85 

Original 

Clay 

pH 

8 

20 

50 

72 

- 

10 

20 

4h 

75 

90 

(aa+++Mg++ 

7-2 

8-0 

9-1 

9-5 

- 

85 

9-1 

IM 

11-4 

11-7 

+ 

Pe+‘l-+-j-]Nfa+) Gond 

— 

20 

50 

70 

«- 


20 

45 

75 

90 
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abstrag/ 


The object of this note is to make use of Hermitc 
tial equation 


8u _ , d^u 
dt ^ 


-k u 


polynomials in solving the partial dificren* 


when u{x^ t) tends to zero for large values of t and when | x | * The equation is related to t 

problem of heat conduction. 


Hermit e polynomials have been utilised by Katnp6De F5riet[2] in solving a 
heat conduction eqaation. He has obtained four theorems which are of the 
nature of existence theorems. 


The Hermite polynomials as defined by Sneddon [4, p, 150] is slightly 
different. Sneddon has defined the Hermite polynomials H^{pc) for integral values 
of n and all real values of x by the identity. 


(M) 


n= 0 


Hn(x) 
n 1 




We shall adopt the above definition of 

The object of this note is to make use of the Hermite polynomials in solving 
the following differential equation, 


( 1 * 2 ) 


= A: — 
3^ 




u 


under some initial and boundary conditons. 


The above equation 
[1, p. 130] 

(1-3) 

provided 


can be associated with a 

du ; r, N 

i/g = 0 and /i == & 


heat conduction equation 


2. We assume that our solution tends to zero for large values of t and when 

\ at I ~>CO . 

Let us substitute 


« = A y(A;) in (1 *2) 

where \ is some positive constant, so that we obtain 
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The equation (2*1) possesses solutions which tend to zero as ] a: j ->eo ijf and 
only if [\/k) is of the forna I -f- where b is a positive integer [4, p. 155], 

The solution of 
(2-1) is [4, p. 155] 

(2*2) 0 = ■in (x) = Hn (*) , 

where is an arbitrary constant. 

We may therefore assume the solution of (1*2) to be 

(2-3) uix, t) = Z a, 

When t ~ 0, let u{x, 0) = f{x) 

then 

(2-4) fix) = £an in(.x) 

nzzO 

Now making use of the orthogonal property ol we formally obtain, 

i^'^) ~ 2'"' It Wv 'I'/tW ^x 

Let fix) = x'^ 

Then because [3, p. 194] 

v 2 - y 2 1 /Ja-ar jx) 

“r‘^0 22 »' '! '{2-2r) ! 

in (2-3) and (2-4) we shall have <ti = 0, = I and = 0 for b > 2. 

Let 

fix) = ' La (x) 

= (1 - 2x + a-2/2) 

where Ln{x) is the Laguerre polynomial, then because [3, p. 215] 

LsW == S r~ - 4-(i - ^ 


we shall have 


A = 0 Li(l 'i(2 4 


2^ (klf 


r o> 4- ; 1 

2^2 ;i n , i = 1 . 

2 9 "^9 ^ 
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EFFECT OF MAGlNIETO-THEfeMO-ElASTIC it^ITER ACTIONS ON TNE 
COOLING PROCESS IN A SEMLINFINITE SOLID 

By 
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[Received on 6th May, 1965] 

ABSTRACT 

The problem of magneto- tbei mo- elastic interactions in a semi-infinite tbermo- clastic solid 
embedded in a trans^e^se magnetic field and subjected to a constant temperature throughout 
is considered, when the bounding surface of the solid is suddenly cooled to zero temperature! 
To the first order terms of the thermoclastic coupling factor, it is found that the magnetic 
field has got the effect of sustaining the cooling process near the boundary and accelerating the 
same away from the boundary. The thermo-elastic coupling factor itself has got the effect of 
accelerating the cooling process throughout the solid, 

INTR-ODUGTION 

In recent years there has been much interest in the solution of problems in 
Magneto-thermo-elasticity. Paria (1962, 1964) has solved the problems of (i) Pro- 
pagation of one dimensional magnetO‘thermo-elastic plane waves and (it) Magneto- 
thermo* elastic interactions in an infinite solid due to instantaneous heat sources. 
The first problem has been generalised by W'illson (1963). Kaliski and Nowacki 
(1962) have tackled the magneto-thermo-elastic problem of half-space under the 
action of a thermal shock on the bounding surface. 

In the present paper we consider the problem of magneto-thermo-elastic 
interactions in a semi-infinite thermo-elastic solid embedded in a transverse 
magnetic field and subjected to constant temperature throughout^ when the 
bounding surface of the solid as suddenly cooled to zero temperature. It is found 
that, for small values of the thermp-elastic-coupling factor, the magnetic field has 
got the effect of sustaining the cooling process in the solid near the boundary and 
accelerating the same away from the boundary ; while the thermo-elastic coupling 
factor itself has got the effect of accelerating; the cooling process throughout. It 
is assumed that the solid is a perfect conductor and that the radiation effects are 
negligible. 

STATEMENT OE THE PROBLEM 

A semi-infinite elastic solid bounded by the plane ;v=0 and extending in 
the positive direction of a;— axis is kept initially at a constant temperature T =Tq 
and it is also embedded in a constant magnetic field acting in positive direc- 
tion of ^-axis. The face x==:0 which is rigidly fixed and kept at the initial 
magnetic field Hq for all times is suddenly Cooled to temperature T'=0. We 
study the effects ot the thermo-elastic-coupling factor e^- and the magnetic field 
on the subsequent temperature distribution of the solid. 

FUNDAMENTAL EQUATIONS 

The following equations (Paria, 1964) are fundamental in the present context. 
MaxwelPs equations in the absence of displacement current are given by : 
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(3-1) 


curl U 
curl E s 


= j , div B = 0 


dB 
dt ’ 


-» 

B 


l^e 


While Ohm’s law may be written as 

7=<,/?+ix (3-2) 

where Kq is the coefBcient connecting the electric field with the temperature 
gradient. Hooke-Duhamel law, connecting the stress, strain and temperature is 
given by 

Tij = 2|i ejj + {Xe - /?T*) S^j , (3*3) 

where 


‘ij = i (“i J + "j,i )> “• (3-4) 

Energy equation is given by the Fourier^s heat conduction equation in the 
generalised form as 

jrv«r + a=p..|f + nf|-;+,.di, r (3-5) 

where is the coefficient connecting the current density vector with the vector 
of the density of heat flow. The equation of motion of the solid is given by 


*d^ui 

+(j X'Sji 

Now, substitution from (3-3) and (3-4) for r;- and «y in equation 
gives ^ 


[t V® « + U + /*) grad e~ B grad T -{■ {j X B) p ~ . 


(3-6) 

(3-6) 

(3-7) 


CASE OF A PERFECT CONDUCTOR AND ONE DIMENSIONAL 
DEFORMATION 


In what follows, we consider the case where the solid is a perfect conductor 

and the vector u has components («, o, o) and all the other variables are functions 
of X and t only. We get from (3*1), the equations 


Jx = ^>Jv = - 


dHz 

dx 




dt dx 


QE^ dHy dEy dE^g 


(4-1) 

(4-2) 


/ 
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It follows from (3*2), that 

=«=». 




(4*3) 


if we assume the conductivity to be infinite i.e., tr -> oo. 

The last two equations of (4'3) can respectively be written by using the last 
two equations of (4-2) as 


(4-4) 

(4-5) 

(4-6) 


dHy 


Zt 

dx 

ZHz 

Z 

Zt 

~ Zx 


Eleminating j from (3*7) with the help of (4*1), we get, 

j 


gr 

(A + 2/t) ^ 


10/2 2 


Now we linearize the equations (4*4), (4*5), and (4*6) by putting Hy = hy^ 
= H 3 4 - ^2 , where hy and hz are so small that their squares and higher powers 
as well as their products with u can be neglected. Thus we obtain ; 


"bhy 

0A, 

Zt 


= 0 , 




dxdt' 






Zhz d’^u 
dx ~ ^ gts • 


(4*7) 

(4*8) 

(4*9) 


Heat conduction equation (3*5) can be written for the case under considera- 
tion (one dimensional form), when there are no heat sources, as 

+ {4-10) 

Equation (4*7) gives hy = 0, since hy is zero at time ^=0. 

SOLUTION OF THE PROBLEM 

Applying Laplace transform to equations (4*8) - (4T0) and denoting the 
Laplace transform of a variable by a bar over it and assuming that all the vari- 
ables are initially zero, except T which is Tq when 0 , we get respectively the 
equations, _ _ 



(5-2) 


d'^n 


dT 


= + Hlh 


dx 


^ - P r = To - p To. 




du 


Substitution for ^ from (5-1) in (5*3) gives : 


K 


d^t ^ ~ r,,/? phz ^ 

p p T — ^ - - P Cy Tq. 




(5>4) 


(5-4) 


We obtain, by differentiating (5-2) with respect to x, and substituting for 
and ^ with the help of (5‘1) the equation, 

~ ^ ~ P dx^- ’ (5’^) 

where ^ ‘'i* Multiplying (5'4) by ^ and (5'5) by K 


p Ci^ 


and subtracting the former from the latter, we have 

j. _ _fsi^ ,, , „ , rf. , »i‘ (fp’.isffp] ,- ' r. 

^ - - H, ec,p ('+•«») ^' + H, lic^p ( «,• ' P c,> / *'+ ^ ■ 


Substitution for r from (5'6) in (5‘4) gives 




‘^Tp 




y 


dVu , ^ A = 0 

d^r+c'i'^^ 0, 


(5-6) 


(5-7) 


where <5(1 + ) = <1, s-j- = ^ and = -— . 

P C L P(?'y 

Solving (5'7), we get 


/I« = q + Ca «■ 


-m^x 


(5-8) 


where are the roots with positive real parts of the equation 

/ , Ktp^ P^T \ *» 

JTi n® - I /■ + + j-_|_ j " + eu = 0 , (« = m 2 ) ( 5 - 9 ) 

and Cj, Cg are arbitrary constants. From equation (5'1), we get, by using (5’8) 


„ = i .L 4 . c 

■^'*1 ^ 


(5-10) 


where is another arbitrary constant. Also we get from (5-6) using (5-8) 
: T =- m| e -j- Cj m| + 


+ 




-"/-'J ( C-j +. Ca 


/ 

+ Io. 

^ J 


(5-11) 


f -384 J 



The boundary conditions of the problem can be expressed as u (o, #)= 50 , 

(o, hz {o^ and T (o, ;)=0. In terms of the Laplace transforms, the 

above conditions become u (p)=== 0 , hz(p )=0 and f (^)=0, Using the above 
boundary conditions we have for C^, Cg, Cs, the values 

^ H9 ^Cqj T Q ^Cq) Tq \ 


p *-»3 * 0 p _ *-^3 0 

Q — _ Tfl 

K cl (mi + m^. 

Substituting the values of Cj and in (5'11), we get 


(5-12) 


'-p{ml - ml) 


where 


|(^ -I) r'"!* - (mi - 1) ^ . (5>1 3) 




K cf 


(5-14) 


From (5*9), we have 

« = 2^1 I ( 1 + 1 + /?^ + cl i± 


c| \+Rh-^+\+R, 


When sj — > 0, and Ra -> 0, 


J 

” = 2^1 I 




p 

so that we get 7 ?i| = Also for non-elastic rigid bodies, 

X + 2 m 

^2 oQ and so 0 and equation (5‘7) simplifies to T = 

7“ ^ T . , 

- ^ which is the classical result [Garslaw and Jaeger (1959)] in 

the form of Laplace transform. 

Substituting for Cg and C 3 from (5*12) in equations (5*8) and (5*10), 


we get 


K cl 




— Cy T Q 

^ ~ A" (m| - ml 


^ _ ^'-rric^x , ^ ^ 


(5*15) 


(5-16) 


APPROXIMATION FOR SMALL VALUES OF THERMO-ELASTIG- 
COUPLING FACTOR 

Now from equation (5'9), we have 

m|+ m| = (A*!/) 4- c| Ej- + 1 

J 
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and 


(6-1) 



From (6’1). we can write 

”21 + »2a ={^771 (^i/' + + 2^1)+ 

and ^ 


Assuming that the thermo-elastic-coupling factor ej- is small and expanding 
8^* powers of sj and neglecting squares and higher powers of 

, f l~P~ , r r 1 

1 






From the above equations, we get 

“ <Ju) ^ 1 I J 

'r+ (A'-i/.-ri)'* I 




»7i 


= -^ (' + 1 “”'i “a = yi^ (l - i 


Also, we have from equations (6-1) and (6-2), 

fV , V \ PI- cl,j- . 

^ "*1 - 1 - ). 


(6'2) 

(6-3) 

{6-4) 


We obtain from equations (5-14), (6-2) and (6-4) 
$~ml 2r| c§ 8j- ^ _ ^2 


^--1 = 1- 


ml - ml {K^p - «|)2 ’ ml -m'i- 


Using the above equations in (5-13), f can be written as 

>I _ /l J ,-Vp!kj,x 


r To,r, 


(K^p ~ rg^)! 


■ '"■ ^ ^ ^ . (6-5) 


— j 

riT ^ Laplace transform of the above equation bv usinv lahl^, 

fCrdelyi (1954),] and introducing the dimensionless quantities, ’ ^ ® ‘ 


XCi 

Kl 


we obtain 


In equation (6*6), 


r r 

7^ = |1 - erfc^^j} - 87- F(p), r, R^). 
^ ^ 


f6-6) 


^ + Ffj 


f 366 I 



FO, fi«) = {^- ^ )=.p i>M-vVBS } - 

- 4 (s) + i (4 + 7 I 3 ) “'' 

«rc (s - 1^4 + * ■ 7 S - ’’ )'’"' 

ettc (f, + f >^4 , 

where 




■iW 


— 1} > v^2e 




In equation (6*6) which gives the temperature of the solid the first term 
within brackets, represents the classical result [Garslaw and Jaeger (1959)J while 
the second term is the contribution due to the thermo-elastic-coupling factor £7- 
and it also contains the effect of the initial magnetic field Hq represented by R^n 
It can be seen that when r? = 0 the perturbation function F{V, r, Rj^) in (6*6) vani- 
shes. Also when co it can be seen that F{V, t, Rj^) 0, for in that case 


/(^V iijif - ’?) = 0. erfc j 0 


and then 

Hm P(Vy T, Rj^) = lim 

GO 97 _> CO 


erfc ' 1^4 + 1 (4 ■ v 4 '’) (s + 


= lim r V 
v) ->eo l^V R m 


erfc 


te){' 


exp ( - V\^ /d^) - exp {VV Rm) 


}]• 


By using the asymptotic expansion erfc 
shown that the above limit tends to zero. 


(l-\ 

\2v vI2t 

Thus we have 


, for large V, it can be 


lim F(r], t, Rj^) = 0. 

V-^oi 


The following table gives the values of F(v, t, for r = 1 and Rj^ = 1, 2 
for various values of »?. The graphs in the figure give the variation of F(»?, 1, 1) 
and F(V, 1, 2) with v. 
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TABLE 


FiV, 1, 1) 

0-0000 

0-0708 

0‘]555 

0-16<59 

0-n62 

0 0619 
0-0798 
0-0121 


F{V, I, 2) 

0 0000 
0-0448 
0-0987 
0-1710 
0-1323 
00 742 
0 0375 
0-0163 


absence of the magnetic field values of The perturbation 

and then presence of the magnetic field, monotonically increases 

function FiV, > >7 „ „ monotonically decreases for all values of 

and ...e i^raS'L" ‘.t“ ‘pn'ra"?. 

l®e“lo°w''neat""hl bonndaty^nd .hen ft decrease, gradually in .he remaining 

''°"‘°A1,0 it can be nbset.ed from the figure .hat f(?. 1, 2) i, lea, than %. I I) 
* ctitS of n between 0 and T5 and that F{v, 1. 2) is greater than F^v, 1, 1) for 
for values ® ^ that the effect of the magnetic field is to sustain 

:he"oobng pT.ee.-, i”he portion of the .olid which i, near the boundary and .0 
accelerate the same in the rest of the solid. 
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THE SPECTRUM OF BaBr MOLECULE IN THERMAL EMISSION 

By 

R. K. MISHRA and K. MAJUMDAR 
Physics Department, Allahabad University 
[Received on 8th March* 1965] 

ABSTRACT 

Investigation of the spectrum of BaBr molecule has been made in thermal emission foi 
the first timc.^ A large number of new violet degraded bands along with the known ones have 
been recorded in the near ultraviolet regi'^n. All these bands have been classified into systems 
D^X (/\X 4000-3740) and {X\ 3810-3580} represented by the following expressions sugpes- 
ed by Harrington (1942). 

V = 25670 93 + 209*11 (v' -f J) -0*53 W + 4)2 - 194*14 (o" + i) + 0*42 W + 4)2. 

E^X, V = 26865*7 + 2199*1 (o' + 4) -0*35 (o' + 4)2 - 193*91 (o" + 4) + 0*45 (o" + 4)2. 

INTRODUCTION 

The band spectrum of the diatomic molecule BaBr has been studied by a 
number of investigators. Olmsted (1906) was the first to observe a few bands in 
visible and ultraviolet regions in flame emission. Walters and Barratt (1929) 
investigated the absorption spectrum and photographed only seven bands in the 
green region. Hedfeld (1931) obtained a larger number of bands in the region 
AX 5410- 5100 using an arc and acetylene flame fed with barium bromide and 
classified them into one system. A closer investigation ot the absorption spestrum 
of the molecule was undertaken by Harrington (1942), who observed bands in the 
ultraviolet region also and classified them into two systems D <— X and E X in 
the regions XX 3940-3740 and XX 3970-3650. He also reanalysed the visible system, 
C ^ X, obtained by Hedfeld (1931), It is found that the bands of the C X 
system are degraded towards longer wavelength, that of £) 4- X andF X system 
are degaided towards shorter wavelength. Although all the three systems have 
been studied in absorption, only the system C X has been obtained in emission 
as well by the previous workers. It was with a view to observe the system D —> X 
and F AT in emission that the present investigations were carried out. The 
authors have studied in detail the spectrum of BaBr molecule in thermal emission 
and have been able to record a large number of new bands along with the known 
ones in the regions XX 4000 - 3740 and XX 3810 - 3580. All these observed bands 
have been fitted into the vibrational schemes of D — >Zand E X systems. 

EXPERIMENTAL 

The investigations were carried out with the vacuum graphite tube furnace 
of this laboratory described in detail by H. Mohan and K. Majumdar (1961). A 
few grams ol Barium Bromide (BDH) were put into the tube of the furnace which 
was 9 cm long and had an internal diameter of 0*8 cm. The rear end of the 
experimental tube was closed with a graphite stopper and the furnace chamber 
was evacuated. Nitrogen gas at a pressure of 45 cm of mercury was filled inside 
the furnace chamber with a view to reduce rapid vaporisation of the substance 
from the experimental tube. A temperature of the order of 2200°G - 2400^0 
was found suitable for obtaining good spectrograms. The spectrum was photo* 
graphed on Hilger E492 large quartz spectrograph which had a reciprocal 
dispersion of about 12 A/mm near X 4000. liiord R 40 Rapid Process Panchro* 
matic plates were used and exposures of nearly two minutes were sufficient for 
recording a good photograph. Copper arc spectrum was used as the comparison 
standard. 
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The wavelengths of the bandheads and visual estimates of their intensities 
have been listed in tables I and II. All the observed bands have been fitted into 
the systems and E'-->X and can be represented by the following expressions 

proposed by Harrington (1942). 

system, v = 25670*93 + 209-14 {v' + I) - 0*53 {p^ + 4)a 

-- J94-14 + i) Hh 0*42 + 1)^ 

system, v = 26865*7 + 219*91 {v' + 1) - 0*35 (y' + |)2 

^ 193-91 (»" + i) + 0-45 

Calculated and observed wavenumbers and vibrational classifications have 
also been entered in the above tables. Bands observed by Harrington (1942) 
have been marked with an asterisk (*). The reproduction of the spectrum has 
been given in the plate I. Deslandre’s arrangements of the bands and the varia- 
tions of the intensities for the two systems have been depicted in tables III and IV 
and figures II and III respectively. It will be noticed that all the intense bands 
lie on smooth Condon parabolas. 


TABLE I 


^ air 

Int . 

’'vac 

obs. calc. 

Glassification 

' 3982-8 

2 

25101 

25101 

(0, 3) 

3979*9 

4 

25119 

25119 

(1.4) 

3977-2 

3 

25136 

25136 

(2.5) 

3974-5 

2 

25153 

25153 

(3,6) 

3971-8 

1 

25170 

25169 

(4, 7) 

3952-5 

5 

25293 . 

25293 

(0, 2) 

3950-0 

4 

25309 

25309 

(1.3) 

3947-4 

3 

25326 

25326 

(2,4) 

3944-9 

2 

25342 

25342 

(3. 5) 

3942-5 

1 

25357 

25358 

(4.6) 

3940-1 

1 

25373 

25373 

(5,7) 

3922-6 

6 

25486 

25485 

(0, 1)* 

3920-1 

6 

25502 

25501 

(1.2) 

3917-9 

5 

25517 

25516 

(2. 3) 

3916-1 

4 

25528 

25532 

(3,4) 

3913-4 

2 

25546 

25547 

(4. 5) 

3911-2 

1 

25560 

25561 

(5. 6) 

3893-3 

10 

25679 

25679 

(0. 0)* 

3890-8 

0 

25694 

25693 

(1. ir 

3888-9 

8 

25707 

25708 

(2, 2)* 
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^ air 

Int. 

’'vac 

obs. calc. 

Classification 

3886-6 

1 

25723 

25722 

(3, 3)=’“ 

3883-9 

4 

25740 

25736 

(4,4) 

3882-2 

1 

25751 

25750 

(5, 5)* 

3861-8 

7 

25887 

25887 

(1. 0)* 

3859-9 

6 

25900 

25900 

(2, 1)* 

3857-8 

6 

25914 

25914 

(3, 2)* 

3855-8 

4 

25927 

25927 

(4, 3)* 

3853-8 

2 

25941 

25940 

(5,4) 

3831-2 

6 

26094 

26094 

(2, 0)* 

3829-4 

6 

26106 

261,06 

(3, 1)* 

3827-7 

5 

26118 

26119 

(4, 2)* 

3825-9 

2 

26130 

26130 

(5, 3)* 



TABLE II 



3815-4 

2 

26202 

26203 

(3, 7) 

3810-9 

2 

26233 

26233 

(4, 8) 

3806-4 

2 

26264 

26264 

(5,9) 

3801-3 

5 

26302 

26302 

(0, 3) 

3796-9 

5 

26331 

26332 

(1.4) 

3792-5 

4 

26360 

26361 

(2, 5) 

3788-2 

3 

26390 

26390 

(3,6) 

3784-1 

2 

26419 

26420 

(4, 7) 

3779-6 

1 

26450 

26449 

(5. 8) 

3773-4 

6 

26494 

26494 

(0, 2)* 

3769-3 

5 

26523 

26322 

(1. 3)* 

3765-0 

4 

26553 

26550 

(2. 4)* 

3761-3 

4 

26579 

26579 

(3, 5)* 

3757-2 

3 

26608 

26607 

(4, 6 )* 

3753-2 

1 

26636 

26636 

(5. 7 )* 

3746-2 

6 

26686 

26686 

(0, 1)=’= 

3742-4 

6 

26713 

26713 

(1,0) 

3738-2 

1 

26743 

26741 

(2. 3) 

3734-4 

0 

26770 

26768 

(3, 4) 

3730-5 

0 

26798 

26796 

(4,5) 

3727-1 

0 

26823 

26824 

(5.6) 

3722-9 

0 

26853 

26852 

(6, 7 )* 


*Bands observed by Harrington, (1942) 


[ 371 3 


Glassification 


^ air 


Int. 


obs. 


’^vac 

calc. 


3719-3 

8 

26879 

26879 

(0, 0)* 

3715-7 

6 

26905 

26905 

(1, 1) 

3712-1 

6 

26931 

26931 

(2, 2)* 

3708-4 

4 

26958 

26958 

(3,3) 

3704-7 

3 

26985 

26985 - 

(4. 4) 

3701-1 

2 

27011 

27012 

(5. 5) 

3697-4 

1 

27038 

27039 

(6,6) 

3695-0 

4 

27056 

27066 

(7. 7) 

3689-2 

6 

27098 

27098 

(1, 0)* 

3685-7 

6 

27124 

27124 

(2, 1)* 

3682-2 

5 

27150 

27150 

(3, 2) 

3678-7 

4 

27176 

27176 

(4, 3) 

3675-2 

4 

27201 

27202 

(5.4) 

3671-8 

3 

27227 

27228 

(6,5) 

3668-1 

2 

27254 

27254 

(7,6) 

3664-5 

1 

27281 

27281 

(8, 7) 

3659-7 

5 

27317 

27317 

(2, 0) 

3656-5 

5 

27341 

27342 

(3, 1)* 

3653-1 

4 

27366 

27367 

(4, 2)* 

3649-6 

4 

27392 

27392 

(5, 3) 

3646-5 

3 

27416 

27416 

(6, 4) 

3642-9 

2 

27443 

27443 

(7, 5) 

3639-9 

1 

27468 

27469 

(8,6) 

3630-7 

2 

27535 

27535 

(3. 0) 

3627-3 

4 

27561 

27559 

(4. 1) 

3624-4 

4 

27583 

27583 

(5. 2) 

3621-0 

3 

27609 

27608 

(6, 3) 

3618-2 

3 

27630 

27631 

(7,4) 

3615-5 

3 

27651 

27656 

(8. 5) 

3611-4 

2 

27682 

27682 

(9, 6) 

3608-0 

1 

27708 

27707 

(10, 7) 

3602-6 

1 

27750 

27752 

(4, 0) 

3599-2 

1 

27776 

27776 

(5. 1) 

3596-3 

3 

27798 

27799 

(6, 2) 

3593-2 

3 

27822 

27823 

(7,3) 

3590-0 

2 

27847 

27846 

(8,4) 

3586-4 

1 

27875 

27871 

(9, 5) 


observed by Harrington, (19i2) 
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Table hi 




5 





26130 

25941 

25751 

25560 

4 




26118 

25927 

25740 

25546 

25357 

3 



26106 

25914 

25723 

25528 

25342 

25153 

2 


26094 

25900 

25707 

25517 

25326 

25136 


1 


25887 

25694 

25502 

25309 

25119 



0 

o' 


25679 

25486 

25293 

25101 




/o" 

0 

1 

2 

3 

. 4 

5 

6 


TABLE IV 


10 









27708 


9 







27875 

27682 



8 






27847 

27651 

27468 

27281 


7 





27822 

27620 

27443 

27254 

27056 


6 




27798 

27609 

27416 

27227 

27038 

26852 

26665 

5 



27776 

27583 

27392 

27201 

27011 

26823 

26636 

26450 

4 


27750 

27561 

27366 

27176 

26985 

26798 

26608 

26419 

26223 

3 


27535 

27341 

27150 

26958 

26770 

26578 

26390 

26202 


2 


26317 

27124 

26931 

26743 

26553 

26360 

26172 



1 


27098 

26906 

26713 

26523 

26331 

26142 




0 

o' 


26879 

26686 

26494 

26302 







0 

1 

2 

3 

4 

5 

6 

7 

8 


25373 

25170 


7 


26264 
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RfeLATiONS Between FUNdnoNS contiguous to certain 

HYPERGEOMETRIG FUNCTIONS OF THREE VARIABLES* 

By 
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Department of Mathematics^ University of Jodhpur^ Jodhpur 

[Received on 30th April, 1965] 


ABSTRACT 

To the Laurictlla’s set of hypcrgeomctric functions of three variables the author has recemly 
added three new and distinct function^ namely and Hq defined by means of the triple 

series 

H^{a,b,b' \c,c' ■,x,y,z) 

,,, T T y [b)m,+n (.b')n+p ^ 

' ^ “ m = 0 p^O (^)m (c'U+p mlnlpl’ 

Hb (a, b, b ' ; <x, Ca, Cj; x.y, s) 

y y ^ (^)wf » i^')n+p ^ 

"" m=0 n=0 ^0 ih)m Mn («3)» m\n\p\ 
and 

K b,h' \C-, X,yz) 

y y y (^)w+p ^ y* sp 

"" m = 0 n = 0 /) =0 («)m+n+p jn U i ! 


respectively, where, for convergence, 

|Arl<R, |7l<5, l2|<r 


such that 


and 


R+5 + r = 1 + 5Tin (1), 
i? 4- 5 + r + = 1 for (2) 

R = S — T = lin case of (3). 


These functions do not appear to be covered by Lauricella’s conjecture nor does their exis- 
teme seem to have been noticed earlier. It may be of interest to note that is a generalis- 

ation of AppelTs Fi, Hb generalises the Appell function while furnishes a generalisation 
of both Fi and 

Th^ present paper is dev'oted to a systematic study of the functions contiguous to these three 
hypergeometric functions of three variables and also to the derivation of the various recurrence 
relations. 


*This paper was read by the author at the thirty-Bfth annual session of the Nalional Academy 
of Sciences of India. 
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L INTRODCGTION 

Two hypergeometric functions of three variables, viz, Ha and Hb, were 
recently defined by me ([6], p. 97 ; see also [8], p. 69 and [9], pp. 12-13). In a 
subsequent paper[7] I gave their integral representations of the various types and 
made use of the contour integrals ot Pochhammer type in a detailed study of 
the transformation theory and the systems of partial differential equations asso- 
ciated with them. For instance, it was shown that [7, § 8] 

(M) Ha {a+ a' - 1, b, ; a, b' ; z) 

= ^ 1 _ ^ (1 _ z)-^’ Ga ^6, a', I -a, I- a' ; 

(1-2) HA{a -h a' - 1, b, b’ ; a, b' \ x, y, z) 

= {I- X ~y)~^ hI a,b, a -\- a' -I, a', a ; ^ \ 


where and Hq are the double hypergeometric series defined by Horn [3], and 
that the differential system of 

HA(a, b, b' ; c, ; x,y, z) 

possesses a general solution in the form [7, § 6] 

(1.3) '^ = jc ^ 

(p + ^ 1 + ^) 

whenever C is either a closed contour in the jf-plane or an open contour at the 
two ends of which both 

r<-(i-<r'‘' + ‘(‘|; + “■!; + */) 

and 

vanish, where 

f=f(u,v,w) 


satisfies the diflferential equations 

[GxiOi c - I) - a{0x + Z’ ) ( ^>1 + + ^)] / (“» v,w) = 0 

(1'4) Hh ^*1 + fi' - + p') (<jbi + i'li- b')j f{u, Vyw) = 0 

+ lAi + 1) - w(0i -h !/'i -h b) (tbi -h ’/’x -j- b')] f{u, v^w) =0 
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The purposes of the present paper are to study the functions contiguous to 
Ha and Hj5j and to obtain their relations with these functions. The method em- 
ployed is fully explained in the case of the function Ha- In a similar manner we 
can derive the contiguous function relations associated with Hb and the function 
He whose existence was recorded in [7J and [9]. 

In the case of Gauss’s ordinary hypergeometric function [2] we know from 
Riemann’s theorem that between 

and any two hypergeometric functions contiguous to it there always exists a linear 
relation with polynomial coefficients. A similar remark can be made in the case 
of the Appell’s double hypergeometric functions Fg and F 4 [l]. But when 

we study the contiguous function relations associated with the functions Ha^ Hb 
and He it does not seem possible to make any such general statement. Neverthe- 
less, between any contiguous function and functions oi the type 

H{a + f,b+^g,y+h;. . . ; x, y, z) 

where /, ^5 A are positive or negative integers, there does always exist a linear 
relation with coefficients polynomial in a;, and z* The number of contiguous 
functions occurring in a particular relation depends upon the individual relation 
and the function considered. 


2. DEFINITIONS AND NOTATIONS 

Following the notaiion of [6] the two triple hypergeometric functions are 
defined by the equalities [6, p. 97] 


( 2 - 1 ) 

^ (<^)m+p (b)m+n (l>')n+ P m n p 

"" ^Q^Q^Qin\n\p\{c)m (c' W p " ^ ^ ’ 

(2'2) HB{a,b,b' ■,CT_,e^,c^-,x,y,z) 

V V V (fl)OT+p ib)m+n ib')n+p m n p 
= ^Q^Qm\n\ p\ {c,),n (ca)« (‘^3)p ^ ^ > 

and as proved in [6, § 2) the domains of (absolute) convergence for these series 
are given by 

Hj^ i 

where \ x\ <r^\y\<,s and \ z \ < t. 

We also discuss here the third hypergeometric function [9, p. 14] 

Hc{a,b, b^ ;c;x,y,z) 
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defined by the triple series 
(2-3) 


^ (<3)j?i-(-p_(^)m+» ^Xrt+P ^ _y^ ^ 

m=0 n=0 p^Q W«+«+P m\n\ p ! 


which converges absolutely whenever 

I * 1 < li I I < 1 and 1 e I < 1. 

This function furnishes a new* generalization of Appell’s double hypergeo- 
metric function 

Fi(a, b,b'-,c-,X, T) 

and in a future communication we hope to incorporate a detailed discussion of its 
several interesting properties other than those presented in [7J. 

For convenience, we make use of the letters 0, p and ^ to denote the 
operators 

0 0,0 

dx dy dz 

respectively. Also, for the sake of brevity, by HAia + 1) we shall mean 

HAia + Ij b, b' i c, c' ; x,jp, s), 

and so on. 

3. RELATIONS BETWEEN FUNCTIONS CONTIGUOUS TO 
From (2'1) we have 


(3-1) 

(3-2) 

(3-3) 

(3-4) 

(3-5) 


aH^ + x^JL^ + « 


'dx 


b Ha (b+ 1) = bHA + X + y 

dx dy 

b' Ha (6'+1) = b'HA + jv + z^Ia, 

dy dz 


dz 

dtlA 


{c-\)Ha{c-1) = {c-\)Ha + 


dx 


{C' - 1)Ha [o' - 1 ) = {o' - IWa-V y 

, dy dz 


hypergeometri (^series Appcll function by means of Lauricella’s triple 

PD{a, ij, b^, b^\c;x,y, z) 

e.g., [4J and [1, p. 1 14]. 


[ 380 1 



0«'+s+* Ea _ { a)T^t {b)r^ s W)B+t 

^ ’ W 3/ 'dZ* («')s+i 

X HA{a + r + t,b + r + s,b' + s + t‘,c + r,c' + s + ti x,j, z). 

Also the partial differential equations satisfied by Ha are [6, (4*1)] 

(i) [0(5 + c~l)-x {9 + ^ + a) (5 + ^ + b)1HA = 0 

(3*7) {it) c' - 1) - y {9 -)r b) (<() + ’?' + b')']HA = 0 

(iii) -i- Ip + c' - l)-z (9 + ’P + a) i<^> + i' + b')]HA = 0. 

Now write (3*7) (i) with a - 1 instead of a and we have 

[5(0 + tf- 1) (5 + '/' + <1- 1) (0 + ^ + ^)] HA{a- 1) *= Oj 

or [(l-x)0-*'|>-^ + «-i2-5*](5 + ff'*+*'*'’^) EA{a-V) 

+ (^ >[- a - 1) (<!' + a - c) HA{a - 1) = 0. 

By virtue of (3*1) this gives us 

(3*8) [(1 - jc) 0 - X ^-1^' + c-a-bx'Wa- 1) Ha 

+ (^ -[- a - 1) (^ -f a - c) HA[a -4) = 0. 

Similarly we have 

(3*9) [ - 0 + (1 - s) (<#> + '/i) + «' - a- (a - 1) Ha 

4- (5 + a - 1) (5 - ^ - a') HAia - 1) = 0. 

(3*10) [(1 -x) 9 -^-xip + e-b~ax'\ {b-\)HA 

+ (^ + i-l) {<p-\-b-c) HA{b~\) = 0. 

(3*11) [-5 + (1 -y) + t'~b-b'y'\ (6- 1) Ha 

4 _ {^0 b-\) [9-'P + b-c') HA{b-\) = Q. 

(3*12) i^j 0 + (^\-y)^^c'-b'- byl {b' - 1) Ha 

+ {b' -c'){^-\-b' -\)HA{b' -\) = 0. 

(3*13) [-20+ (1-2) + Ha 

+ {b' - a') (<#> + - 1) HA{b' - 1) = 0. 

(3-14) [(1-a:) 0-* - {a + b-c)x} c Ha 

— ~ a) {<l>-h b-c) Ha{c + 1). 

(3*15) l-y 9 + {l-y) ^-by'] c' Ha 

= j(5' - a') (0 + <j!> + 5) Ha{c' + 1). 

(3*16) [-ze + {\-z) ip-az] c' H a 

= zib'-c') (5 + If + a) H^a' + 1), 
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By eliminating 9, 4> and ^ between the equations (3'1) — (3-16) we can derive 
a number of relations connecting Ha with functions contiguous to itself and 
functions of the type 


HA{a + f, b ^ g, c + h; ;x,y,s), 

where/, g, h are positive or negative integers. 


For instance, on using (3*3) and (3'5) we have 
(3-17) {b’ -c' + 1) Ha == b' HA{b' HAic'~l), 

and the relation 

(3-18) i4-\-a + b + b'~2c-2c') Ha = a HA{a + 1) b HA{b + 1) + b' HA{b' + 1) 

- 2(e - 1) HAic - 1) - 2{c' ~ I) HAic' - 1) 
is obtained when we use the equations (3'1) — (3‘5). 

From (3'4) and (3'6) we get 

(3-19) {c-l)Hj ={c~\)H^ {c-l)~(^^^'jxHA{a+\,b+],c+l), 
and if we combine (3*5) with (3*6), the relation 

(3-20) {c'^1)Ha= {c'- 1) I-lAic' -1)- HA(b + I, b' + I, c' + 1) 

~ (t) ^ + I. *' + 1. c' 4. 1) 

follows immediately. 

The contiguous function relations 

(^*21) ct Ha = a Ha{(i + 1) - ^ Ha{(i + 1* ^ + Is + 1) 

* ~ ^ + 1) - X HA{a + I, i + 1, c + 1) 


(3-22) 

and 

(3-23) 




y HAib+l, b' + 1, e' + l) 


b' Ha = b' HA{b' + \)- iPjyHAib + \,b'+\,c'+i) 
“ ^ "h" 1, -rf- 1, e' -[r I) 

are readily obtained when we use (3'6) in (3*1), (3-2) and (3-3) respectively. 
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When we combine (3’2) and (3*6) with the equations (3‘l2) and (3' 15) we 
get 

(3-24) by HA[b-\-\) 

=={b'-c')HA{b'-\)+l^^yHA{b+\,b' + l,c' + l) 

+ 2 HAiaJfl, c' + 1 ) 

c' J 

and 

(3-25) c' Ha = b' HA{b' -f- 1, c' + 1) - [b' - c') Ha{c' -f 1). 

From {3'1), (3'6) and (3'13) we obtain 
(3-26) {b'-c')BA + azHA{a + \) 

= {b' - o') HA{b' - 1) + j HA{b +l,c' + 1) 

+ « HA{a + 1, b’ + 1, c' + 1). 

Lastly, we combine (3‘ 12) with (3*15) and then use the equations (3‘2) and 
(3*6). We thus have 

(3*27) Ha = HA(b^ — 1) ^ y HA{b -f* Ij *4^ 1) -h ^ ^ Ha{^cl -f- 1, -4- !)• 

We remark that the above relation can also be obtained when we combine 
(3*13) with (3*16) and then apply (3*1) and {3‘6). 


4. CONTIGUOUS FUNCTION RELATIONS ASSOCIATED WITH 
From the definition of H 5 we have 


(4-1) 

a i?B(a+l) = a + + 

(4-2) 

b EB{b-\\)=b + 

(4-3) 

b' HB{b' + 1) = 6' Hb+^ ^ + 2 ^ 

(4-4) 

(^1-1) Hb{c,^1)=^{h-1)Hb + x'^ 

(4-5) 

{c^.I)Hb{c,- 1)^ HB+y^ 

(4-6) 

ic,- 1) HbIc,- 1) = {c,-])Hb+s‘^-^ 
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(4-7) 


gr+s+f Hb _ {a)r^t {b)r+s {b>)s+t 
0A?^ dy^ 0<2^ (^iV (^a)^ (^3)^ 

X HB{a + y + 6 + r + •i', ^ 3 4 “ ^2 * 4 ^ ‘^9 ^3 Hh ^ j ^5 '^)> 

and the partial differential equations associated with it are [ 6 , p. 101 ( 4 * 2 )] 

(») [^(<9 + - 1) - !^{0 + ^ + ^) {0 + ^ 1 >+ b )] Hb = 0 

( 4 * 8 ) (it) [^(c/> 4 * y{^ + c/) (cjy ^ ^ ^')] Hb = 0 

{Hi) 4 - ^ ^ ^ 4 - (c/) ^ ^ ^ b')] Hb = 0 . 


By employing the method illustrated in the preceding section ve can deduce 
a number of relations between functions contiguous to To quote a few, we 
have 

(4*9) (fl - (Ji ~ Tq) Hb == a HB{a + 1) - - 1 ) Hb{c^ - 1) ~ (^3 - 0 HB[h- 1) 

(4*10) [b-c^^c^HB^bHB[b+ 1)- 1) Hb{c^- \) - \) Hb[c^-\) 

(4-11) (y - ^2 - ^3) Hb - b^ HB{b^ + 1) - (^a“ 1) - 1) - (^3 • 1) Hb{c^- 1) 

(4-12) (cj - 1) i?j5 = (cj - 1) Hb[cx- 1) - J * ^lB{a +1,^+1, Cj^ + 1) 

(4-13) (^a- 1) Hb = {c^~ 1) HB{Ci- 1) - HB{b + I, b' + I, c^+ 1) 

(4-14) (.3- 1) Hb = (^3- 1) Hb{c,- 1) - HBia +1,6' + 1. C 3 + 1) 

(4'i5) a Hb = a HBifa + 1) “ j + 1, 6 + 1, + I) 

“ (~^ ^ HB{a + 1,6' + 1, Ci + 1) 


(4- 16) 


(4 17 ) 


bHB = b HB{b + I) - 


+ 1. 6+l,«i+ 1) 


- I-lB{b + 1, 6' + 1, ra+ 1) 


6 ' Hb = b' HB{b' + 1 ) - l~jy HB{b + 1 , 6 ' + 1 , Ca + 1 ) 



+ 1 , 6 ' + 1 , ^3 + 1 ). 
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3. fundamental EQ.UATIONS FOR 


The fundamental equations for He are 

{5-1) 


aHc(a+l) = affc -M ^ 

(5-2) 


b Hc{b + 1) = i He + * 

(5-3) 



(5-4) 


{c-\)Hc{c- l) = (,-l)i/c+ + 

(5-5) 

0 r+.+i He [a'r+t {b)r+s {b')s+t 

'bxr 9js 92* 

X Hc{a + * + <, 6 + r + J, A' + J + < ; c + r + J + < ; a;, JM, «), 

and it satisfies the differential system [7, § 6] 

(5-6) 

(i) 

{ii) 

{in) 

[0{6 + <^ + ^ ^ ~ 1) - ^ o) {0 <l> + b)] He = 0 

+ ^ + ip + c-l) -y{0 + 4^ + b) {<i> + if + b')] He = < 

[if{6 + + + + ^ + ~ 


The method of § 3 can now be employed to obtain the contiguous function 
relations associated with 
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6N SOME INFINITE INTEGRALS— 1 1 

By 
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ABSTRACT 

In this paper we have proved a theorem on Laplace transform and two infinite integrals 
have been evaluated by the application of that theorem, The results proved are quite interesting 
and appear to be new. 

1. The aim of the present note is to evaluate certain infinite integrals 
involving Legendre and Bessel functions with the help of ‘Operational Calculus’, 

As usual the conventional notation <'/>(/?)== h{t), will be used to denote the 
classical Laplace transfrom 


^{p)=^p 


r 

d 0 


e-pi 


h{l) dt, 


(1) 


provided the integral is convergent and R{p) > 0. 

2. Theorem I. If <j>{P)== h{t), 
and i'{p,K)^Ko{Xt) h{t), 

then 

j" (<.+«+.!>) ■* I 7—?—)'"= 

( 2 ) 

provided that the integrals are absolutely convergent, R{a) > 0, R{p) > 0, <? > 0, 
R{d) > 0 and h{t) is independent of X* 

= e^^h{t)dt. 


Proof : Since 
therefore 


J" {a+bt+ct^yi + Ji 




~ j J" (d f- dx dt 

^ Jo Jo dt dx 

= J « A+a/irj 


* Present address : Department of Mathematics, Government College, Bhilwara (Rajasthan). 



On changing the order of integration and evaluating the inner integral bv 
means of the formula [3, p. 664 (7)] 

^ 2 '/i-f-2 » (3) 

where R{a) >0, R{b) > 0 and « > 0, 

The change of order of integration can be justified by the application ol 
de la Vallee Poussin’s theorem [1, p. 504] when the integrals involved are absolu- 
tely convergent. 

Example I, Taking Erdelyi [2, p. 137 (I)] 

h{t) — 

where R{p) > 0 and i?(l-j-p) >0. 
and Erdelyi, [2, p. 198 (27)] 

h{t) = K,{U) 

r(l 4- A*) r(l -f- V -rr p I P\ 

-i \\l 

= X) 

where R{1 + p) > 0 and R{p X) > 0. 




(^) 


Using the above correspondences in (2), we get 

ffl ~H (^) 'V^ 27r -h 2V^ 

'/«(6 + 2’/a£)i \yh^2^, 

for i2(l + P) >0, R{d) > 0 and c > 0. 

Example II. Taking Erdelyi [2, p. 146 (29)j 

h{t) = t-i e-“/^ 

= 2pK,{2^-rp) 

= m> 

where R{p) > 0 and R(c() > 0. 
and Erdelyi, [2, p. 198 (29)] 

K,{xt) hit) = i-i ixt) 

= 2; i-. [ j 2. ( p + y /.* - i)} ‘] [{ X ( p + y #• - 2^)"} * 

= 'Pip, X), 

where R(p + X) > 0 and R{a) > 0, 
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AppJying (2) to the above correspondences, we get 

J" (a + »( + [ 2 y « ( * 

for R{cc) > 0, R{d) > 0 and c? > 0, 
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ABSTRACT 


In this paper we have defined a function by means of a double integral and established that 
this function plays the role of a Fourier Kernel For particular values of the parameters the 
kern el function reduces to the kernel of the Hankel transform. Later on the relation between 
this function and the H-function of Fox has been establish ed- 


1 . Let f(x), g{x) and K{x) be three functions satisfying the integral equation 
(1-1) m = J” giy) dy 


then K{x) is said to be a symmetrical fourier kernel if the integral equation holds 
good when f[x) and are interchanged amongst themselves. 

A function R{s) is said to be the Mallin transform of K{x) if 
(1*2) R{s) = r K{x)x^‘^dx. 

J 0 


In a recent paper^ Fox has ‘defined a symmetrical Fourier Kernel H{x) in 
the form 


q p 

{1-3) —P 

.^cr-tco ^ Y{bi-\-Ci-cis') TT + 

t= 1 I = I 

where /> > g + 1, a > 0, > 0, > 0, i = 1, . . . » g 

and > 0, >, 0 i = 1 , . . . , 


We shall denote it symbolically by 
(1-4) H{x)^H^^p{xjbi +Ci 5, aj-ejs) 

The object of this paper is to establish the kernel property of a function, 
defined as a double integral involving products of Bessel functions and to estab- 
lish its relation with a kernel of Fox. 


The new Kernel reduces to the kernel of the Hankel transform for parti- 
cular values of parameters. In a recent paper*^^), I have proved that the 
function 

(1-5) ■ Y^yUKly)yVMl^]^{y^)dy 

plays the role of a kernel of a transform for p > 0, v + 4 > 0, X + | > 0, where 
Jv{x) is the Bessel function of order v. 
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For = I the kernel in (1*5) reduces to known kernel Watson^. A 

generalisation of the Kernel fv,x(^) recently been given by Here 

another generalisation will be given. 

We have also proved®^^'^) that 

(1*6) 0(;v*-l) when a:-> co and is 

(1-7) for small a:. 

2, I define the new kernel by the integral relation 

^ IT? f (///*') ‘(y 

V,X Jo ^ 

= I” J” 

where it is not possible to permute Vj A, ^ amongst themselves and /^, are quite 
independent of each other. We take > 0, /// >0, v + > 0, A + > 0, 

5 + |- > 0. 

3. First of all we shall prove that (x) is bounded for all values of 

VjA 

We take 0 < ft' < 1. 

Now by virtue of (1*6) it follows that for a: > 0 

jy' ^V,x(*J>') J| (y/^O dj 

- p (yVP-') dy = (y) dy 


Then provided p' < 2, there exists a number To such that if 


Ta > Ti > To 




< e 


the same Vq serving for ail ;r > 0, 

Consequently 

/ CO 

^ h>X^xy) y/M'-i (y/j«.') dy 

is uniformly convergent for x > 0 i.e. is bounded for finite x and also as x - 5 » co . 

Further from (1-6) and (1-7) we note that ifv-j-^->0, (x+l)/n>^, 
^v,'^[xy) is bounded for all values of x,y. 

Consequently 

1 Jo (y'f*') dy I 

< I i^'r.xc^y I Jo (y//"') i * fl' cy ^y 

Since ^4“ f 72 + 1 > 0, the integral converges. Thus ^(^) is bounded 
for 0 < a: ^ a, where a may be arbitrary. 
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4, To obtain the Mellin ISarne^s t>pe integral representation for ^ (x) we 

apply theorem 43 [2, p. 60]. We shall discuss the case 0 < /*' < L The case 
p' > I is easy to prove. 

(i) Let K{x) ^ then K{x) and l{x) are 

integrable over any finite interval not ending at a; — 0 
(ii) From [3(z)] we have 

(4-1) F(^) == fv,x,{x)xs-^dx 

r/^- + 2_+J\ 


*)f 


^ + t\ + 1 +M/2 


which is valid for-v-J, - (x + l)/tt -j- | < cr == - 5 < i where 8 is a positive 
number. , 

{Hi) Also we have 

GU\ - r{ll2-^ idsl2 - l^Vi+i) 

(4 2) 0(j) _ r(|/2-tt's/2 + f‘''/4 + i) 


: i I" dx = J“ ix) *■ 


JX7a+/i./S 


The result being valid for ^ + l)/y>' < cr' = 1 + 5 < i 

Since 1/fi^ > i, it is possible to choose a positive 6 to satisfy the inequalities 
in {ii) and {Hi), 


(iv) I I F(s) and 1 I C?(^) are bounded for some positive r, 
(„) J1--.L f“ K{xv) l{x) dx 

W 7JC J^rj-G J ^ 

is bounded and converges in the neighbourhood of = 1 vide article 3, 


Hence by the theorem referred to above we have 

(*)= f K{xy) l(y) dy = f F(r)G(l-j)K' 

V.\ JO X.1TI j ^ 


where 


2^ r 


F{s) G(l-r) 


■f + V + Jk + Fr-p/2 + 1\ + p 72 + 1 


/V - i + f \ Jk -l^s + ^ /2 1 \ „/ l + A'j-(^'/2 -f 1 


where 


= say, 

0 == (r - J) (1 + 
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from the asymptotic behaviour of J*(A + U) as i -» co . it follows that th- 
integral on the right of (4-3) converges if c < (1 - ji + /*')/(! + it -it'). 

_ Let “ T 4’ ” (X + l)//t + ^ < Jte(s) < ^ to ensure that the 

increasing and decreasing sequences of poles of 6(s) do not overlap then hv 
evaluating the r.h. integral of (4'3) by calculus of residues, we get * ’ ^ 


4) r,(Ar) 

V:A 

eo (-1)” r 
2k~ 2 


f\- It- jiv -f- I 


'‘=‘^n! r(v + « + ]) ri 


+ /-^V + li -]•- 1 




+ ^ z 


f4-‘ 


’) 




X+ 1 + 2h\ T'/i+l I (A+l+2n)u.'\ / \nllt 


n~r + 






_+ 1 _ (Xd~ l+2«)/*M 


where A = (v + 1) (1 + - p') - 1, A' = (x + 1) (1 + ^ _ ]. 

From (4-4) it follows that for small x. 

(4-5) ^ ® 

If we put it = it.' 0, A =, i, the second series on left of (4-4) vanishes, while 
the first gives ’ wunc 


{ "In'*’} 


*^1!. V ( - 1)” (xl2)^ri 
2’' „^nl r(f-j-w+l) = X Jvix). 


/t = H’ 

X = i 


Moreover it can be seen that ^(s) satisfies 
(4’7) cp(s) <jf>(l - j) = 1, 

which is a formal condition for ^(x) to play the role of a kernel of a transform 
so that if/(A:) and g{x) satisfy ’ 

(4'8) g(x) = ^'l,x(^y) fiy) d-y ; 

we expect that 

(4-9) f[x) = g{y) dy 

will also be satisfied. 

5. To establish the inver.don formula in (4 9) we shall use the theorv ot 
convergence in mean square sencc. tneory ot 
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(5-1) 


We have earlier shoWta thai 

^(1 + * i) = i 

Let if(*) stand for for brevity then we have shown in (4‘3) that the 

formula ^ 

(5-2) ^(Jt) = i i>{c + i t) t dt 

is valid for some c. But we have to extend this to the case when ff = |, before we 
can establish the relation of ^{x) with an jH-function. Let 


(5-3) ^i(«) = ^(») da 

then by formal integration of (5'2) we get on writing c = ^ 

( 5 ' 4 ) = f m±Sp\ x-i-itdt, 

T-^co J-T I ^ J 

where /. L m. denotes limit in the mean square sence. 

Since | </)(J 4" 0 I “ i 0/{i‘ ^ ® — <20 , co ). 

Further if /(;c) be any function e co ), the conditions of theorem 129 

[2, p, 221] are satisfied. 

Hence by the theorem 

(5-5) ^(x) = /(“)? 

defines almost everywhere a function s ^^(0, co) and the reciprocal formula 

(5-6) fix) = -^ gitt)-^ 

also holds good almost everywhere. 

The above transformations are expressed in terms of ^i{x) which may not 
necessarily be differentiable. In order to obtain the forms in (4 8), (4*9J we require 
two more conditions of theorem 132 [2, p, 227] over and above the conditions 
(5T)-(5’4)5 which cover the first condition of theorem 132. 


The other condition to be satisfied is that ipiix) is the integral of For 

this We observe that on Re{s) = {0(«y)/tl - -y)} (J - fso , J + ico). Hence 

the integral can be evaluated by mean square methods by enclosing the poles to 
the left by a large semi circle with Re^s) = ^ as the bounding diameter, and then 
the summing up of the residues at the poles gives the individual powers of ^ x) 
integrated between 0 to x. Since ^{x) is an entire function vide article 3 and (4*5) 
the term by term integration is justifiable and the value of this integral will be 
i^iix) which is thus an entire function. The third condition that should be 

bounded is therefore satisfied. 

Lastly if we assume that 

(5-7) fix) = i J; <j>iy) iy 
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where ^{y) e co), ail conditions of theorem 13? are satisfied so that 

(5-8) fix) = i>ixu) du i^iuy) f(y) dy 

holds for every positive x. 

6, We have thus established that plays the role of a kernel of a trans- 

form, We can now compare the r. h. sides of (1’3) and (4*3) to give anothe i 
representation for an //-function in the form 

(6*1) i/an (2’^'' xjb-i + cy, + c^s I H'“ 

- '‘Lw 


V A? 
]rj 




where bj >= v/2 + -J, 63 =-- A/2 - (i/4 -|- % == |/2 + + 'is <^2 = 

^1= jiy h = 1 "4“ 

If we apply ParsevaFs theorem [2, p. 52] in the form 
1 r/c+jco 

^ J Fis) G[s) »-s ds = <?(«)/(*/«) <^«/m 

with ^(k) == yvjyiu) and/(u) — H-^^fulb c s-, a - e s) 

where b = {\ -{^(2 + l)/2j c = f.i/2, a == (5 + i‘'/2 -h l)/2, e == p'/^j 

we get with the help of (1-3) and (4-3) another relation in the form 


(6-2) 


Jo + c J ; a - c s)yr^My) 


dy 


showing that and 2-^‘ 7/n (2-^* -|- c J j a - e i)/^; are Hankel transforms 

of each other of order v. 
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ABSTRACT 

In this paper thirty- eight confluent hypergeometric functions of three variables have been 
studied The confluent functions are the limiting cases of fourteen hypergeometric functions of 
three variables discovered by G. tiauricella and S. Saran. The relations discussed arc analogous 
to those discussed by P. Humbert for confluent fu notions of two variables. 

1. INTRODUCTION 

This paper is devoted to the study of certain new functions which may be 
regarded as liinitiag cases of the ‘hypergeometric functions of three variables’ 
discovered by Lauricella [i ; Chap. VII] and Saran [7]. The relation which 
the new functions bear to the Lauricella’s and Saran’s functions is, in fact, 
analogous to that which the confluent hypergeometric functions of two variables 
'll* § 2 ' 4*3 'll* "la* 3i ^2 [5] hear to Appell’s hypergeometric functions of two 
variables- These functions satisfy partial differential equations and can be 
expressed as definite integrals. 

There are fourteen hypergeometric functions of three variables. Four of 
these functions, i.e. Fa, Fb, Fc> Fd were discussed by Lauricella [1] who con- 
jectured the existence of ten other such fuuctions. Later on the Lauricella’s 
series of functions of three variables was completed by Saran [7] who intro- 
duced the ten functions Fe, Ff, Fg, Fk, Fm, Fn, Pp, PR, Ps and Fr. 

We use the usual notation : 

(o, n) S n (n-j- 1) .... (a-j-n — 2); (a,®) 1- 

2. FORMATION OF THE CONFLUENT HYPERGEOMETRIC SERIES 

The confluent hpyergeometric functions of three variables may be formed 
by confluence from Lauricella’s and Saran’s functions in the following way :~ 

In Lauricella’s function Fa {o, bi, b^, b^ ; c^, c^, Cg ; x, y, z), change z to zjb^ 
and let b^~^co. We thus obtain the first of our confluent functions ; 

^2 1 ^ 3 $ (Pt ^ 1 ) b^ ', Cg, e^, <3 j x,y, z) 

^ (a, m+n+p) {b^, m) {b^, rt) 

= (1. m) (1. «) (Lp) (^1* [Ca, «) (^3. «) 

A second function can be obtained from by changing y to yjbg, z to zlbg 
apd making b^-^ co, bs ->«> . 
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We thus obtain the function 


( 2 - 2 ) 


= z 


(fl, ; Cj, fg j X, y, z) 

(a, ffl +«+/>) (*1, m) 


:.n'7=0 «) «) 


jfWi jn 


A third new function can be derived from by changing a: to to 

yjb^, z to z/b^ and making b^-^co , , ^g-^co . We are thus led to the function 


(2-3) 


3^^^^ 3 ^a> *3 5 ■2) 

_ (a, m+n + p) 

~ (^> ">) (^* ») (!> '"f (‘■a- «) («8. 


xm y1l gP, 


Taking next the remaining thirteen functions of Lauricella and Saran, and 
applying to them a similar process, we obtain thirty-five more functions : 


(2-4) 


(2-5) 


( 2 - 6 ) 


(2*7) 


( 2 - 8 ) 


(2-9) 


a*i* ^ 2 > ^3> ^1> 5 ^ 

_ y fa. t») (flg. fai fa. (^3' ”) 

“ m,47=0 (>. «) (1. r,)iUp) («. «+«Ti>) 

s^* fa» ^a. ^3 5 ^1 3 ^ .J’l ‘®) 

_ f' fa.w) fa- ») fa. j>) (^1 3 vm«n,p 
m,^=0 (1> '”)(!>«) fa "*+"+/’) ^ 


^P. 


= E 


fa» "a. '^s ; X,y,z) 
fa. m) (ag, n) (ag. p) 


ytl 


(I3 m) (1, »0 (hi>) «Hr«+T) 

S’i’ (‘*1. ^1 j ^ 5 

_ y . ftfi. tn) (ag, n) _ ,p 

OT,.J^=0 fa (‘. n) (l,i>) {c> m-\-n-\-p) ^ 


= Z 


s^* (^11 ®2’ c '. X, y, z) 

(fli, »i) fa. n) (iij_fa (i’a. «) 


• a:»» jyw 


m,n'^=0 fa (I*/*) fa J»+Ti+p) 

3^ ("> *1’ b2lc;x,y, z) 

f' fa {bi, m) fa, n) 

~ m ,;^=0 (^3 fa ( 1 > ") O.fa fa »*+«+/>) 
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( 2 - 11 ) 

( 2 - 12 ) 

(2-13) 

(2-14) 

(2-15) 

(2-16) 

(2‘17) 

(2-18} 

(2-19) 


f' K, (^a- yn 

“ w.^=0 *") ") ”*) '■‘'a' «-» (%> P) 

8$ (%> ^1 j *1’ *1' ^aj J** 

_ y (fli, «+«+/>) '^1. w+jft) 

~~ m,^=0 (1* ») U, «} ('.;>) m) (fa, n-\-p} 

S$jr'^ (*^l» %> ^2 ! ''2> ^2 > 

_ y K w'+«+A) (^2' «) ^TO yn 

” tn.luP=0 (*• «) (^.«J ('>7’) (^1- "') ('^2. '2+i’) 


§ F (*i. K k ; Cl fa. «a ; 

y (^. ”»-l-.; ^ ) (^a> «) 

m,n'^=0 (1. ”*) (1. ") (l.J'’) («l. (‘^2. «+/') 

3^* ^F 1^1' ^li ^1> ^2> ^2 > J^. 

f' (hl3+P} xmynzl>. 

“ m,»'^=0 ( 1. «) (1. ”) (>. P) («l. w) («2> ”+>) 




(^a> «) 




w,»!7=o (1, ^) ( W (1; (^i> 

n't* ("1> *1> *2 ; ^2’ ^2 5 '^) 

y (ai, m+n+p) (b^, m) (b^, n) 

m.»'^=0 (^. '^O '0 (1. i>) ^«) (^a. «+P) 

8$ ^2' ^1 ^1 > *1’ ^a. *3 » T*. ^) 

(ai. ff») (flg, n+P) (^1. >^+A) 


cu 

= z 


rM«nr«rrn7K^. «) (^i- «) p) 

3$ (^2» ^2> ^1> ^1 5 ^1’ ^2’ ^3 > 

(<^2, n +p) (^1. ^+P) 

^ . / I m'k n 

m, 


OJ 

= Z 


s9 jif 


xm 4;P. 


[$ ly (^1> ^2» "^2’ ^2 5 *^2> 


ffli, m) (^3, n+p) jbi, m+p) _ 
"" m,^=0 »”) -?) ^‘1’ 
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( 2 - 21 ) 

( 2 - 22 ) 

(2-23) 

(2-24) 

(2-25) 

(2-26) 

(2-27i 

(2-28) 


V _ fa- xmynzP. 

3$ (^2' '^2> ^2 ’ 
y „ . (a^ , «+^ ) (^i v»»+/') icrnsn^p 

m.M=0 (^’ ( *• ") 0> P) ('^l* >^0 (''a' «+i>) 


S'! M '^a. -^2 ; «) 

_(?1>."2) (*1. '«+/’) 




n,rtp=-0 (1. «) (^ «) (<.^) (Ci. «) («2. f^+P) 

''a- «3. ^1. *1 j' ^i> f2> <^2 5* *> J. 

^ (ax, m) faa, n) (as, p) m-\-p) 
m1p=0 (1. (1. «) (1. #) ?«) (« 2 , n-\-p) ^ y ^ • 


= z 


3$ (^1) **2' ^1' ^2' ^1’ ^1' ^2' j yt •2) 

fflx’ ”) (^1' m-\-p) (b^. n) 


,^p=^Q (1’ *”) (1' «)TQ0 feTw) ('•2- «-i->) ■'’” 

3$ jv^ ('^a’ ^1’ ^at ^i> ^2' ^2> ^) 


= z 


(fljj. (^2» 


Xtltyll zP- 


,!^=q ”*) (*> (^2> 

3§ ('^l. «2- <^2 <^2! J. «:) 

{a,, m+p) (ffn, «) (bi, 7n+n) 

^ «.§'=o (I. '”)--(i.«) ('.i*)>i-^«) 

si* '^a’ ^2' ^l> *^2i ''2 5 '''■*) J*! z) 

_ y (M±|) i'^a!. «) J^a. /(). « 

“ in,«i^=0 ('.«*)('.«) (1. /*) ('^1. ^) (^2- «+/^) ■ 

3$ (a„ «!, /;i, ; Ci, c^ ; .v, j;, ^) 

y . .m ,n ,p 

" m,»^=0 0> '”) n, «) (l,/>) ('^1. »J) («a' «+/-») ^ " 

si* ("i> '''a- " 1 . * 1 . * 1 : ^ 1 ’ '^a. <^ 2 ; -v, :)*. z) 
y (Pi, OT+j>) (fl a. n) {bj_, m+ji) „ 


(2-29) 



(:^*30) 

(2-31) 

(2-32) 

(2-33) 

{2*34) 

(2-35) 

(2-36) 

(2-37) 

(2'38) 


/A\ 

3§ V («!, aj, di; Cl, c^; x,jy, z) 

y (fli' ^+p) (h< m+p) 

■ m,r1j=0 «) P) (^1. m) (<^2» ”+#) 

g*|> y (flj, flg, '^1^) 

V (^1. m) (^a, n+J) (^i, ffl) (6, a «) „„ „„ 

” m,(^=0 (1. "') (^5 ”) (i>^) (‘^1. w+«+j>) 

3*^ *^2' ^2> ^3) ^1> *1 y> Z) 

y (%■ >«) (^ 2 . ”+/>) (^a. ”) (^3. i> ) ,« .. 

»j,n,p=0 ®) (^> '0 (jl /*) (®i> 

3$ s ^ (^i> ^ai ^1 5 ''D ^i> ^1 > ^"i J^i •2) 

y (ax, m) (fla. «+/ > ) 

” m,^=0 (1’ ”*) Cl> «) (l.j*) (%. «+«+/>) 

3$ (^3) ^2> ^2’ ^3> ''!> ^1) ^15 J'l ■2) 

y (ag, K+j») (^a. ») (^3, p ) 

“ m.»I^=0 U> '") (*> '*) ?«+«+^) 

3$ (^21 ^i> ^i> ^1) J's cS) 

_ y (<»a, n +j’ ) (^ 2 ' n) 

“ ««.^=0 (1> »") (*» ”) (^> '”+«+P) 

I'i’ {Oi> ^2) <*2> ^1' ^1 > ‘'ll ‘'ll ^1 j •'■J^i ■3) 

^ (flx, m) (fla, n+j>) (o ^, w+j)) ^ ^ . 

~ m,6=0 '") (1> (‘. P) («i> m'+n+p) ■ ^ 

j(jp (fljj (jjji ^2' ‘'ll ‘'ll ‘'1’ y> ^) 

f' xmyn^O. 

~ m.i!7=0 (1. (!> «) P) w^+K+P) 


3^* (‘^•2’ ^1' ^1 > ‘'1> ‘'1’ ‘■I * -^’ 


= s 


(fla, B+j>) (^1, m+p) 
i^;^_0 (1, m) (1, n) (1, p) (.Ci, m +«+/>) 




Out of the thiry*eight functions which we have discussed above, only three 
have been mentioned previously. The function occurs in [3] as 3$ <^29 ^39 

c; x,y, z) and in 1 4 ; p. 445] as $a (^i, a^, a^, c\ x,y, z). The function occurs as 
3$/ in [8] and 3$ occurs as 4>2 in [4 ; p, 445]. 
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S. VAfeibUS EXPANSIONS OP THE FUNCTIONS Aisb 
RELATIONS BETWEEN THEM 


The thirty- eight confluent functions which we have defined by triple power 
series may also be represented by power series in x, y or by performing the 
process of confluence on the similar expansions given by Lauricella and Saran for 
the fourteen i^’-functions. 


We thus find : 


(3-1) 


(1) 

3 $£) {a, b^ic-, X, y, z) 


= y (g. »2) (^>1. m) m 

m=0 (b P*) (c, rti) ^ k ; r + vr,y, z) 

'P (a, . 

= "O 0 , n) (<, n) + «, ; c + n ; a-, z) 



i^yP) p 




Similar formulae can be written for the other confluent functions. 


r , shall next consider formulae derived from the definite integral expression.' 
for the F-functions, such as [1, p. 1 15] : 


(3-2) 


FA{a, Z>a, ; Cl, Cg, ; x,y, z) 


P{k) i(*a) 

X (1 ^ 

X (1 - ^ (1 ~ tp)*® ^ (1 - UX - (/m <][«) 


X 


We have 


(I -- ux- vjf ^ = ( - 2)*“^^ 1 

m,^=0 U.F) i O \ 2 / I' 2’ / • 


(1 - ux) _ (1 - vy) il - wz) 


2 


r 


So that 

{3-3) 


PA{a, bi, b^, b ^ ; c^, x, j, z) 

Il^21-“ r£rxLr(r2)_r(r3) _ . . . ^ 

j- (^i) P{k) H^s) 1-1^1“ ^i) ^a) ^ k) 

(a, OT -f n -\-p) 1 


^ m,$ = 0 ”) 2'" + « + P 


f uk-^ (l-uYi-k-i 
J 0 

X (l-ux)^” y vk~^ (l-!:))^a~^a~ ^ (1- £/_)>)« do x 
X 10^®“^ (l-wz)^ dz 
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V (a, OT + ” 1 . 

” m fl^=0 0> ”) (^>^) 2'"+"'*‘^ ^l! «i; *) ^ 

X aFi ( - n, b^ ; fg ; j) ^F^{-p, b^\c^-, e), 

a formula to which we can apply the process of confluence to obtain the following 
interesting expansions for the functions 3$^^, and : 


(3-4) 34>d)^ (a, ^1, ; «!, tj, ^3 ; x, y, z) 

V (a, m + ” ~h /*) 1 

= ( _ 2 ]-a (l.ffj) (l,n) {l,p) 2 '" + ” + ^ {- m, h; c^; x) X 

X aFi (-n, 6 s; Cai j) iF^ (-/>; 

(3'5) 6j ; ^3 j ^1 Jj ■3) 

^ ^ i ^ db ^ 

m.B^O 2"'+"+/' {-m>bi-,Cj^;x)x 

1-^1 ( "* ” > > J^) i^i( *“ j ^3 5 ^)‘ 

(3*6) 5 ^2: ^3 > '^) 


^ (fl, m + n + ^ }_ 

= (-2)“^ ^ j4^n (L w'i fL n) fL i}) om + i 


X 


^ i^i( “*“ ^ > ^1 > ^) i^i( ^ 5 ^a 5 j) i^i( ^ p i h i ^)* 


Again, since [5, p, 76] 

(3‘7) Fi(a, &i, b ^; c ; x , y ) 

.m (^» (^i> ?») (^ai rn) 


= S (-If 

m =0 


(1, m) (c - m) (c, m) -^a + ^> ^a + ^ J 


c- 62 + ^ ^9 y) 

^ (a, ?2) (i-i, fz) (Jft, m) 

„§ (- ')” (I, «)(^ -*.■»)(.,.) ->’• "•(“ + "’ ‘* + “•‘‘+ 

c+ n, t- 6i4-n;x,^), 

we obtain the formula : 


(3-8) 


Fcf^a* ^1' ^1* ^ 3 * ^3 ; ^i> ^ 4 ' ^3 5 ^3 P> ^) 


(^1, tn) (bi, m) 

,=0 (1* '") («!• 


x'” Fi(ai + m, 6a, 63 ; Cj, y, e) 


V (^1- w> ^1’ m y (-l)’'(^i + w. r) (6 a . Q (63. ^ 

m=0 (1. «) ("1’ ^ U.r) (ea-62, r)(ca. r) ^ 


X Fa(ai 4 - m + r, 63 + r, 63 + r ; + f, <a~ 63 + >" ijv, s) 


V ( - I)’'(<^i. 0 (6 33 r) (63, r) 
r^O (1.0(^a. »■)(«»- *2’ 0 


Fi(fli + ^3 ^i> + ’■> ^3 + ^ ! 

fi, «a + »■» <a-^a + ^i^> ^)- 
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t'rom this result we obtain by confluence i 
(3*9) %> ^2’ *’ 

V (-1)^ K ^) (^^2. 0 ^ 

f=:0 ^) (^a> ^) (^2 " ^25 ^) 

+ &1, ^2 + ^ 5 ^19 ^2 + ^ ^2“' ^2 + ^ 

(3*10) %» ^a 3 ^x> ^a’ ^2 *’ ^>y> ^) 

V (- 1)^^ i ^v r) r) 

“r^ (i. >-)(^a.»')(''2-^2.’')^ ^ 

j(|)<2)yl(aj ^ ]r^ (7g _|- Cjj — ^2 ”1“ ^ ■s) 

(3-1 1) 3<i>^^^^‘(*a ; ^1> '"a- “^a ; :)>» «) 

{-’ l/{*a. O'i’’ 

- ,§ ,F> + r X 

• X O'^l (^2 + ^ j 0^1 (^2 ” ^2 ^ ’ '^) ■ 

Next, using (3-7), we have 
(3-12) Ff(«i, «i, fli, ^1. ^a- *1 ; '^ii '^2» <^2 ; *. ^) 

(ai,jn) (i>i, m) 
u 
m= 


V (^ 1 ’ m r 7 / , 7 7 , ^ 

bJ^O (^> ”’) (^ 1> 


(<7l, «' (ii, ot) 


..»I 


( - !)»' («! -1- m. r) (^2, ?•) (^x ±3 »:) 


X 


J^O (^1’ '”) "" r" 0. '') (««. >■) ('^2- h^ r) 

X Fg ((7i 4 - m + r, ^2 + »■> ^1 + ”2 + »■; «a + ^ ^a + ^ 5 J*"* ^) 

V ( ~ (<^i» 0 0 (^2 1 O 

“r^ a, »-)(Ca, r)(«a-6a. 0 ^ ^ 

X Fe{oi H"*"* "i" '"j ^1 ” 1 " ^> ^2 "t" *'» ^1 H~ >' >’ ^ii ^a "i" ^a “ ^a ^ 

From this we obtain by confluence : 

(3-13) ^»a. hi «i» ‘^a* '’a I J’> ^) 

== rS (b 0 |f2^oTl-*L'r) ; «1, «a ~ *2 -I- 2) 

X iT^i (^a "i" ^ > ^2 "H *” j y)’ 

The formula (3T0) can also be obtained from (3-12). 

Again it can be easily shown that 
(3-14) FsK flg, />!, 62; 

- Jo +»..». + -»-"»+- »> 

X 2^i(^ 2 "f" 62 ; c + ffj ;j)’)* 
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(3-15) 


Using (3*14), we get 

^2’ ®2J ^2 » 

(aj. jk) (ii, »i) 

m=0 « 3 . 6z,6i + m; Cii -.j, z) 

_ V (^ 1’ (^1' ^ rn V (- il’’ (g 2 < >') (^ 2 ' 0 

tn~0 (^1’ ^) r=0 (^) ^) (^2> *')('^ 2 “® 3 J ?■) "^ ^ 

^ 2^l(^2 Hh fj ^2 “H f 5 i2 ~ + >■ J J^) 2 Fi(< 22 “t“ tj -J- fn\ t2~\- f \ ^ 

_ f (- !)■■ {a,, r) (a,. ,) (ta. r) 

(^ ^) (^2' 0 (^2~ ^3> ^3 + ^ J ^2 + ^ 5 2 ) 

^ 2^1 (^2 "1" ^1 ^2 “f" ^ > ^2 “h ^ > JV)* 


From this we obtain by confluence 
(3*16) ^2' ^3> ^1* ^1 5 ^) 

^ ( - 1 )^ (^2, r) (nq, r) 

“ ,S ''■<‘‘- »*.“= + M n «. «) 

X 1^1 K+ »’;«2- «3 + »';;'). 

(3‘17) (^2‘ ^3’ ^a> ^1’ ^1’ ^2i *2 ) ^jJVi ^) 

= r] ^(4 - ^ 5 ^1 ’ + ?•; a;, «) X 

X 2^1 (a^-i- r.i2 + r;c2-^3 + >';j>)- 
(3'18) (^3» ^1' ^2> ^1 ’ ^1’ ^2' ^2 > ^) 

= ,1 + — + — > 

^ 1-^1 (^2 + ^ 5 ^2 ~ <^3 4" ^ 5 j)* 

Similar relations can be given for other confluent functions. 


It can be easily shown that an important relation exists between and 

and that, in fact, they also reduce to each other. Starting with the known 
result [2 ; formula ^63)]. 

(3*19) $i(a, b;c; x.ji) = ev c^a,b\c\x, -y). 

We obtain the formula : 


(3*20) 


3(|jti)i) {a, b^, h2\c\x,y, z) 

V (^s ^) (^i» 

== (1, m) (c. in) *-» §1 (<» + m, *2 ; < + m ; s) 
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^ (a, m) (ij, m) 


172 = 


CO 


1 (a + m, ^ - fl, 62 ; c + m ; jy, - e) 

^ ^ (a, m + n) {c - a, p) {b^, m) (b^, n) 

~ " m,^=0 (1* f") (i> ”) (•. J!’) m + n ~\- p) ^ ~ ) 

== ez (a, a, c-a, b^\c-,x,y,- £)■ 

When a: = 0, (3-20) reduces to a form identical to (3-19). 

When a: == jp = O5 (3‘20) reduces to 
(3*2 1) j (fl 5 c j it) = €Z — (2 ; j — it), 

which is Kumraer’s first theorem. 


4. DIFFERENTIAL EQUATIONS SATISFIED BY THE FUNCTIONS 

The thirty-eight confluent functions satisfy partial differential equations of 
rather simple forms, which it is easy to obtain, by confluence from the systems of 
equations found by Lauricella[6] and Saran[9] for the F-functions. 


Thus we find that the systems for the function is 

9^“ *■ ( 


0®£O 

^ dyZx ^ dZdx 


j + ['■'i “ ( 


dw 

a + 4- 1) X] 


dw , dw 


)W\ 

Tzj' 

(4-1) y{\ - j) gj,2 “ p ^20^ + * 0J.^ j + ^2 - (« + i!'a + *) J'l 3/ 

! dw . dw\ 


ab^w = 0, 


0^M/ 

? ^2 4 (Cs ' 


X 2“' / 

ds ^ ( 

and similarly for other functions 


0.:^ ^ dy 


)-a 


w 


dz 

0, 


^2 to = 0, 


The system (4T) is of the type 

d^w 
dx^ 


d^w d’^w dhv dw ^ dw dw- 

0x9y + g7 + --■ -I- 


— p 4- p 

0j“ ^^dydz'^ '^dzdx 


d)’ 


'0^ 


-u p ^ JL P 0’^'^ p D S*:" , n dw , „ 

+ Pa 4 / a :r.; + *®6 4 /?6 gj 4 1^7 w 


dxdy 

d^w 


dx 


+ y„ + y. 

02® ‘ ^ 0702 ^ 020* “ 0*07 


I ,, dw dw , dw , 


of which a general theory has been given by Lauricella[6]. 

We may observe that the system satisfied by the function 
^>1, 02 ; Cs ; z) 
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1 - <^11 *1 + 1 - ; 2 - Cg, ^3 ; X, y, z), 

y 8'|>^^).il(a + 1 - ffg, bj^, 6(1+ I - ^2 ; 2 - ^2, Cj ; jt, y, z), 

Z^-^s 3$(i)^(a 4 - 1 - C3, bj,, 62, Cl, Cg, 2 -c^ix,y, z), 

x^-‘^i y t -^2 3<i<0^(a + 2 - Cl - Ca, 4 1 - Cl, *2 + I _ C 2 ; 2 - Cl, 

2-fss, Cg; :f,j);, 2) 

^1 Cj ^1 '^3 g,|(i)^(a 4 2-C3- Cg, 61, fcj-f 1 -Cg; Cl, 2 -Cj, 2-C3; 

z *3 X + 2 - Cg - Cl 4 i 4 1 - Cj, 62 ; 2 - Cl, C3, 2 - Cg ; 

y, z) 


yl-H 2l-<3 2$a)4(a 4 3 - Cl - Cg- Cg, ii 4 1 - Cl, ^2 4 1 - ; 

2 — Cl, 2 - Cg, 2 - Cg ; x, y, z). 

Similar results may be obtained for the functions g$(‘)^ and g$<*U, so that 
the general solutions of the three 3<|cl systems can easily be expressed in terms of 
the functions themselves. 

5 . SOME SPECIAL PROPERTIES OF THE CONFLUENT FUNCTIONS 

We shall now consider a few formulae illustrative of the properties of the 
confluent hypergeometric functions of three variables. 

The function gfW/) admits recurrence formulae analogous to the formulae 
for $1 given by HumbertfSJ. Thus 

(5-1) ^ 3$Wi3(a41.*i + 1, h\c-,x,y,z) 

c 

4 ^ 4 i> ^1, ^2 + 1 ; ; X , y , 4 

4 — 4 “ ^2 ’ ^ j 

c 

=5 -j- ^2 > ^ JVj Z) — <2, ^2 > 5 ^)' 

(5 ‘2) 4“ f > ^2 > ^ yt 

= fii, 62 ; C ; at, y, z] 4 “7 4 1 . + 1 » *2 ; ^ + 1 ; 
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(5-3) 


+ 1, + 1 ; e ; x,jp, 

= 3<|<i)j3(a, *1, b 2 ;c;x,jp, z) 

+ ~ + I, 6i + 1, ^2 ; -f- 1 ; x,j>, z) 

+ ^ + h i'v ^2 -h 1 ; e + 1 ; x,j>, z) 

+ ^(7'+n]i + 2, *1 + 1, ig + 1 ; t 4- 2 ; x,j>, z), etc. 

The relations : 

^ l>i, bz]c-,x,y, z'^ 

~ 3$<’^£»(<j + 1, + I, ig ; c + 1 ; a;,j(<. 2) 


c 


(5-5) 


g2 

h> bi,\C]x,y, z) 

o(o “*f-^ 1 ) 

' <74- 1) ^ 0^ + 2, 4 1, ig 4 1 ; C + 2 ; x,j, z), etc.. 


fun^tion^itseK*^^^*'^^'^*'^^^ expressible in terms of the 

Similar formulae can be obtained for other functions. 

Again, a simple definite integral representation for is; 


X 


^1, l>2-,c; x,y, z) = Yv-v^S- 

r(a} r(^_«) 

^ Jn (‘ - (1 - uy)-h du, 

where Re{c) > Re{a) > 0. 

roulti^finTegt/replLra^ tt‘ ?““ber.r5]. Similarly, 

from the corrlspondi^g rLulirfor [he F functions can be derived 

^3l^y> ^) is particularly interesting as its' property’s affo[d*rdyerV‘^^*^^^“r’ 
of the one-variable confluent functinn Thto r? J anord a direct generalisation 

substituting for afW^ the function Mt ^ f exhibited more clearly by 

s 3H ^ tne function Mk.^,^,,y(x, y, z) defined by HumbcrtfH as • 

(=•’) Mt.AV.v C*.JV, z) 

= ,.-1-5 1 2.-H, 2,-,-,. + 

= + + (,4(*+J’ + «) ^ ( A4f4i' - ^_+iT^l4-”4/*) ,;P 

«.-.,/.=0 (*.«») (I, n) {{,}) .2ATiTt^T274lf7«T{^4X7) 

f 406 3 



This function reduces to the Whittaker function ^{x) on putting 
andjv= 0, ^ = 0 provided thatjv/{2F+ 1) 0, zl[2v + 1) 0. 

Many recurrence formulae can be written for the M-function. We shall 
only give the following as an example i 

A? — M 4- Jj+t M 

2\+l X+ J, {t.v • 

We also get results analogous to the expansion for 
Thus 

(^■9) ^kxi^,v ' w4t2x+1,^^) ' ^k-X-m-h M,.V (■’'> 


= rvl^ 


y ^ 1 , (at. z ) 


m-0 

oo 


e-«/2 y ^m+v+l (A4-/*+V-A+§.J») 

* ^ ^ (1, 772) (2r+l, m) ^ A,it ' 


m=0 


U+f*+^’ - ^+f. 

(l.m)(l,n)(l,i7)2«+»»+P 


By transforming the formula (3'6), we get 

(5-m 

X A/w+X+i»X (j^) ^2^+V+i>V ('^)' 

Now it is known that[5]. 

(5-11) (X) = (- ir (1. «) r(2X+l) ^2x 


X 


where T^X W ^ polynomial of degree m considered by Sonine[5]. Hence (5-10) 
can be written as 

(5-12) {x,y,z) 

== (_2)it-A-l^-v-| ;,A+ 4 /+i^v+^^ ,-\{x+y^-z) r( 2 x+l) T(2|r4-1) r( 2 v+l) x 

X S ( - 1)’”+”+-^ (A+f*+l'-*+|) (s). 

m,n,p=0 
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ABSTRACT 


In this paper the author has proved several theorems on sclf-reciprocal functions, the 

Vj, V2 j • • • a 

kernels being . . . . . . . , 

A typical theorem is : 


Let/(<) = ^(.p),g{l) % 4>(.P) belhe 3 


, Vm, 


V(x) tranrform ol 

V^. Va, . . . j Vffj ^1’ Fa» • * • » 1 

Then <^(j)shall be the® v-i l(^) transform of a;^ - ; pro- 

vidcd/^0 and ^(0 are continuous and absolutely intcgrable in (0,co) and conversely. 




INTRODUCTION 

Let i>{p)—p j* e~^^f{t) dt. (O'l) 

R{p) > 0. Then we say that p (p) is operationally related to /(t) and symbo- 
lically we write >p(p) ^J{t) or / (t) — p{p) (0‘2) 

Goldstein [3] has proved that if/t0=^= '!'(p) (/>)> 

then 

provided the necessary changes in the orders of integrations are permissible and 
the integrals converge. 

Also “if/(0 is a continuous function satisfying (O-I), then it is the only con- 
tinuous function doing so”. This theoiem is due to Lerch [4]. 

Watson [8] has defined a fourier kernel 

1“ ;p(o jv(Wo ^ 

Bhatnagar^ 11] has further generalised the above kernel as 

• * • hi ^ • • • • l^u) ^ I (^*5) 
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( 0 * 6 ) 


Adainra, [5j has defined the kernfcl 


^lt>v(xj>) Jx.(j) y fdy, Re{f^, A) > 


and has established that co^ (x) is a fourier kernel. 


X 

u 


Mainra has further extended this kernel to m + n parameters and the gene- 
ralised kernel is defined as 


13 

• \m 

(A) = 

= r 

Ml,. . 

• Iht 

J 0 Ml, 

A-H • • ' 

• Am) 

> - 

'J, n> m. 

* • 

* Am 

(») 

-0 t/'+i 

Fa 

. . . /^ 

‘n 





«- 1 


U) vydy 


(0-7) 


and 


= 0 (a- 2n ) for large x. 


If /(*)= f {xy)f(y)dy, (0-8) 

Jo 

we say that the function f{x) is self-reciprocal in this generalised transform. We 
shall denote such functions as 

Mainra proved the theorem : [5J 

Let f(x) = ii (p) (l-l) 

Then p-^j^ ^0- I ^ ^ ^0 (1.2) 

provided that and ^ ^6(0 are continuous and absolutely integrable in 

(0,co), the conditions being needed for changing the order of integrations. 


Let 

/i(a) = a^ t 0 "Vv (^/«) /{«) di 

(1-3) 

and 

hmmdt. 

(1*4) 

so that 




On putting 6 = 0 ^, v = .^./(a) =f^{x) and ii[p) = ^^{p) in (1-2) we have 

^00 

^ N 1 (0 hxitjp) atr^x^^ j JyJ^xjt) i - ^.1 - 1 /j(<) dt. ( 1*5) 

Substituting for/i(f) and ^^{t) from (1-3) and (14) in (1-5) we have 

J.” '"* ' 'Mm ‘ ^ ‘ 1* {«) *(«/!) * 

/. AiWO i® - ‘ J" yw (i/.) i 

^(01-+ vj - R{v - 0 j^+ 0 ) > _ «, > - 1. 
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Changing the order of integrations which is permissible under the above 
conditions of/W and ^(/), we have 

^ ~ Jo ‘ ^ Jo hi{ilp)h[ult) 

^ du r’® , dt 

r= J ^ / («) J ^ /vi (*/0/v(</«) 

Taking 0 we have 

^ Jo ~ ^ ^ Jo ^ Jo ^ 

r” di 

Jo ^ 

By the definition of the function c5|£»v W* we have 
00 P'^ 

j u^i~i i> («) av, n («//>) du == ^ f{u)u~ - Sy.vi (*/«) <<« 

/•oo 

Let ip) = ' uh-i^ (u) By>vi(iilp) du 

J 0 

and f^{x) = x9i-i f (u)u-S-i Bv,vi(xlu) du, (1-7) 

so tha.t /aW % i’t (p)' 

On writing UP) for m,Mf) for/(0 and 0^ for 0^. for in (1-5) we have 
(under similar conditions of validity) 

p - (92 J” -1 jy^Hip) dt = /a{t) ;V4 WO 

Substituting the value of ip) and A(0 from (1-6) and (1-7) in (1-8) we have 

^00 

p-Os, J” Jy^{t/p) A - - a d/ j Hu) ®v.vi («/0 du 

r" dt r* da 

:= /a J ^ /va (*/0 J 0 

Changing the order of integrations on both sides we have 

p-h J u^i “ § <l!{u) du J “ i/va (0^) ®v>vi (“/O di 

# J“ / („) J av, vr {tju) /va WO ^ ‘f<- 




Xw 


*In all the cases viz* ® * ^ W ^r, h 

Pi, P 2 i • • • hi 

r and m < iJ. 

i H] I 


. . fl, 5 = 1, rn): 



On taking and using the definitions of Sv,vt»va W we have, 

u ^2 - 1 ^(«) s,.,vi,va (u/p) i J /(a) av.n.va (*/«) (1'9) 

On taking 0^ - ^ — ?i and after slight modification, we have 

f oo du ^ du 

, (.//.)»««) (.w «-#J,/w(-Trj % I*. 

Proceeding on the same lines we have : 

Let f{x) === i}{p) ; then 


r" <fu du 

J ^ («//>)'* V'(“) D = J „ /(«) (*/")” ®]/.„ Fa, . . . (1-10) 


Again let us denote it as f^(x)= ^i{p) (I’ll) 

Mainra proved that if/i(A?) = 

Then ^ fi{x) Jh (x/y) ^ p'^ ^ f ^ (p/x) ^ ~ ^ dx. (1*12) 

On substituting the values of fi{x) and fT^{p) from (Ml) in (1;12) we have 
Jo ^Ai j 0 “ ssFi,F'a. • • • F„ (x/u) a a 


i>(u) 8SFj..Fa. • • • “« («/k) du. 


Changing the order of integrations on both sides, we have 

fo ^ Jo" -"«+T 






The change of the order of integrations are permissible under the above cor.di- 
tions. On putting n = f'i + -f) we have 




'i+i 


Let us put 

/sW = / U~^ /(«) ^ _ _ ^^Jylu) du. 


iP) m ^ (u/p) du 


(1-13) 


(I- 14) 
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On putting Xx == =/a(j) ^i(jv) ■“ ^ 2 ^y) in* (1*12), we have 

I” /»(a:)4^ (*/^) ‘ ‘ 

Substituting the values oi f^{x) and from (1*13) and (1'14) in (1*12) we have 

/'® J" J^^i^cjy) J” f{u) ajl;, . . . (^/ «) 

^ Jo • • • l^n 

/i(Xa + i^'i - F'a) > -I. and R{l^\ - h'l) > 0. 

On changing the order of integrations on both the sides which is permis- 
sible if « - /*'i~ 2/(u) and «/*'i + i i>{u) are continuous and absolutely integrablc in 
(0,co ) ; we have 




^'i-F'2+^ 


dx 


>1. • • ■ h, 


(lilx) iplx) / ^ ^ ^di 


On taking i>-\ — |»'a> we have 




(*'a +2 


Ai, A2 

'^i") 


and proceeding on the same lines we can prove that 

/** t “ ^ > , , , ^772 

J „ “ ^ “ 5 /(«) ■_ ■ ■ (ylu) du 

Jo f*ai • • • 

On putting !«■'„ + f == 5 we have 

Jo /*•!. • • • l^li Jo el' 

provided ^-^-^/(u) and «(94 if'(w) are continuous and absolutely integrate in ( 0 , co). 

Let g(y) - y J" ‘ (yl^) /(«) 

<^(/,) = y-J J" 


and 

so that £(*) = HP)- 
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Mitra and Bose[6J proved that if g{x) = ^{p [6]. 

Then (under certain conditions) viz>, g{y) and <j){y) are continuous and 
absolutely integrable in (0, co ) and R( V) > - 1, 




hm g(y) ~v <k. 


Substituting the values of and c/)(4 from (1*16) and (1T7), we have 
I Ivitz) zy ^ dZ \ ^ " t(U) 5L 

••• l^n 


/o Jo “ ^ ~ 

r jy+i(pz)z''- dz r u 

Jo t/ 0 

i?(2v - - 2, and R{0 - v) > - 4, 


' y(“)®,, ,, iuls)du 

Ihy * • • H'//. 


On taking ^ — r + -i- and changing the order of integrations on both the 
sides which is permissible under the above condition'' ; we have 

y _ ^ f ® -2 r 1 1 

^ L “ ■' ■ '• tr.wi ■ ‘ <"’+'< ”> i 


(M8) 


All • * • Am 

Let ^ S{^/i) be the 55 {x) transform of f* ■" 

et g(t) = Then we have 

<f}(p) = P^ ^ f is (px) (x) dx ; 

J 0 lh> • • * ^/nV+l 

^ (a;) transform of i^ip)- 

^ny V4-1 


^pi-v r y^-i i>:y) a '■'" (jij;) rfj-. 

J 0 V-M 


which shows that p'^ “ ^ (/>(/)) is the a 


Thus we state the theore 


m as 


T heorem 1 . Let j (0 == {p), g{t) = ^(;.) and - I ^(1 /x) be the as ‘ 

^x» • • • 

{x) transform of /(I//). Then p''-i <j> {p) will be the (a:) trans- 

form of ^{p) provided that the integrals for the transforms exist viZi if/(0 
g{t) be continuous and absolutely integrable in (0,co). 


I m J 



Conversely we state the theorem as follows i 

Theorem 2. Let j{t) = ^{p)i g\t) = ^{p) and let p^“^ p{p) be the (5 

Xm> V 


^ 1 . 




(x) transform of ^{P)* Then he the a (a:), (m4-l<n) 

transform of ^^''^ /(l/O provided /(<) and be continuous and absolutely 
integrablc in (0,co ). 

2. Further let us suppose that is R . Then from (T18) 

we have 


J” 


An • . • \m 
“/"!••• i^n, T+l 


. JM , 

T+i 


But^(i) = ^(/)) then we have 

Ai> • * • \m 


pv - i = r a ipy) rp {y)y - i dy, 


which shows that ^ ^ p{x) is 


Ax> • • • Am 


Hence we state the theorems. 


Theorem 3. Let /(at) ==: and let ^ /(l/^) he R J*"’ ’ • Then 

^(a;) will be jR provided and are continuous and 

absolutely integrable in (0, od). 


Theorem 4. Let /(a;) = p(p) and let ^(a;) be i? 


Au * • • Am 


Then a;^ * ^/(lA) he R provided that f{t) and ^(0 are 

/*!» • • • 

continuous and absolutely integrable in (0, co). 


• Am>^ 


^1, 




(m + 1 < n). 


3. From (IT8) we have, if /^(a) = then 
Aj4 • * • A?j2,v 






Let /(*) = ^(p) ; Then wc have = { - 1)™/. (p)]. [2J 

Let/i(^) =y^ijiy) and pj_{p) = ( - l)«p ^[i?/ (p)] (3*2) 

On substituting the values oi fi{t) and from (3-2) in (3’1), we have 

- i J" J /(!/,! ■ ■ ■^“ 'wo <!» 

^ . jj w- *c - D* » wj = i;; : ; ; 
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Let g(l/i) be thes^*’ ’ * ’ ^**’^ (a;) transform /(l/j>) and let g{t) ^ 

Fli •••!*;■ 


<l>{p) ; then we have 


pv~i Wy)) " (py) dy 

which shows that »/> (x) will be the cS^^’ transform of i 

Hence we stale the theorem as 

Theorem 5. Let /(a:) = 0(/>) and gix)^ ^{p) and let x^ - ^ be the 

Au • • |.j.2jnsform of y'““^^~‘^V(l/y)- Then cj[» (x) will be 


Ai^j • • • Awi 


55 *■’ „** (a;) transform of (- l)»y''’'^ WWl provided that fr/\ 

Mij . . ■ rnd'+i ' ' 

dn 

and^^'+i [^(y)] are continuous and absolutely integrable in (0,co ). 

4. From (1*18), we have if /^(x) == then 


**' " '^'/i 0/x) ^ (^/O dx ^ 

0 • • • * u 


^00 

" J 0 ~ “ 

A 00 

//'-'’I h{y)y^~^ 

J o 


Ai, . . . Xm 

u .. ^py)<^y 

i^x» • • ’ 


Let J{x) := p{p) ; then 7(0) = 0. [2] 

Let flit) == -J-r/(<)] and =-- f(p) ; then/j (1//) == - /^ 

On substituting these values of jx{^) [p] we have 


-S I «V+3 ^-[J(l/^)] ^ (x/t) dx 


f '® A, A , 

® a' a ' Hx) dx. 

o /^/pV+1 
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V ^ Xi) • • f ^Ttl 1 ■ 

Let* ,i(*) be the as (*) transform of* ^(x) and let 

^ ‘ • ^;p V+1 ^ 

git) %: ^(/i) ; then we have 


- Vg(t) = f /+t ^W/x)] <3^^’ ' * ■ (*/0 dx 

Jo 


which shows that - giMx) is the ‘ (*) transform of ^[/(l/*)]. 

f*!, • • • f*,j 

Hence we state the theorem as follows : 


'■niyv 


TfitoremS. Let /(*) = ^(/>) and g(*) = and let x''-i <j>{x) be the 
as (^x) transform of Then-*^"^ ii^/x) will be the 

/*i, • ■ • A‘n» v+i ^ 

as (*) transform of x^'^^j—lf^l/x)], when /(O) =0, provided t’'+^ i<(t)-an6 

+ d 

t ^ [/(VO] continuous and absolutely integrable in (0, co). 


5. Again we have from (1'18) : 

Let /(*) = i>{p) I then 

00 A ^ ^ ^ A^ y 

fV - i r ^ a' ' u. ’ (*/^) 

Jo ^t» • • • I^n 

f 3 ^’ (/>*)«’'- 1 (i* (5-1) 

Jo ^1) . . • r«j >'+1 


Let/)V-i be the a 




(aj) transiorm of ^ 


Then we have 

= r {xjt)J {].lx)x'’-i dx t5’2) 

' Jo Pi> • • • 

Let ^ (/>) where g(i) is continuous and absolutely integrable io 

(Oj CO ) ; then 


00 

^ (!//•) =vTr 

J 0 


p(x) 

^[]i {iV-xt)\ dx [2J 


(5-3) 


I ^17 J 



i4ence from (5'2) and (5‘3) we have 


* /o "" ^'''‘ /o ^ ^ ^ Uii^Vxt )] 


dx 


provided both the sides are continuous functions of t, which shows that the 




^m,v 


as ■ ^ (x) transform (m+l</^) ofj^^ ^ fi^h) 

^ii • • • 


/ OQ 

^ g{t)t-^ J^{2Vtlxldx. 


Hence we state the theorem as : 


Theorem 7» Let /(a:) ==== ^(j)) and g{x) = ^{p) and let be the 

'\, • • . V 

a (a?) transform of « tplx). Then the a (x) transform 

• • • /^n 


p 1 

of ^ /( Wj) will be ~ ^ I g{l) y^Y" (2/ </a;) dx provided ^{t) and 

J 0 

f{t) are continuous and absolutely integrable in (0, co). 


6. Again from (1T8) we have 
A 


1/ 1 f °° 1’ • • * , dx 


ii{x) dx. 


(61) 


« « • ^ tn ^ 1 

Let X g{x) be the a ’ (a:) transform of a* "" ^ /(1/a). 

Ml, . * . 

Then we have 

«( 1 /O ® , (i>K) Hx) dx 

Jo Ml, . . . i^/pV+l 


(6-2) 


Let g {t)= <h(j>) where g(t) and ^(1//) are continuous and absolutely integr- 
able in (0,co ). 

^00 

Then g(l /<) = V > ^ Jxi^yJTp) <I> (*) dx, [2j : (6*^) 

J 0 

From (6*2) and (6*3) we have 

/ « ® A A 

X ^ Jl[(2 V-*^) J dx P “ V C (J 5 * (^p^\ ^ i (jf( ; 

0 J 0 • • • M;t,r+1 
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which shows that the jS 


'-m 


(x) transform of ^ ^{t) will be 


Hence we state the theorem as follows. 

Theorem Q, hti f(x) = ^(/)) and g{x) = ^{p) and let g{x) be the 


^my 




a> (a?) transform of /(I/a:). Then the ai (a;) transform 

Ml) . . . rn /^D • * • 

of will be 

r r^<AWA( 2 Vii) dt 

J 0 

provided /(t) and ^(/) are continuous and absolutely integrable in ( 0 , oo ). 
Examples. 

1 . Let X ^ ^(a;) V x {V a?' jK’p - 5 (V 
which is [ 7 ]. 

On taking v = - J, we have 

^(^)=pf (Vjf) -K'/i-} ^v^)- 


Then/(i) = ^ (y) 

Therefore ' i/H/t) = ^ i ’•+% ^ ^ ^ (/), 

or. . Wi,^it) 

Hence from theorem 4 , we have is 72 ^’^ 

^ ti, /* + !, - P, I - M. 

2. Let / ■ 4 ^(x) = x^^’i F2vi (*) V which is 

^ 2i’i, 2vi+l 

- I. i.4ri - i, 4vi+i2v, - J, 2vi+H73. 
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Taking v = - A we have, ^ 3^ 

'Then/(<) = ^- i ^ >^rj,rj(VO 

or 1 /(I/O = ^-3.^ 

Hence from theorem 4. we have is ^ 4vt4i!|+|,2vi+J,2vi-| 
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SOME PROPERTIES OF AND ITS APPLICATIONS 

By 

G. K. GOYAL 

Department of Mathematics, University of Rajasthan, Jaipur 
[Received on 25th October, 1966J 


ABS f RAGT 

In this note certain properties of the Fourier kcrnal <3 W given and^ some. integrals 
involving c5p yW have been evaluated which are used in the next section for obtaining the sums 

of a few infinite series. 

Recently the function 55ix,v (^) been studied by K. P. Bhatnagar,^ V. P. 
Mainra and B. Singh regarding its properties and evaluation of some infinite 
series. This paper deals with a general study of some more properties of 3p,v(^) 
(given in section 2) from which many results given by B. Singh can be derived as 
particular cases. In section 3 a list of integrals involving is giveri which 

are used in section 4 in deducing a few more expansions lor G-iunction and 
Bessel function Jy{x)^ 

1, The Fourier kernal as^,vW which was suggested by Watson in 1931, has 
been defined by the integral equation 

__ r® 

(l-l) Sh,v(a:) = v* Jv(xjt)Ju{i) t 

2. The following properties of will be established here 

(2T) F W+(i'+‘^) +4,v W" • 

T *2 ’ 2 ’ 2 

where x > 0, R(v + ^) > 0, R(f + I) > 0- 


y_* 

= 4 


2 0/x 
0 4 U 


2 

16 


(2-2) -1 ■ 

V* r 20/x“ V Fi_F.v\ 2 0/_^|_v 

’ y’2’ 2’ 2j“^04\ isl 2 2 2 2/j 

.1 T\-^ A D/.. I 3\'^A 


= 4 I 

where x > 0, iJ(v + i) > + S) > 

(2-3) tso V (^) + ^ ^ ^ ®2,v C») + 2 cos 4 ^ 34^,, (x) + - 

f sin’' .^> r( - ^) 

j ~rz7~. t ¥-ir . nv 


= V' 


r 7,i s\a^ -P n -l) p I 1+v xasin^^V 

li^-HTcv+T) (^'+1. 1+y ’ — ’ -ir-j 

1 / ^ V Cl a 2 A\ \ 


+ V 0^3 ^2 j ^ 


V 1 I V . sin^ ^ 

T ^^2' 16““ 


)l 
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(2-4) 


(2-6) 


(2-7) 


(2-5) 


®0,v - 2 cos 2 <j) a2,v W + ^ cos 4 ^ (a:) - 

f cos’' ^ r( - §) / T 1-t-V . 5(2 Cos® 4’ \ 

j^T+rffiq:;) r(i^vj of’3(’'+i.i+2 ’ 2 ’“ig j 

1 / V 1 r cos^ <l> \') 

+ - .P.(i.l-2 ’'+2’ 16-)} 

2 sin ^ (a?) + 2sin 3</> cSg^^, (x) -|- 2 sin 5</> cs^ y(x) -j — 

_ /, , ,, 1 +’’ , 1 + sin® f\,x sin , 

“ 14’'+^ r(i+|) 1X1+’’) ( ■' ’ 2 ^2’ 

/3 3 - V 3 + v .A:®sin®c/,\-j 

A(2’-2 -5 16-j| 

2 cos V‘ 55 1 («) - 2 COS 3 </) (i;) + 2 cos 5 </> ,, (a;) - 

„r/,, I , * + '\ l-l-’’ cos® (/2 \ I ;¥ cos 


</> 


= vv 


/3 


^ ^ ^ *4” cos^ ^\'] 


55;t^v(*)+(^+2) >+2,v W-l- 2 ^^^^ "u,^ 


2 2 ' 16' 
1-4, V + " 


~\^/ r(/i+i) r(i+/i+2:y 

where * > 0, R(it. + f ) >0, R{l* - v) < 0. 

Proof : Multiply both the sides of 

hJn (0 = (0 ~ (l* + 2 ) /ji+a (t) + (/* + 4) J^,,+i (t) - 

(4, p. 18) by V"* Jv (x/t) / and then integrate term by term in the interval (0,co) 
with the help of (I'l) to arrive at the required result (2.1). Similarly by the apph. 
cation of various results given in (4. pp. 18, 32, 33) we obtain the remaining 
results. 

The operation of successive integration term by term is justified as the series 
is uniformly convergent and each term is integrable. 


Here if we put /r = l in (24), </,==0Oin (2-3) and (2-4) as well asj,t=0and 
p=2 in (2v) we obtain results given by B. Singh. 

3. We give below a list of integrals derivable from (14) and integrals 
given in ‘The Tables of Integral Transforms’, which will be used in the next 
section for summing up certain infinite series. 


(3-1) W J, - G ’ ‘ (-^1 ^ g J ^ _ J 

where ii(y + 1) > o, i?(ft + 1) > 0, ] arg <j® | < rr. 
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(3'2) 


,«. «-t-2 / I 1 - 1^ 

i'+^.ff \ I ^ 


24p g 


■P . - 


where jp + ? 


^ - ^'-p a- - P, Idi!'- P \ 

P.".. f-’ 2 I 

PJ 

< 2 {m +n),-^ <R (v) < h 1 arg\ 1 < ( m+n J . 


2 e(a^ + P) < I- {k—^, 2 n+l), ^^(iS^+P+ij) < 2 . . . ., w). 

(5.3) J‘ /S+Ute) >,„W« - 

where i?(F) > -^(p) > “ §> ^ > 0 - 

( 3 - 4 ) j*^ x~ i H . i [ax) 55|,v (*) dx=lz}v ( a ) 

where i<(<z) > 0, min (J, ^) > - 2. 

(3'5) “0,1 (a) 

where | arg a® ] < 27 r. 

(3-6) f *-i H.i(ax) ffii.i W dx = cos - 7 . « > 0- 

Jo 

(3-7) (ax) Si,-j (a) <i* =^5^ si'’ a > 0. 

4 . we shall derive the following sums now. 

/i\ 2(t^-n/2 ^ / 1 \ 

(^’i) ( - ir (l‘+2r) 6^p; /r + y _|_^ i * / ^ i(3+v)/2 - 1 \ * / 



(4-3) 2(-1)M2/+1)/. 

r=0 


1 \ 1 


?i+±{^J ^lr+J.{^J “ 4^2 3 


- 1/a 
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ABSTRACT 

The equation of motion of an electron in the presence of an external electromagnetic field 
and a constant uniform magnetic field is solved using perturbation method. It is shown that the 
scattered field consists of waves of fundamental frequency, the gyration frequency, tf eir harmonics 
and their sum and difference frequencies. The effect of the applied maenetic field on the 
intensities of the scattered waves of fundamental frequer cy and its feennd harmonic is d'seussed. 
It is shown that the first and second harmonic cross sections become comparable when the inci- 
dent frequency is equal to or half the gyration frequency of ^he electron. Variation of these cross 
sections with the direction of the applied magnetic field is also discussed. 

INTRODUCTION 

The equation of motion of an electron in a constant uniform magnetic 
field has been solved in many text books of electrodynamis^'^. The charge 
moves along a helix having its axis along the direction of the magnetic field. The 
angular frequency of rotation of the particle in a plane perpendicular to the field, 
— > 

H', is given by *> = eWjmc, The speed of' the electron remains constant. 

In this paper, we solve the equation of motion of an electron in a monochro* 
matic beam of electromagnetic radiation, when a constant homogeneous magnetic 
field is applied in an arbitrary direction. VVe write the solution as a series in 
powers of the incident field strength, £^, while the external magnetic field is 
treated exactly. The scattered field of the electron is evaluated and the eflfect of 
the applied magnetic field on the intensities ol the scattered waves of funda- 
mental incident frequency k^ and its haimonic 2 Aq are discussed. The electron 
oscillations of frequencies and 2io are superposed on the periodic motions due 
to the constant magnetic field ; consequently, the scattered field contains waves of 
frequencies o), 2o), oi ± ko etc., besides those of k^ and 2kQ. 

It is found, that the second harmonic cross section depends on the intensity 
and square of the wavelength of the incident beam as well as on the ratio of the 
gyration frequency to the incident frequency {ko), and of the angle between the 
applied magnetic field and the direction of the incident beam (o:). We find 
that Its magnitude increases enormously near resonance at w = A;o, and a> =i= 2kQ. 

ince the effect of the magnetic field is to superimpose a periodic motion on the 
original electron oscillations, resonant interaction between the electron and the 
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waVe ot a given frequency can be attained by suitably adjusting the external 
magnetic field. Thus if magnetic fields of required strength are available ( 10^ 

gauss for optical fiequencies) the scattered radiation would contain harmonics 
which should be easily observable. 

Application of a constant magnetic field is important from the point of 
dispersion also. A detailed calculation regarding the manner in which it aflfects 
the harmonic waves propagating inside a material medium is underway and 
would be presented in a subsequent publication. 


1, EQUATION OF MOTION AND ITS SOLUTION 

The equation of motion of an electron (mass = m, charge = e) in the presence 
oUn external electromagnetic field, and a constant uniform magnetic field, 
H\ can be written as 


m 


V, 


eV^ F„^, + .F«F' 




(M) 


where (Zo> ^a) denotes the four coordinates of the particle and are 

functions of the proper time r. Vj, = d^jjdr, is the four velocity of the particle 
and 

— > — > 

(^ 01 , Poa. ^oo) = £ = £o cos (kZ) ; 

(^zsi ^ait ^la) ^ H = Hq cos {kZ ) » 

= 0 ; [F\a. F'ai. -P'ra) -= »'■ 
we have also put the speed of light t? = 1. 

Making use of the series solution (4) 

^11 = ^ sog + 

(when _n denotes the term containing E\) in (M) and solving upto the second 
order in powers of fio, we get 

Z ~ - (?Fi/Ao) 1‘S' cos kf,r - g sin A;q r J Fa+s cos (or -j- 


+ (^’‘F iPafSko) { Eg sin 2Ao r -f cos 2kQ T [ 


+ (^FW/2) ^ -i Ma cos ( (oi+aAo) r+dd)) + sin ( (a)+aAo)H-^<'0 ^ 


0 = + L 

~^(2) (2) 
+ Fjj+a cos (oir + ^a+,3), 


J 

(l-2.a) 




Zo - (i + F(,W) T _ (g^Pj^jSko) {S. Kq) sin 2kQ t 


“*■ a?+ 5/2) (1 H- ag)-^ |(eo, i^) 


t'a) sin ( (o) + ako) t + ^(i>) 
+ (^0- ‘ 3 ) cos ( (co 4- ako) T 4- 
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(1-2, t) 


and 



Here we have used the coordinate system in which the electron is on the 
average at rest at the origin, and the zero of the electron’s time coincides with the 
zero of the proper time r. 

The constant can be obtained by making use of the relation 

= 1 

( fj = 1 , 2 ) are related to the radius of the circular motion of frequency, 
fj),ina plane perpendicular to the magnetic field while occur as phase 

factors. These quantities may be determined by fixing the time at which the 
external magnetic field is switched on. However, since they do not occur in our 
final expression we do not use their explicit values. 


In (1*2) we have put 

— > — > — > — > ^ 

q s=z eE^ftnki) )j ~ ^o/^O’ ^ l^o/ ^ / ^ol ~ 

CO == eWJm, g ^ ^ Ik^ , Pr, = { 

^(n) (n) ^ ^(n) (n) ^Cn) in) 

^S+3 COS ( CO r + )]=£ cos ( CO r + + J ?3 COS ( co r -f .) 

with 


i?. =* 


*a 5 


•^(«) 

Ro 


R(n) i 


3 3 


in) ill) 

^3 = 


5 = 


( So 'i )h ~ «o J ’ 


f , ^ y , -y r ^ ^ ^ ^ ,1. ^ ^ r - ^ 

Ss = 1 ( ( -S' • «0 ) + 2 ) ( «o % ) *1 - 85® («0 «i ) ( ”0 *1 ) ^0 


I ^ ^ ^ ^ ^ ^ ^ , ^ "I 

- ( l»o ^0 ] h ) [ «o . h J + 4 ( 5 . ^0 ) «0 / ’ 


£c = ( g/2 ) I 


ii , £s 1 + ( 2g/P^ )([„; 


0 J 


^0 ] *1 ) ^0 a 


Ma = a ( 1 4- )‘M 1 + 2 a^ )’^ [ «g ( 1 + 2 «g ) ( fo »2 ) «o 


r ^ ^ ^ 

1 ( ''o *3 ) - «g ( [ «0 . *0 ] il ) »2 



+ 2^2 ) 


+ Og' ( «0 *1 ) [ «0 . *2 ] T gM «o ‘1 ) ( »0 *1 ) *3 J 

= a ( 1 + ag )-^ ( 1 -h 2 a£)-i [ ^ + 2 'J<g ) ( ^o h ) «o 

^ j ^ ^ ^ ^ ^ 

L ( ^0 *2 ) ^0 ( [^0 3 ^0 ] *1 ) *3 i (i + 2 c 2 ^ At 2 ^® ) 

- fg ( «0 4 ) [ «0 » *3 ] + g’® ( «0 h ) ( «0 4 ) >2 • 
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Here vector in the direction of the applied magnetic fields 

— > — > 

and *2 *3 ^t’e two mutually perpendicular unit vectors which, along with 

Zj , from a right handed orthogonal coordinate system. 


TI. EVALUATION OF THE SCATTERED FIELD 


The electric and magnetic field of the scattered wave at a space time point 
i X i Xq ) produced as a result of the electron motion (T2, are given by 
*”>30 I > I I I 

H =^e/Rln,M \;E = [ H, n j (21) 


where 
M = 


r i“8 r 

[Vo-in V)\ [ 


{V,-{ n V))7-{Vo-(^ ‘V))V 


— > 
n 


^ M i l ^ -11 ^ ^ 

R = { X - z) ■, n ---- X - z ! I R / . 

In order to calculate the scattering cross sections for waves of fundamental 
frequency Ay and its hrrmonic S/cy , in their lowest orders, we must find out the 
scattered field upto the second order in the strength of external electromagnetic 
radmjon. Differentiating equation [1-2, a - b) and substituting in (2*2) we 

get M as a function of the retarded proper time, r,., at which 


^ z { Tf ) I ^ r ~ 


n.Z )■, I X I 


r 


(2-3) 


we may express as a function of the coordinates 
solving (1*2, b) for t. VVe get 


of the point of observation by 


w here 


Rq ry = ^(0) 4. c/>(D -I 

= ^ k,{x,~ r) , 

<li0) = jPi [ ^ ( » [ «o > *1 ] ) sin </, 


(5. n ) cos c/j 




and 


“^( 1 ) <i) 

+ ^0 ( H- 3 « ) cos (X + ^2 + 0 ) 

X ^ g ^ 

The scattererd field can now be written as 



where 


-^( 1 ) 

N 

T^( 2 ) 


qk^Pi I S cos ^ - g [ fio , ] sin .^) 


(sn„Pi/ 2 ) [ 


"^( 1 ) ( 1 ) / -I’A /2\ 

+ “^^^+3 (X + ^ 2 + 3 )^ ' * 


( 1 ) 


mm^ .1 y —y •-Jy 

(Pa £s - 4 Pi Fs) sin 2 ^ 4 (P^Ee - 4 Pj Fc) cos 2 ^ 


4 ag® ( n [ «o 5 »i ] ) *a + “ (” ‘a) 

- ^ ^ - y 

+ I' ( K »a ) [ ^0 > h 1) f cos ( X 4 a <^) + 

|(->S ->-»-» 

^ t A4„ 4 Pi ( g (i n) fa - ag®( n [ Cq > 1 


( g ('S' «) % 


)*3 




^ "\ 
*3 ) [ ^0 5 ^*1 1 ) J 


(1) 


sin ( X + ^ ^ ^ ) 


- 2 0)3 i? 


(1) 


^ 1 ( 1 ) 

■ { « j'a ) z'a - ( n H ) 13 / . sin (2 X 4 2 4 ) 


( 1)1 

1 {n H)i^ + {n ) % f ‘ cos (2 X + 2 J ) J 


“^( 1 ) ( 2 ) 

+ 0)2 /?2^3 . COS ( X + ^2+3 ) * 


(2*4, b) 


In the first approximation it consists of waves of fundamental frequency 
and the gyration frequency ct). In the second order it contains the second har- 
monic of frequencies Icq and o) and the beat frequencies to Higher harmonics 

and their sum and difference frequencies would arise when subsequent orders 
are taken into account. 


HI. EVALUATION OF THE SCATTERING CROSS SECTION 

The differential scattering cross section for scattering of the radiation 
into a solid angle d .Q. is given by 


( a / rf.n- ) = ( 2 / £o ) [ «, M ]L 

Using (2 4, a-b)^ (3*1) can be written as the sum of scattering cross-sections 
for waves of different frequencies ^q, co, 2 &o' 2 ci> and <o ± ^o- unpolarised light, 
the differential scattering cross-sections for waves of fundamental frequency kQ 
and its harmonic 2kQ are^ 


*Wlicn calculatioDs are done upto an order sufficient to give in its lowest order, ^ko 

would consist of two parts j the intensity independent part given b' (3’2fl) and an intensity depen- 
dent part. Since the latter is a second order effect which at the most can tecomc of the order 
of the intensity independent part we have discussed only the more significant part given by (3‘2a) , 
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( <i -n- ) unpol ' [ 2 ( I + ^> ( 7)‘) 


(^) 


unpol 

+ ( - 1 ) ( 1 - ( no n ) ) + g® ( ( no *1 f- 2 ) ( 1 - ) 


unpol 


== ( e^jm )® P 


where 




+ xl 


unpol 


] > ( 3 - 2 .n) 


(3-2, b) 


) unpol ^ ^ ^ ^ - 4^2, -f- 36 ) - ( 3 _ 80 ^2 -|- 108 ) 

( "o »i ) + 2 ( 3 g* - 28 ) ( no f- 3 g« ( no ii f ] ( n £, f 

~ (gV4 ) [ ( 7g<i - 48g« + 80 ) + (g*- 4)(t„i^)’ ] 


("oil) ( »o« ) ( «»i) +(1/32 ) 


{4 (gO + 8 g« + 16 ga + 32) 


+ g® ( 3 g« - 8 g"* + 120 g2 _ 128 ) {tiq jj ) *- 2 g^ ( 3 g^ ~ 14 g2 72 j 
>'' ( «o^/) + 3 g8 ( g" - 8 ) CnX )® } + ( ^ ( 3 g° - 32 g4 + 88 g^ + 32 ) 

+ 8gMg^- 6ga _|_ 8) ( „„ )® 12g<i(g2_4) (t„'i^) } 

(K X \ - 

^1-^2 / unpol ~ ) ( 3 - 38 74 ) 

- 6 «» ( «« - 4 ) cT+Z + 3 ^ J ( ;: ;/) (7 .")“ 


[ ’ - - / J N u 'X / \ ’ 

3 (ga - 4 ) + (4 g2 - 19 ) ( 

P r 




+ ( gV 8 ) 


[ { ( 3 g« 


) ( "0 ii ) 


18 gi + 92 g2 + 148 ) - 6 ga ( g4 _ 5g* + 8 ) (^„ 


+3g^ ; g^-4) \ + { (5g^- 15g2-32) 


-f-9ga(g2_3) ( 


^ j — ^ - 

"0 *1 ) J ( n# n 


+ 1/8 [ 1 (2 S'* - 16 + 16) + j. ( j. + 3^, 8 , J 

- 3 g* ( g® - 7 ) ("^ i^)'} “ { ( *2 g-* - 40 ga + 16 ) 


) 


( «0 ‘1 ) ( K *1 ) 


g® ( no ii ) j ( Wo " ) J ( Wo n 


(3-3, 
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= -(gV8) 3(g‘ 4ga+ 4) 


unpol 


2 ( 3 - 4 ) + 3 g* ( 


— >— > 4 j 

”o*l) J ( «»1 


) 


+( ^2/2 ) ( - 1 ) [( ga _ 1 ) . 2 ga 

+(gV8) (g"-l) [{(^ 


> — > —> 
i ) ( «o « ) ( « »i ) 


(3 g^ - 8 ^a ^ 2)- 6ga (g2 . i) t\)% 3 g* ( 


«o 2*1 ) } 


l(2ga_8)-6ga( 


[{ 


“>“>2 

( ^0 h ) J ( ^0 ” ) ( ^ *1 ) 




+ 1/8 I ( -h 1 ) + - 6 ^2 + 5 ) ( ) 


" 3 ^ 2 ) ( «o i] 


i)i+ 


( g" - 3 ga + 2 ) - 3 ga ( ^2 . 




3(g®-l )M«o «) 


-> -»a ]. ->a 

1 )M ”o h) i { «o «) 

(3'3, (?) 


These cross-sections are evaluated for « ^ A:^ and 7^ 2^o, since due to the 
neglect of radiation damping, they become infinite at resonance. 


The scattered field also contains waves of frequencies other than and 2io- 
As can be seen from equations ( 3*2, a ) - ( 3*3, c ) the angular dependence is quite 
complicated and involves not only the direction of observation relative to the 
direction of the incident field but also the direction of the applied magnetic field 
and various powers of the ratio qj/Aio* Relative improtance of these in the 
scattered field can therefore be obtained for cases of special interest for 
frequencies fcQ and 2A;o. 


IV, TOTAL CROSS-SECTION 

Total cross-sections for scattering into the waves of first and harmonic 
frequencies can be obtained by integrating over the solid angle -O* = sin ^ 
d ij} d and writing. 

cos 3 = cos cos ^ + sin a sin ^ cos ^ 
where we have defined 


cos 8 = ( no n ) , 


cos = ( n tj ) , 


cos Ct = ( Wg ) . 
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We obtaiti 


''k - 
^0“ 




sin^ « ^ ( 2 - sin^ a ) 


4 - 1 ) 

(^•^- 1)2 


u 




-j- 8 (9 ^^ -{- 23 -f- 60) sin® « 

+ ^* ( 3 - 92 - 224 ) sin« a - 3 g® ( g® - 12 ) sin** a } 


(41) 


4 - 16 pU 8 ( 8* + 4 g® + 1 ) + 16 g® ( g* - 2 g® - 2 ) sin® « 

_|_3 g4 ( g4 _ 8 g® -f 13 ) sin^ a | 

Where, is the Thomson scattering cross-section. 

For ^ = 0, these expressions reduce to those (or free electron at rest. 


(4-2) 


DISCUSSION 

From (44) the following points are to be noted : 

(t) ®'ito in its lowest order is independent of the intensity of the incident 
radiation. It however depends on the angle, a, between the applied naagnetic 
field and the direction of the incident light, and on the ratio g = atjkQ, of the 
gyration frequency to the incident irequency. 

(ii) For fixed a, °'io varies with g. It depends on the function T = 

( 1^+1 

(fl) If r < 1 i.e. g® > 3, < ®'r 


(b) H r = 1 i.e. g® = 0. ^■ko = ^'r 

{c) II T > 1 i.e. 3 > g® > 0. °'ko > °'r 

{Hi) For fixed g, varies with «. It has a noaximum at a = 10° for g® < 3 ; 
at a = 90° for g® > 3, and is independent of a at g® = 3. 

{iv) At resonance the cross-section becomes infinite due to the neglect oi 
radiation damping. To get an idea of its magnitude in regions close to resonance, 
we take ( g® - 1 )-® ~ 1/7® V and « = 0°. 

where 7 = 2 £®/3m is the damping constant. We then get 

"^ko r— ' 2 X 10'® °'T. (near g ~ 1) 

For ( g® - 1 )“® = i and « =• 54°. we get 
®' ~ 0-55 °'T. (near g ^ 2) 
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trotii (4’2), we see 

(f) In its lowest order °'2ka depends on the intensity and square of the 
wave length of the incident beam’ as well as on ^ and o. 


(it) For fixed values of a, we can write 

I (i) ( 2 ) (3) a <4) a (s’! a 2 (s) a 

= ?" «'r U + /T ^ KP^ + K K + K g 


4 ’ 


where P coefficients K’W depend on the particular choice ol 

the direction of the applied magnetic held. In general it will have two maxima, 
at ^ = 1 and ^ = 2, but the coefficients are such that for a = 0° it only has 

one maximum at ^ ~ 1. 


{Hi) For fixed g, varies with a and is maximum at 0= 0° in regions 

close to g = 1, and at .about a 54'" in regions close to g == 2. Maximum 
2^1 g ^ o: = 0° will be more pronounced than at g 2, « ;= 54°. 

(it;) At resonance *^2^0 becomes infinite. We therefore calculate its value 
in regions close to g = 1 and g = 2 respectively, by taking 

{a) ( g2 ^ 1 )-2 ^ ijyi and a = 0°, which gives 

2i^o ^ X resonance) 

{b) (g2 -- 4 )’^ ^ l/)2 V and ^ = 54 °. This gives 

^2^0 3 X 10^® . (near the second resonance) 


Writing ko^ = {2 e^/ir Iq, 


With Zq « as the incident energy flux and taking A, in the optical 

region ^ 1 X 10"^ cm we find in the above two cases that 

{a) *^2^0 2 X 10^ /o and ^^0 ^ 2 X 10^® nearg = 1 ) 

(6) 2/^0 X h and ^ 0*55 ( near g = 2 ) 

We thus see that ^2kQ becomes comparable to even with ordinary 
sources for which Iq 10^ ergs/cm® sec. The cross section 2kQ in case {a) is much 
greater than in the case {b). The magnitudes given here are not exact, since the 
slight variations that would occur in the expressions for and ^2/^o at 

resonance have not been taken into account. Nevertheless, this gives us an idea 
of the enormous increase in *^2^0 resonance. 

Enormous increase in the scattering cross sections at resonance have been 
pointed out previously in the scattering of light by bound electrons^®). In order 
to attain resonance we have to choose a particular maierial whose natural 
frequency is the same as the frequency of the incident light. But in the present 
case resonance for a given incident frequency can be attained simply by adjusting 
the external magnetic field. However, very strong fields ^ 10® gauss are required 
to excite resonance for optical incident frequencies. 
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A. A. Kolometiskil and A, N. Lebedev*^^^ have discusseci the tnotion ah 
electron under the impressed electromagnetic field, when a constant uniform 
magnetic field is applied in the direction of the incident beam. They have 
shown that resonance can be maintained automatically despite the increase in 
the energy of the particle and corresponding decrease in frequency. 
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ABSTRACT 

In this paper we prove a theorem on Stieltjes transform and make use of that to evaluate an 
infinite integral involving G-function whose argument lis a power of the variable. We also make 
use of a theorem by Harishanker [6] to evaluate some finite integrals involving G-function. 

1. INTRODUCTION 

The Laplace and generalized Stieltjes transforms are defined by the integral 
equations 


(1-1) 


h{s) 


-^r 


e-Bt f(t) dt 


(1-2) f{P) =/’J^ {P + *)'^/(*) 

respectively. In this note we shall denote (M) and (1-2) symbolically as 
/(f) h[s) and fix) Vip) 


2. Theorm : If /(a;) iip) and g{x) f ip) 

X 

then 


<p(p) 


/: (x. ^ + X : . - i) /(,) .<• 


provided i2(v) > 0, i?(u) > R(v-X),fix) is continuous and non-negative in 
(0, CO ), R{p) > above integral converges. 

Proof, By hypothesis 

(2-1) iip) Ji, ip 0‘^/(0 

and 
( 2 * 2 ) 


HP) 


Substituting the value of g(«) from (2-1) in (2-2) and inverting the order of 
integrations we get 


(2‘3) HP) Ji‘) [ (^ + x)-^ x'’-^ (t + x)-^ dx 


dt 
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Evaluating the x integral using [4, p. 233, 14*4 (9) ] we get 

(2'4) v{p) = .f^ (x, V : M f A : 1- 7 )/(0 di 

provided «(v) > 0, R(p>) > R{v ^ x). 

The change of order of integrations can be justified as follows : 

In (2*3) the x integral is convergent provided R(v) > 0, R(p^) > iJ(v - x). 
The t integral converges by virtue of (2*1). Also the repeated integral is conver- 
gent by hypothesis. The integral is non negative and so by de la Valle Poussin\« 
theorem [I, p. 504] the change of order of integrations is justified. 


Example. Consider [8] 


(2*5) 


fi,) G-” Lr n ;> ““) 

«,» \ t>x^ ■ • • , bv I. 

P-A + 1 + 


l-V'T.nA-Y t 

«.-K ,+,(>''> 


where 




G 

I 

r - p -- R 




. an \ s 

} l\ 



1 \ 

0 

1 

II 

= 0,1,. . 

. , r- 1. 

1, 2, . , . w, 



S(P) 


R{rbji 4- P) > 0, A = 1, 2, 1. 1 arg (8 I < (/ + K - -i-u - |o) w 

1 arg jd I < TT, M + ^ < 2(1 + ^)j and r is a positive integer. 

From (2*5) we can easily show 


( 2 * 6 ) 






.v+p-x-ii-i-i 


jj, r(^) Till) (27r)‘3r 


X 


where 


/+2r, «4-2r / r-i, Z,,, . . . , Xr -i, , 

u-\-2r, v-^2r \ ■i'O) • • • > 4'r-i, , I'r-i, , 

r-v-p+\-R p. - V - i> + \ -l- R 

= J • ■'ft = ^ 



i? = 0, I, . . . , f - I. <1>R and ipR as defined in (2'4) provided 
F.{r bji -Y V 4 p - a) > 0, /« = Ij 2, . . . , 1 — r. 

^{'(l - aj ) + A - P} > 0, j = 1, 2, r. 

i?(v) > 0, R{\) > 0, I arg ^ ( <; 4. n - -Ju - -J'o)7r. 

1 arg /) I < IT, « 4 »< 2(1 4 n). 
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Hence applying (2'4) we get 

r(u + X) 


r(x) r(!i) r(v) r(ft - v -f x) (25r)®r-2 

I ^*01 • • • ) ^0) • • • ) ^r-i> Oi, • 


J4 2j-, K4-2f / , „ 
^ ®a+2r,»+2r(^ ^ 


4^0» *• * i “1’ ^0> • • ‘ 5 -15 


* • 5 

• * 3 b^f 


where the parametera and the conditions are as in (2*5) and (2*6), 
provided R{1^) > R(i^ - X). 

3. In this section we can establish the result 

(3-1) ■^'^1 


hn r R 

C. ^ 


p,q 


^ <y~x 


(2r) 


i-1 


2f, g+2r \ 


!’■■■■'? ^ ■" 

£>i, . . . , J 

^OJ * 3 • J -15 ^0’ 

bx, . . .,bq , (Oq, . 


, j <J!r -15 fljj • 


where r6^ — J(o'-\-/*-l) 4 ‘ra^ = J(<t -X4 /*) + r - — Oj 1 


> • • 


and 


^R = 


a 2r - \ - R 

2f 


, jR= 0, 1, . . . , 2f- 1. 


1 arg a I < TT, R{2rbu - a -\- \) > 0, h — 1,2, . . . ,1- 

R{2rbn - <j + X ± V') > 0, h = 1, 2 L R{a) > 0, 

p 4- g < 2(1 4- n), Rix) < 1, and r is a positive integer. 

In proving the above formula we shall require the following result[8] 

(3-2) J ^ x-P AV(2 /..) [>‘'y\bx,...,bq)‘‘^ 

qI, n + 2r / y 6 q, ■ . ■ , Or -x, ■ ■ ■ "r -i> '»!.••• Op 

~ 2(2w)’'“^ /> + 2r,g ^ ar bq 


where 


9r 


P-^r-m-l — R ^ P 4~>' m — \ - R 

_ _ , ^ 

fl = 0, 1, . . . , r - 1 and r is a positive integer provided 


^ 4- g < 2(1+ n). 


arg 


af 


< (1 + W ~ iP ~ a?) ’’’ 


^(rift - p + 1 ± m) > 0, A =. 1, 2 1. R{a) > 0. 

C 437 ] 



(3-3) 


Proof. Now consider the operational relations [3, p. 278] and [ 7 ] 


/>(') - [if ('* + 2«<) I />* ( 1 + 

=f= (as) = 

P(X) < 1 , 1 arg a \ < TT, and 


(3-4) 


Ml) = 


J>n 


G'" . „ I y 


.2r 


p,q -l-2r 

. s {s + a)°'M y 

=f(27r)(5s»--J)/2(2,)-°'-i/2 g 

a+2r-l-/? 
‘‘’R = 2 f 


*1 • • ■ h. Vo, 

tin Olp 1 

'l» • • 


• 3 \ 


■' r 

b,. . . . .,bg J 


g% w 


where 


3/2 = 0 ,!, 2 r 1 . 

Ri 2 ,fbji, ““ O' Hh O5 ~ 1, 2j « t . . 3 /, 2{/ ~|- 

j ^I'g J < ^ ^Hr«+ 5 and r is a positive integer. 

Applying Goldstein’s theorem [5] to the above operational relations we get 

, 3 ..., /" (, + .)-■ (,^ + p,t ( 1 + y I x:.:7}^‘ 


iff 

X J* ,-+^-1 (.,) [fiy 




^ 1 ) • • • 5 hf ^o» 


,ap \ 

• * • 


Evaluating the r.A.s. integral in f3^5) using (3-2) and putting p we 

get after some simplification (3'1) ’ 

4 . In this section we shall evaluate some finite integrals involvint^ <?-func- 
tion. We need a theorem due to Harishanker [ 6 ] viz. ^ 


(4*1) if 


and 

then 


/'I W = /iW./'a W #/aW 
t Ai {xt) Aa (^t) == i? (j, 3 ,,) 


/iW/a('') 


fw/a 

s ~ ■^(^» cos®^;, sin^^l) sin2i5 dO- 

J 0 

From 17J we have 


M 

PiQ V J ^ bq / 

-^( 2 ,r)<r-«/= !(.+.). 

f J 



where dn = ~ > R — 0, 1, . . . , r 1. 

R{rbu + v) > 0, A = 1, . . . , R{a) > 0, ^ + g < 2(/ + n), 

arg ^ I < (/ + n + | and r is a positive integer. 

From [3, p. 144] we have 

A, (() = jS-i r*' = r r (8) +br^ = /, W 

R {8) < 0, R {b) ^ 0, and R{s) > 0. 


Applying (4*1) we get 
(4-2) 2 


sin^^”^ 0cos^'^“^ 5 (r + a cos®5 + b sin^e) ' ^ 


J 0 

^ n+f q 1 Tf+‘^ cos*^+A sin^ey jA^, bq 


= r(8)r'* (r+ifS 

r I 0o» • * • 5 • • • » 1 

^ 1 Ai, • J h J 

where — > -^=0,1 jt-l- 

Replacing n by A’», A by p’® and^ef-^yby^ and applying a known pro- 
perty [2, p. 109] of G-function we get 

(4-3) 2 sin^S-lg cos^'’'! A (1-+-A cos^i^+ii sin®^)"''’"^ 

V 0 

J ^:cos^'''g j fli 5 • • • • I “A I ^ 

^ P>? |(l-l-Acos**5+A‘sin2A)r 1 A^ A^ J 
-=r(s)f"® (i+A)"^ (i+i^r® 

f Z \ 6ui • • • , d >'-iJ ‘ • I op 1 

^ ^p-\-r,q-{-r \ (1+M’‘ 1 Aj, . . . , Ag, Po> M J 

provided R (rA^+v) > 0, A = lj2 i. i2 (8) > 0, 

R (-C) > 0, A > 0. > 0, p^q < 2(i+n), 

I arg «i< [z+n+Y 1 1-) ir and r is a positive integer. 
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t^ariicular Cases : Put cos^& - i, to gei: 


(4-4) 


J i P> 







%, j dp 

b-i, . . . , bq _ 


dl 


l,n+r r 


.-S ^ ! Z Oo} • ' • } 0 r_i, • • • , ad\ 

m T ( 1 +A) (1 -1-/^) { (T+X)’- \bi,. ..,bq,f„. f 

Put x=0, /*— 1, and sin®^ = <. We get 

f I I V s . f i , aP ] 

Jo ^pA'^V'■\-f■)\b^,...,bq\^’ 

» l,n-\-r 


{4-5) 


Iz ■ ■ 

. ■ , 6 t-x <^ 1 % - ■ • > <sp \ 

r 

bq , f as v r-x } 


Put lt=0, A= ), coi.H~t and get 


(4'6) 


J‘ 

j 0 


J,n-\-r 


r(8) r"^ 2 ' 


5 s l.n 

r zt^ 

• 

■ •,ap 1 

tif 

1>>Q 

1(1 +<r 

bx,- 

• • , bq J 

{Z \ 0a,-- 

• ■ , 0 r- 1 , 

ax, . 

. • . ,ap \ 

. . 

■ • > bq , fa> - • 

. . . P r-1 / 


di 


Putting X=l^=l and cos^i? =*, = j» we get 

(4-7, £ 
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ABSTRACT 

The generalization of the Laplace transformation is given by Saxena in the form 

/( / ) = iOA r ( qst^ty-ie “ J t ) ,/, ( i ) <^1. 

JO * 

if/^ ^ ( o is self-reciprocal in Xv> h, tn - transform 

then 

/ (^^ ) = Jo ^ ^ )^iy) 


1, INTRODUCTION 

A generalization of the Laplace transform 

^ {s) =s j ^ e-stf {t)dt (M) 

has been introduced by Saksena [1] in the form 

^ (/)=^ap I* f-i ‘ (ash) f (t) dt, (1.9) 

where Wi^n W is a Whittaker function. 

For suitable values to the parameters, (1-2) reduces to (M) 


The object of this paper is to obtain the generalized Laplace transform ol 
/(^), when x^f[x) is self-reciprocal in Xv,ib.m’^ transform due to Roop Narain 
[21 viz,, 

/ (*) = ^ Jo (i /) <i>U)4y (1-3) 

where 


y M f { 2m) n ^ +v + m-k) fi + & - ;«, I + V 4 - m - A ; 1 

\k,mU - r(i-^:4.«)r^(v + l + «±„T,a^»[ i _ 2m. v + 1 + m ± ; "''J 

t r( - 2 m ) T ( ^ V 4-- - k ) „ J + ^ + *1 + + 3m - ; 1 / 1 . 4 . 

r( J - k -m ) r* ( V + 1 + 3m ± ^ 1 + 2 m, V + 1 + 3m ± m ^ ^ 


-V 
= X 



V, V -f 2m, - 2m3 0 j 


(1-5) 


For the sake of brevity the symbol r,j- (^rb^) is '^sed to denote r{a + b) r{c ~ b). 
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t'or k -Jr m i &n its, {k, m) function reduces to an functidh. 
2. Theorem, If 

and /A ^ j -3 self-reciprocal in Xv,k,m ~ transform, 

then 

y-i-i r / ^ ^ ^ 

A 


where 


( 2 - 1 ) 


( 2 ’ 2 ) 


and 


g {yli^)= _r (2w) 1' (I - 2m) - 4 ) yX-v-g /jj \v 

A 2-v 1 (.^ _ k-\-m) r (-1-1- A ~m) [^sly X 

X f .-Sfe>±?_,-A +') f. ^±-+.'- a+2 ,+j) 

® ^ (l+''+«'±ff2-|-r)f («-|-T-x-|-2r- /-t-2)^> 

t*' / L «+v - i+J, - 1+2 . ('”,)] (2-3) 

( yfs^ \ = (- 2w^) r (jj-jffl} j (^~1~A^~I') yA - V - 4m ~ I # ^ v-f4OT 

' / 1 (y - & ;?2) r 9 - V - s/ 




' ?+-'>■ I'* <?±'‘±’'-- it2»-l-2r+5) 

^ M^ + 2m+r) 1 X* (^+v A+2wa+2r 

^ k rn . 


^ f a^i p±«+v - A-l-2m+2r-|-f j / pn 

\4j7 P+ 1 , _ A,-f2m-[-2r - /-f 2 ; ( ~ ?/J 


(2-4) 


provided 

^ ( * ) = 0 ( *“ ) for small a? 1 „ 

= 0 (.“ **Jfor large ;rJ 

( A -I- V -f. « j. 2m -j- § ) > 0 , /?e ( c -f V - A ± « ± 2 m -H I ) > 0 
(v~ A -f ^ ± » + I) > 0 , /i.( V -M- A ± « -I- 4m -^ |)> 0 

-R< ( « ± « + a -1- 1 ) > 0 , (jF, , 1‘ ) > 0; p > (7. 

Proof : Since 

/ j; ^ j - (i> - j , ) .1* , ^ 


and 
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(2*5) 


we have 

f (j^) = 2*’' J®/* J* {q e~ ~ ^ ^In 

X (<;>)'"*'^ (4 fif)y^ ^ (j)!) dy, 

^ 2~’’ / - i) - % r* /+^’+^ ^ (jy) rf;, 

0 


X J-* ,, . X t - , -(M «) ( , / < ) X,, (4 -V) i<, 

provided the change in the order of integration is justified. 

But f-integral 

^ J" - X+v ^-{p-lq)s^i (j / i) (4 <ay) dt, 

r (2m) r (l+v+OT - ^;) , . r ( - 2m ) f (4+v+3m - k) 

~ r (4 - fc+m) (v+l+m±m) ^ r(|-ife+m) T* ( 1 +-v+3m±m ) 

where 


( 2 - 6 ) 


h (say). 


,,=j- ^-x+v,-(M ,) / . w,_„ te / .) ,F, i - » ‘''‘>1 ■" 

^ (-!)'■ r (J+A-m+r) r (i +v+m - A+r) T (l- 2 m) r»(v+l+m4:m) 

^olT' T (l+v+m - k) T (1 - 2m+r)r^ (v+l+m±m+r) ‘ 

xC /^’"^+^+2r -{p-i q) t fy t) dt (2-7) 

J 0 


and 




r(|4-fe- m +r) r(f+v+m - k+r) r(l - 2ffl) r^(l 4-v+m4:?n) \r 


— Q j. I r(4+^ “ *”) ) ^(^ “ 

r* (c±B+v-X+2r+|) «-«+X-v-2f-l 
X r((,^v - A.+2r - 1+2) 5i*(c-A+v+2y4-i) 


X jPi 


<’iB+'^’+2r - X+§ 
. f+v- X+2r- 1+2 


;('-:)! 


on making use of the Goldsteins integral [3], provided 
Re^e 4: n -{- v — X + 3 ) > 0* 


{ 2 * 8 ) 
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And 


7^=4“ r fC-X+v+im q) si^t 

fi + i+w.l-f-v+Sm- A; <V_!] , 

^ L i+2w. l+v+3mim ; “ 4 j 

— 4* (J4-2»z) (1 4-'>'H-3 /?i j^m) j))*w 

I (^-hA-l-w) r (^-f-i'-l-Sm — 

V ( - I)" iL(i'+*+'«+'-) r (l+v+3m - i+r)yr 

r=0 ~rr 4»- r(l + 2m+r) f* (l+v+3«±m+r) 

V ^*(<±«+v- A+4OT+ 2r+g ) y - - V - 2 r - 4m - 1 

r(c - \ +r+4m4-2r -7+2) “ X + v+4m + 2>’+ 1) 

X „F p±”+'’ ~ A.+4m+2r+£ ; / ^ MT 

^ ^+v - X+47n+2r - /+2 ; V ~ ?/J 

provided jRe (<7±”+v- X+4m + |)> 0. 

Hence the result. 


(2-9) 


The change in the order of integration in (2’3) can be justihed as follows : 
Let 0 (» =y+i'+l ^ fj,) f’'+c-A e-(P-lQ)s'*t m (qsi^t)X , it 

^ (0 •= g-C/’-k) t “ ^A+V+1/2 ^ ^ (.1 ^2 ^2) 

and 


<:/> (^) = 0 (x^) for small x 
= 0 (« ^^)for large x 


Re b>o 


Now 0 iy) converges uniformly for y > 0, if Re (X+v+cv+^t ^ 0, 

/?« ( V + tf - A. ± 2n ± 2»2 + |. ) > Oj (^^/^) > 0, /) ^ g', on account of the 
following behaviour of W, (x) and X , W 

^k,m W = 0 ( ) for small 

= 0 ( for large x 
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and 


^v,k>m ^ ® for large » 

= 0 ( x~^) for large x 

where I = |- (i+v), (|+^: - m) or (^ + v + m - k) ; 

and ip (/) converges uniformly for ^ ^ 0, if (v + ^ - A. ± ^ + J) > 0, 

(A 4- V + « ± 2m + I) > 0, Re {s^ p) > 0,p > q. 

Again if we consider the integral 

1 = g«-i / I _)i^+''+f i>iy)\dy 

2 0 

xfr, I (, //) (i t‘j‘) I d, 

where T and T' are large, we see, on account of asymptotic behaviour cl 
Wf {x) and X. r (a:), that I does not exceed a constant multiple of 

►jrt I'j/Cjm 


jc-i J" |/+v+i ^ (y) \dy 1 I 


d/ 


which tends to zero, when Re (s ^ p)> 0. 

The change in the order of integration and summation in (2-7) can be justi- 
fied as follows : 

(/) The hypergeometric function is an integral function and conse 
quently uniformly convergent in an arbitrary interval (0, e) 

(ii) ^ jYj ^(qs^t) is continuous for all finite ^ ^0, 

provided i?e(^?-A+'^i «+|) > ^ I 

(m) [gs^<=-i r^+’^+i \k,m 

is also convergent, when Re{c— A i “f* ^ i 2m 4* ^ 

(fp) The integral in question converges on account of the asymptotic be- 
haviour of the function 


W 


k^m 




This completes the proof of our theorem. 

3. Properties of and G'^{t), v/here t = {y/s^). 

A A 
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The behaviour of g‘^(t) for small and large values of t can easily be investi- 


gated. We have 


T( 2 m) r(l - 2 m) s 




~ 2>' A + m) r(i -1-A-m) 

f-ir m+ft-m+r) r(§+v+?K-A:-H r*(si«+v-X-l-2r+f) 

^ r ! ( 2 g)^'- r(I- 2 m+r) F^O’ + l +m±m+r) I(c+v-x+ 2 r-l+ 2 ) 


^ rc±«+i’-A+2r-l-| ; /j _/ 
'i _c4-r-A4-2r - f+2 ; \ 


rc±«+i’-A+2r-l-|;/, _> 
X ‘ a^i Lc+r-A+2r - /+2 ; ( 

r(2ffl) r(l-2OT) jv 

2*' r(-J-ic+m) r(^ -|-/c-»2) 


X £ (-1)^ r(i+A-m+r) r (g+«+v-A+2y+g) 

0 r!22^ r(l-2fn+r) r*(v-l-T+m±m+r) 


T ) i' r(n-H-?r) J 0 




by virtue of the relations 

aFi(^,j 8 ; y;x) =( 1 -a;)^-"-^ ( 7 -^, r- ; 7 ; x) 

and 


lienee 


g^) = /vj” (1 - I 1 , ^ J /+«-J 

ri + &-»», f + W3 - + i’' “ 4A + ®. (e + « + '' - a) + I ; 


X _ 2^^ 1 _ v, I .-1- 1' 2m ; - (I - x)^ 

where is constant independent of x. 


It follows by the definition of £[\t) that 

A 

= 0 (if/' for small values of i and frona the asymptotic 

A 

expansion of 4F3 we have 

W — for large value of t 

where S == min (^ + k -m, §+ v + m- k, + iv - ix + i, ic + in + iv- 

JA + 4). 
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The behaviour of (/) can be investigated in the same tnahner, 

A. 

4 . F articular Cases 

(i) For A: + the Xy ^ ^ - transform reduces the Hankel transform 

and all the theorems and corallaries due to Snehlata [4] can be deduced as ihe 
particular cases of the result obtained in § 2. 

(ii) For suitable values to the parameters, (1 ‘2) reduces to the generalized 
Laplace transform given by R. S. Varma [5j and the theorems and corallaries 
due to S. Masood[6] can also be deduced as particular cases of the result obtained 
in §2. 
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ABSTRACT 

Considering the geometric theory of triply orthogonal spatial corves, one of them related to 
the streakline, the kinematical properties of thermally nonconducting, inviscid, with two specific 
heats constant, unsteady flows in the absence of extraneous forces studied arc : 

(1) Transforming the basic equations governing the flow, defined above, in the intrinsic 
form we observe that the pressure is uniform along the binormal to the streakline. 

(2) Expressions for vorticity components along the principal normal and binoi;*mal to the 
strcakline are obtained in terms of velocity and curvature of the streaklin% 

(3) Velocity along the streakline decreases in the subsonic region when the normal congru- 
ences are minimal. 

(4) Studying the Beltrami velocity vector field related to the strcaklincs we have proved 
the strcaklinc patterns to be either right circular helices, or circles or parallel lines. Abo 
velocity, curvature and torsion of the streaklinc arc constant in the osculating plane. Pressure 
and density decrease along the streakline. 

(5) Geometrical conditions arc obtained for a doubly laminar vector field. 

(6) Intrinsic properties of plane flows arc studied and elcgaiat approaches arc indicated. 

(7) Tinally, the compatability conditions to be satisfied by pseudo-stationary gas flows have 
been derived . 


§ 1. INTRODUCTION 

The kinematical properties of thermally non-conducting stationary gas flows 
have been studied extensively by various authors in the field of fluid 

mechanics. Truesdell surveying the literature existing, has outlined simple 
approaches to the problems of gasdynamics. Prem Kumar [®,’] has studied the 
intrinsic equations of relativistic gas. Purushotham [®| has furnished the 
kinematical conditions existing for viscous, incompressible steady flows. Prem 
Kumar [^J following Taub has considered some of the intrinsic properties 
of pseudo-stationary gas flows. But the detailed investigations for plane as well 
as spatial flows yet to be considered. Consequently, herein we have investigated 
some of the kinematical properties of pseudo stationary gas flows. The basic 
equations governing the flow are transiormed into intrinsic form, Beltrami 
velocity vector field is considered and streakline patterns are obtained. Doubly 
laminar vector field is studied. Properties of plane flows are investigated. 
Finally, the compatibility conditions to be satisfied by pseudo stationary gas 
flows, analogous to Berker p], have been derived, 

§ 2 (A) BASIC EQUATIONS 

The basic equations governing the motion of unsteady, thermally non- 
conducting, inviscid gas flows with two specific heats constant are given below, 
in the absence oi external forces, in the usual notation pj : as 
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(i) 

db w 

^ p div y = 0 



(2) 

S:l.§- 

+ 

<1 

*'»• 

11 

o 

(3) 

II 

o 

(4) 

p = p{p, S) 


Where q denotes the velocity vector, P the fluid density, the pressure t the 
time and S the entropy. 


(B) TRANSFORMATION 

Let us define the position vectors r {x, y z) and R /Pj, y^), (where = xju 
(Sj = j/f, Vj = s/i) in triply orthogonal coordinate system. The following trans- 
formations are useful to transform the above equations into current coordinate 
system («i, jSi, yj) 


(5J 



( 6 ) 


(7l 


0 

dt 


1 ^ ^ 


Using (5) and (6) we have 



The velocity vector is given by 


( 8 ) 



d+R 


Using (5) - {8J the above equations (1) - (3) can be transformed as 


^ I / ^ 

(9) Q,. V log P -f 3 + V. Q = 0 

P V/' + £1+ (Q,- V) (2. = 0 


(") fe.v)"-" 

§ 3. INTRINSIC TRANSFORMATION 

(4) Geometrical and Vect oral relations : Considering r, n and b as triply 
orthogonal unit tangent vectors along the curves of congruences formed by the 
streaklines and their principal normals and binormals respectively and denoting 

d d d ~t ■L. 

ds' dn ’ dh^s directional derivatives along these vectors, also selecting it as tbe 
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t)OSition vector in space we tave llie following relations analogous to the geotbctry 
of the streainlines[®j : 




( 12 ) 

dR d 
ds ~ d ' 

( 13 ) 

vf? = - (A"' + K") 

( 14 ) - 

f ^ 

i/. n - K 

( 15 ) 

j ^ 

V 6 = 0 

( 16 ) 

curl s = s (a' - a') + b K 

( 17 ) 

IT— MI-^ 

curl 71 ^ 72 f + t) -- b K‘ 

( 18 ) 

curl b ^ 71 + b (a' - t) 
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(25) 

If + ra'-o 

(26) 

o 

II 

(27) 

o 

II 


This approach is more elegant than the one considered by Prem KumarP] 


From (24) we observe that the uniformity of velocity along the streakline 
does not imply the uniformity of the pressure and the converse. When the 
streaklines are straight, from (25) and (26) we observe that the pressure varies 
only along the streaklines. The relation (26) shows that the pressure is uniform 
in the osculating plane as in the case of stationary flows. 


— ^ ^ 

Taking the scalar product of (10) by n and and using (25) we obtain 
(28) cab = KQJ - J 


(29) aCn = I § 

Assuming, in particular, the form of the equation of state (4 to be = p ySjJcv 

I ^ 

and operating V multiplying the resultant equation by i*, b scalarly and using 
(26) and (27) we obtain 


(30) 

dp __yp dp 
ds p ds 

(31) 

1 dp _ 7 dp ^dS 
p dn p dn Jcv dn 

(32) 

0 — J ^ 4- J; ^ 
p db "'Jcv db 


where y is ratio of the specific heats, Jcv the Joules’ Constant and cv the 
specific heat at constant volume. From (30) we observe that the uniformity of 
pressure along the streakline implies the uniformity of density in the same 
direction. 


Using (23), (24) and (30) we have 

I - ■» {a- (*(' + ^'^ - 3 - y } - - -a( 1 + J#) 

where M = Q,/c in the Mach number. 

Using the last two equations of (33) we obtain 

+ Ci{r+K'')-3 

(Is 


(34) 


(35) 


U - A4») 

If the normal surfaces are minimal i.e. {K'-^-K") = 0. We obtain from (34) 

^ M2-3 

ds ~l-M^ 


t I 



From the above relation we infer that the velocity of the streakline decreases 
along the streakline in the subsonic region when the normal surfaces are minimal. 


Eliminating ^from (24) and (30) we obtain 


(36) 


ds c^y^ds) d y^ds) 


Eliminating ^ from (25) and (31) we have 


(37) 


d(^ 

dn 




Equations (36) and (37) and (32) give the vatiation of density along the 
streakline, principal normal and binormal respectively. 


(B) Beltrami vector field . — 1 he vector Q, is defined to be a Beltrami vector 
fieldf*] if 




a' ~ a" 


(38) 

curl J = 

In this case we obtain 


(39) 

\ = 

(40) 

11 

o 

(41) 



where 'X’ need not be a constant 
From (40) and (41) we obtain 


(42) 


(43) 


(44) 


( 45 ) 


dK 

db 


= 0 


Using (40), (25) and (26) we have 


J = 0 


From (42) and (32) we obtain 




Using the solenoidal property of (38) together with (19) we have 

ds 
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(46) 


Using (45) in (41) we obtain 

ds 


0 


Following Weatherburnp®] we have 

(47) a(T2 +«■*) = r 

From (46) and (47) we have 

(48) 0 


From (46) and (48) we conclude that the streaklines are either right circular 
helices or a system of concentric circles or parallel lines. 

Using (4v6) in (24) we get 


(49) 


plane. 


t = - pO. 

as 

From (49) and (25) we infer that the pressure decreases in the osculating 


Using (45) in (36) we have 


(50) 


dp 

ds 


d 


This shows that the density drcreases along streakline. 


(C) Doubly laminar field . — A doubly laminar field is defined to bef®] 

^ I 

(51) a = « § 

where <x and <|> are scalar point functions. 


For this field the condition for the streaklines to be intersected normally by 
a one parameter family of surfaces, viz^ 


(52) 


d curl = V $ curl Q, = 0 


This shows that the Beltrami surface contains vortex lines. This has been 
observed by Suryanarayan[^] for gas flows. Also (52) yields 

(53) cr' - = 0 


Using this in (19) we obtain 


(54) 


db 


0 


Relations (53) and (54) are the kinematical relations to be satisfied by a 
doubly laminar field. 
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§ 4. PLANE FLOWS 

We shall consider two plane orthogonal curves for which also denoting 

d d> 

-r and ■—&& directional derivatives along these curves in plane. 

as an 

(A) Vorticity expression,--Lct u and 7 be the velocity components along <x^ and 
directions. 

From geometrical considerations the operator gradient can be expressed as 

^ 7s (I • d 

(55) i ~ + j — (i cos M 4- j sin «) +C-i sin w 4-^ cos <oy~ 

an 

where « is the angle between the direction of flow and axis. We shall define 

(56) C - - curl a ^ 

where C is the magnitude of the vorticity of the pseudo-stationary velocity vector 
and is perpendicular to the plane of flow. 

Now using (55) and (56) we obtain 


Using (9) in (55) we get 


^ds''ds^ ^ dn 


which is the equation of continuity for plane pseudo-stationary flow. 

Using (10) in (55) and separating the coefficient of i and j we obtain 


4 0 . 1 + 


respectively 


. 1 c’p , rv 

(SO) f * + S, = “ 

These are the equations of momentum in the present case. 
From (58), (59) and (60) we obtain 




Operating V on (4) and using (55) and (60) we obtain 

dp 1 dp 

( 62 ) 


n dp ly dS 
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Since is tlie inclination of streakiines, the curvatures of the strealclinc and 
its orthogonal trajectory K and K' are respectively given by 


(61) 

■11-5 

II 



<65) 

r_-iw2 + .) 




Using (65) and (64) in (61) and (63) respectively we have 



(66) 

Q,^ + i = (M<-i)(i+f) = i-a.ir' — , 

/Ma- 1 
1 

\dp 
I ds 

(67) 





Equations (60), (61) (63) and (66) express the relations between the curvatures 
of the streaklines and their orthogonal trajectories, inclination of streaklines and 
the flow quantities p, P, M and 

§ 5. COMPATIBILITY EQUATIONS 

In this section we shall obtain the compatibility conditions in 
system, satisfied by pseduo* stationary gas flows analogous to Berfcer.pj 

Putting y {Q,. V) in (10) and operating curl on the resultant 

equation we get 

(68) PVAi+VPAi = 0 
Now taking the scalar product of (68) byj we have 

(69) j. curiy = 0 
Expressing the equation (68) as 

(70) curl j + V log P A J = 0 
and taking the cross product of this expression by Q^we have 

— > y 

(71) curl i A Q- = id-j ) V log p (Q,. V log p) j 
Using (9) in (71) we get 

(72) curl J A (3 Q) j _ y iQg p 


where ^ = V. Q^and p- = / 
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Operating curl on ('72) we obaio 


(73) 


curl J 


— ^ I 

curl j A 0,- (^ + 0) J 1- 

P J 


Operating V on state equation and multiplying the resultant expression by 
scalarly we get 

(74) 

Using the energy equation and (10) in (74) it follows 

(75) 


— > / dP I 'dP I 

d- V p = dp Qj p + dS 0.. vS 


7 ) 


I 

Using equation (9) in this and then operating V on the resultant relation 
we have 


(76) 


I /_iL \ I 

V 1^3 + 0 / = V \gp / 


9 / 

dP V p 

— > 


Now multiplying the above equation by curl j scilarly and using (6i) 
we have 


(77) 


V ^3 -"h dj* 


curl J = 0 


Equations (69), (73) and (77) constitute the compatibility conditions to be 
satisfied by a pseudo-stationary gas flow. 
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ABSTRACT 

Some infinite integrals involving AppelPs function F 4 have been evaluated vith the help of a 
theorem on Mei/er’s Bessel transform and Parse val- Goldstein theorem for Hankel transform respec- 
tivc/y. These results have been us;d to express as an infinite scries of F 4 . Some of the interes- 
ting particular cases have also been mentioned. 

1 . In a recent paper [4 pp. 113 — 118 ], I have expressed the various trans- 
forms of the AppelTs function F4 in terras of an infinite series of Meijer’s ( 7 - 
function 

The object of this paper is to evaluate a few infinite integrals involving the 
products of AppelFs function and to sum certain infinite series of -F4. 

The well-known Hankel and Meijer’s Bessel transforms have been defined 
as follows : 

(1) iv {M \p} = J” h (pt) fit) dt, p>0. 

(2) kv {/(t) ;/’}=]',, (P^)^ W M ^ip) > 0- 

2 , The first result to be proved is 

( 3 ) J* ^av-i 

_ _I(^)_L[W1!__V T f(y+i8-r+2r) r(S+|6-v+2;) 

“2r(«) r(p; f(v) r(5),^o^/3 ’ ^r + \) rCa+r)c2r+2S-2v 

[ ^<s £^2 "a 

f-l-^-v-j-2r, 8+^“'’+2r ; F, ^ j “ ^ ^ 1 > 

for R{a + y - ?) > 0, R(a + 8 -v) > U, i?(/3 + 8- v) >0, Ril3 + 7 * v) > 0, R{c) > 0, 

Rid) > 0. ft(v) > 0, Ric) > I Imia) 1 + 1 «(^) 1 • 

Proof : Applying Parseval-^Goldstein theorem for Hankel transform in 
[6, p. 38 ]. 

jv {* ifflx) K^icx ) ; p) 

r U (X + /" + V db P) } 

“ 4A+F+V r(ia + 1) r(v + i) 


«• ; 8 ; a, r ; 7, 8 J 


V ; - 
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^4: /i 4“ V - pj, |(a 4“ ^ 4“^’ 4^ ^)i ^' + 1 5 *" ~ir 5 "• 


for /i(c) 1> 1 /m(^) I 4" I ^m(P) | » 4“ P* i P 4* ^ 

and [2, p. 110] 


fv p+i/'s F, iu^+a-S-i-v), i(A+a+8+v) J 1+cr, 1 + v J j ;^j 
_ ^fe+v+g r(i 4- v) r( 1 + g)/~§ 


2^ 2 ^<7 -J- O' "1" 1' i (>)} 

for i?(v -H 1) > 0, i?(/t + cr i 8 - 3f) > 0, 


K^(M) 


{btl2) 


o'+2r 


»rUing r fr + y^V+ T+T) • 

interchanging the order of integration and summation, we have 

f " v2v 4- 1 c- r 62 .a 1 

-^4 j^4(A4-g"8+'')j i(i+g-)-8-f'i’) j l+cr , 


1^^^^ -[- /* 4- V- p), -^/i4-v-f-p);/4-i- ],v-|- 

gX + P + V rfA + V + g £r(l + v)] ^ r(p -ir 1) r((r+l) 
-f- g + v i 8)} r{|f(X + /* + T i P)} 

^ (6/2) " + 2r 


dx 


r=:0 


rcr+l) r(cr 4 -H-r) 


/; 


j^k 4^ A 4“ ^ 4" 2?* — 3 


{ct)K^{dt)dL 


Now evaluating the t-integral by Bailey’s result [2, p.llO] we get (3) on 

rclacing + ct + v - 8) by «, + o' + r + 8) by j8, ^-(A + p + v - p) by 7, 

■+ P’ + V 4- P) by 8, cr 4- 1 by o, p 4- 1 by P, and r 4- 1 by v. 

When 6->0, (3) yield the result (2, p. ill) recently given by Sharma. 

3. The second result to be prove is 




j^v4- 0-/8, V 4- g-«; g, 

^ 22v 4- 2<7 -a- p + P r(CT)rr(v)12 

2r(a) r(^) r(o'4"’'““) J’(g4" i’“/3) 


dx 
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^ r(«-ig) r(,8-« + g) 

<x,p + + + 




/3-«f+o‘+ 1 




4c® rf® 


4a® i® 


1 


2 ' 2 ' ‘ *’ “ ’ (a®-4 b^+c^+d^f (a«+6®+c®+if®)® 

for R(« + cr - /3) > 0, iJ(|8 + cr - «) > 0. > 0. ■R(v) > 0, R{e) > 0, R{d) > 0. 


Proof, ; Taking 

f{x) - jrA+f {ex) Jp (bx), 


we have [6, p. 38] 

2-A + 2 yV + l f r{|(-X + 4 + V +P 6iV ’)} 

~ c- A, + + V 4- p r(v + 1) r(p + 1) 


Pi 


y% 

i(* A+4 4-v+^ - i(*“ X+4T-v+p+f<') ; v-f I, p-f-l ; - 


for /?( — X 4 4^ V 4" ^ i ^ ^5 ^ I I 4“ 1 1 • 



Hence using the following theorem due to Sharma [2, p* 109]^ H/W and jv 
{/W \y} belong to L(0, co), and if i^(v4"J) > 0, R(X4:P4"^^+^) > ^ip) ^ 
and a is real, then 

,5) k, t.x-a JPM/M ■,^} - 

2\-2aP pi ~ X-v -P I" / + 


^(\ - •*+v4'P)j i (A.+P'+v+p) ; i+Pj 1+'*’ ) ~ 


fl 


dy 


we find that 


j* j,av+i K _ ^_j.4,^v4- P - p)j i( - X4-44 -v4-P+p) ; v4- 1, P + l > J 


Pi i(X+v4-P - P). i(X+''’+P+P') j P + lj ■'’+ 1 ; - ^ J 


dy 


e-x+^+T+p px+p+v [r (v4- 1 ) r(p+i 3'^ 

{ab)P r{4( - X+44-v-i-Pi:P’)} r{|(X+v+P±p)} 


f 


30 

0 


X Kf,px) Ky,{cx)Jp {ax) Jp {bx) dx. 
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Now evaluating the integral on the right by [5, p. 131] 
J" iKy(at) 

(ys)'^ V. W r(- V) r(p + v+ 1) 


=2r(/A+l) ^ + 7® + 6^) 

V, — T 


lt+V +1 


F. . F4- V+2 , J „ , 2 . 1 

*[2 2 ’ ’(a2+je2:j.ya+52)3 •(aa^^2+y!! + 5a)2j. 

for R{1 + ± 1 ’) > 0, i2(« + ^) > ( /m(r) I + I 7m (8) 1 , 

replacing ^(-X + 4 + v + p-/t)bya,^(-A + 4 + v + p + n) 
by /?, V’ +1 by v, P 4* 1 by cr, by and p by <?, we arrive at (4), 

4. Taking b=ib^ y=v + o* - 5=v -i- cr - a and |x=cr in (3) and compar* 

ing with (4), we obtain 


y r(a + /3 - « + 20 T(cr + 2r) 

r (r + 1) r((T + r) + 2 /? -- 2« + 2cr - 

T’k + 2^ cr ^ « rf 2r ; CT, (8 - o: 4- 1 ; - ~ j 


r(^-Q!+cr) r^.Z ."Hl;5 - « 4 - 0 '+l . „ 11 

(a^+b*+c^+d^)P - f^+O' *[2 ’ 2 j P “T" . j 

4c2<i2 

(a3 + ’ (a'^+b^+c^^f 

for R{c) > I R{d) I + I 7«(a) \ , R{I3 - a + a) > 0, R[&: > 0, iJ|;(a ± by] + 

72[(^ ± > 0. 


As b-^0, (7) reduces to 


Pi a-, cr + (3 - a ; a, P - a ■]■ I ;■ 




2j3-2a+2a r„ 

- ^ oFj /?_- «+a4-l ; fl _ a.j_i 

(a^-j-ca+d?)^ - « + o- " 2 ■ 2 


4e^d^ 


Which on applying [1, p. 113 (34))] .gives a known resuli ,1, p. 238 (8)J. 
On using [7, p. 102] 


sp |« (“ + /? -f 1) nin p (a, (3) 

rU {«+!)„ (^+ 1 )„ ” 


(cos 2 <l>) P,/"’ ^\cos 2 


(1 +^) 


- « - /3 - 1 


Pi 4(«+/0+l), i(«4-^+2); a + I, / 34 -I 
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Where fl=sin ^ sin b=cos ^ cos -f i^) and 

\x) 

(7) becomes 

( 9 ) 


P, (». %, = y ,F.(- », »+.+^+. ; i yfi) ; 


“ + ^ y ll r(^-<t+a + B)f» (0 - a;, (T - 1) 
r=0 “ +U« (o‘)« ” (cos 2 9&) 


p (iS - a, cr - 1) 
” (cos 2 

y ( - 1)^ b^'<- T {(t + l3- o:-+ 2r) r(g + 2r) 
r(r 4- 1) r(cr r\- r) 2a + 2(y 


a 


+ 2r, O’ + ^ a 4-2f ; cr, /? - Of + 1 ; ■ 


^2 y.2 


where 2cfl? — sin f/) sin 2^6 — cos (jy cos -f = | (r^ + ti),R{c) > 

I U{a) 1 + I R[d) j , ^ ^ + (j) > 0, i?((T) > 0. 


(10) 


Taking d^ia in (7) and using [3, p. 57], we get 

— Of— j-O* “• Of-^QT-j-l 


'P - 0!- 

2 


(8 - « + l >0 ■,- n 




4:a^b^ 


(1,3 + £2)2 (62 ^ ^2)2 


,] 


= y ( - 1)^- (62 ^ g2)/3 - ^ -h o-(^ , o, + ctV (g + r)^ 

\j^ ^tr + 2^ - 2a + 2(7 


f = 0 


r 




L 

for R(d) > 2 I yw(a) | , R(p) > 0, i2(a+/3 - «) > 0. 


2 » 
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ABSTRACT 

Tungsten in the form of sodium tungstate can be estimated polarimetrically by precipitating 
the salt from its aqueous solution in the form of optically active compound, using quinine sul • 
phate solution as precipitant. The precipitate is then dissolved in a mixture of dioxan^ ethanol 
and dilute hydrochloric acid, and polarimetric estimation is carried out by employing an 
empirical equation of the type 

W=37-6 R- 0-249 mg ofW (VI) /50 ml 

where W and R denote weight of metallic ion in mg/50 ml, and R is angle of rotation. 

In previous communications we have described polarimetric estimation of 
cadmium^, bismuth^, vanadium®, copper^, silver®, cobalt® and palladium^. In the 
present paper estimation of tungsten has been described on similar lines. 

Brucine^ has been used for gravimetric estimation of tungsten in the form of a 
complex of the alkaloid and tungstic acid, and igniting the latter to WOg. Cincho- 
nine® and quinine^® have also been used for gravimetric estimation of tungsten. 

EXPERIMENTAL PROCEDURE 

Following solutions were prepared : 

(i) 0‘8968g of sodium tungstate (Najj W0^.2H20 - B.D.H sample) was 
dissolved in 50 ml-of distilled water. 

(it) 12g of quinine sulphate was dissolved in 500 ml of distilled water 
having a few drops of sulphuric acid. 

(Hi) 4N hydrochloric acid. 

To an aliquot of sodium tungstate solution, aqueous solution of quinine 
sulphate was added in excess. For quantitative precipitation of W (VI) 
quinine sulphate solution equal to one half of volume of salt solution was used" 
White precipitate obtained was slightly warmed and left in the beaker for a 
couple of minutes at room temperature. It was then cooled and filtered. It was 
washed with a few ml of cold water and was then dissolved in dioxen, 4N HGl 
and alcohol (8:1: 1) mixture. Volume of solution was made to 50 "ml. The 
ture*^(h4°G)^'^^ obtained A?as used for polarimetric measurement at room tempre- 

^ volume of solution taken corresponding to different amounts of 
W(Vy ions present are given, along with their optical rotatory power, as gravi- 
metrically estimated using 8-hydroxy quinoline^L It is this estimated amount 
(yhich is given in the table. 
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TAbLB 1 


Optical rotation of solutions containing different amounts of'W (VI) in the form 

of optically active complex 


Serial 

No. 

W (VI/50 ml 
(“g) 

Optical rotation in degrees for 

Hg 5461 

1. 

2'63 , 

0-07 

2. 

5-25 

0-15 

3. 

7-88 

0-22 

4. 

10-50 

0-28 

5. 

13-13 

0-36 

6. 

15-75 

0-43 

7. 

21-00 

0-56 


When a graph was plotted between concentrations of W(V1) mg/50 ml and 
optical rotation of resulting complex, a straight line was obtained. The equa- 
tion of this straight line was calculated by the method of least squares. It is 
given below 

W = 37. 6R - 0‘249 mg. of W(Vl)/50 mL 

where W is the weight of W(VI) ions per 50 ml in mg and R is the angle of rota* 
tion in degrees. 

In Table 2 a comparison is made between gravimetrically estimated amounts 
of W(VI) ions and values calculated on the basis of the empirical equation given 
above. 


TABLE 2 


A comparison between gravimetrically estimated and polarimetrically determined 
values of W{VI) in different volumes of salt solution 

Amount of W(VI) in mg 


Serial 

No. 

Gravimetrically 
estimated [a) 

Polarimetrically 
estimated {b) 

Difference 
(a) - {b) mg. 

I. 

2-63 

2-38 

+ 0-25 

2. 

2-25 

5-39 

- 0*14 

3. 

7-88 

8-02 

- 0*14 

4. 

10*50 

10-28 

+ 0*22 

5. 

13*13 

13-29 

- 0*16 

6. 

15*75 

15-92 

- 0*17 

7. 

21*00 

20-81 

+ 0*19 
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bisGUssioi^ 

It is clear from Table 2 that polarimetric estimation of W(V1) gives fairly 
accurate results in concentrations ranging from 5*25 mg. to 21’O0 mg. of W(VI) 
per 50 ml. This method can be applied in routine estimations where great 
accuracy is not desired. Polarimetric estimation compares favourably with 
colorimetric determinations. The accuracy of the polarimetric method can be 
further increased by employing a larger polariineter tube wherever possible and 
using photoelectric methods of measurement of optical rotation in the ultraviolet 
where the rotation values of the complex is usually high. 
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ON soNie integrals involving jAgobi polynomials 
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ABSTRACT 

The expansion of has been explicitly found out in terrcs of Jacobi Polynomials* The 
integral 


X^il - xf (1 + x)^ pM (x) dx 

has also been evaluated for(I>n. Three special cases of this also occur with P — a la = B 
and P = a, o = jg. » c 

1. INTRODUCTORY 

The expansion of is given in terms of Legendre and Gegenbauer Poly- 
nomials [Ij p. 181 ; p. 283], but it appears that it has not been explicitly given in 
terms ol Jacobi Polynomials. The object of this paper is to obtain an expansion 
of in terms ol Jacobi Polynomials and to utilise the result to evaluate certain 
integrals involving Jacobi Polynomials which are believed to be new. 

2. FORMULAE REQ.UIRED IN THE PROOF 

We have the following results [1, p. 254, p. 257, p. 260, p. 262]. 

+ ^ + 1 -a; ~| 

» (21) 

[(l-*)” + “(l+,)»+/ll, ,2.2) 

('-«)“ (l + » 

and 


f 


(*) 

n ^ ^ 


dx = 2>+»+gr(i-)-a+H) rfi+g^«i 
n ! (l+<»+^+2n) r(l+a-j-;S-l-n) * 


(2-3) 


(1 - A-)" = 2^(1 + o') y ^ ”)a (^ + g + jS -f 2A:) (1 -]- a ( 3 )^ 

/^ )«+* + ! (1 

3. Bhonsle® has obtained the following integral lor s =. 
negative integer. 


■ (2*4) 

tQ 

where s is a non- 


/ 


(1 (X) dx= r(l-p a+.) 


1 ^2-]-a’-J-^-|-2«) 


(3-J) 


and for s < n, the integral is zero, [1, p. 261j. 
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f^or values of ^ > rz, by eKpressIng 

We evaluate the following integral, 

«S(1 - x)^ (i + X)^ (x) dx 

= + « + g + » s I T(l A-a +n) Tjl + p + s] r-^ + «, T 

! (.y ■“ w) ! r(w ‘-I"' O' *4“ /5 "j- 2} ^ ^ L — /3 — 5 ■ ^ 

Or if we express, = {I - (1 

r xs{l-x)" (l + xf p(“»-®)(jc) dx 

J “1 ^ 

^ 2 n + a + ^ + l ,! r(l+^ + B) r(l+^ + n) „ f- ^ 1 +«+«,• I 

n ! (j- n) ! r(2 + a + /8 + 2 k) ^ ^ L 2 + a + ^8 -}. 2 k ; ^ J.(2'3) 

The result [3*3) can also be obtained from (3*2) by hypcrseometric trans- 
formation. In (3*2) and (3*3) if we put r = k, we get {3*1). 


4. EXPANSION OF IN JACOBI POLYNOMIALS 
Tf n be a non-negative integer, we can have the expansion [3, p. 147], 


xn = a, p(«.^) (x) + fli pK^^) (x) + ... +ar Pj^_fkx) + (4*1) 


where, 


ar 


^ xn(l p{^,p 

r (1 - a:)“ (1 + a;)/®[ P(“’JS) 

. 1-1 ] 

From (3*3) and (2*3), we have 


_ n ! 2”- ^’ r(l 4 - ^ + 8 -f n - r) 

- r ! T{ 1 + a + ;8 + 2« - 27) 2^1 

Therefore, (4*1) can be expressed as 


- r, 1 + « + - r ; 1 

2 + a + fi + 2n-2r; 


(4*2) 


(4*3) 


4“-f w- 


(4*4) 


V n I 2 n-r r(I + a + g + « - y) 
r 1 r(l + (8 -h 2n-2r) 


- r, 1 4- a; -|- ,2 _ y j 

.2 + tt + ;8 4- 2n - 2r 


2 


p(«.iS) 


W- (4*5) 
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Again expressing, = {1 - (1 - 
and using (2’4) we obtain 


V r~n + k,\+a-{.k; 1 (a B) 

2 + .+;+Ii; O'"* 


! r(i + “ + /S + 

— . I » - j ^ 

We can also get (4-6) from (4*5) by writing the series ( 4 - 5 ) in reverse order. 


5, INTEGRALS 

We expand (x) with the help of (2'1) and integrate term by term so 

as to obtain 

r xs{l-x)P (1 + x)'^ (x) dx 

J -1 « ' 

_ + ^ (1 + °^)n fCtt + 1) r(p + 1) A (-«)r n + <^ + iQ + n)r (1 -f p)^ 

n\ r(p + <7 + 2) f ! (1 + o)y (2 + P -1- a)r ^ 

where s> n. 


X 2^1 


’■[; 


- t + P + 1 ; _ 
+ P + cr+ 2;' 




(5-1) 


As the special cases of the above, the following integrals, 

(1 - (1+ pM (X) dx, (5-2) 

and 

J ^ ^s(l - x)^ (1 + x)^ p(“</5) {x) dx, ( 5 * 3 ) 

can also be obtained by substituting in (5'1) p = a and a = B respectively. 

By expressing a;® = {(1 4 . x) - I }s = ( - l)s |i _ (i + ;^)}s and expanding it 
by means of binomial theorem, and making use of ( 2 - 2 ) and integrating by parts, 
the integral (5*2) can be obtained in a little more compact form as follows ; 

P *s(I -a;)®(1 + x)^ p(“>/5) {x)dx 

J -X tl 

= (-1)* {!-(! + (1 + Dn{{l-x^^+‘^ (1 + xf+P } dx 

= i Dn (1 - a ;)» + « (1 + ; c )» + /3 } dx 

_ (-1Y ^ (,-s)r r(r+a-B+l) + r(n+«+l) r(r+a+l) 

2 ” nlf^Q r! r(r+<r-^-n 4 -l) r(«+«+r+cr+ 2 ) 

= + rq+g+n) r((T-ff + l ) r(cr+l) a-B+ l, a+l ; 1 

nl r(a-/3-n-^l) r(n^-a;4-o'+2) ^ ^ ”4'““i"<r-j-2 ; ^ J 

[ 467 ] 



Similarly, by expressing, — {1 - (1 - and making use of (2*2) and 
integrating by parts, we obtain, 


X^{1 - (1 -f" dx 

J -1 ^ 


+ r(I+^+n) ni+p-a) t(l + p) 

I r(l4-p-a-«j 'l\2 + P+/e + «) 


'3^a 


j)^oi -r*+li 5 


-af, 1+P ; 


2+«+p + /3 ; 


(5*5) 
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ABSTRACT 

In this note some transformations of a certain series involving the solutions of F-cquatio ns 
dF(z,a)ldz = F{z, a+ 1) 

and 

dru>a)idz = r(z, a - 1 ) 

and the confluent Hyrcrgeometric Functions hive been deduced. These transformations in certain 
cases turns out to convert an infinite series of product of two functions into finite one, thus 
expressing the sum of the infinite series in finite terms. 

INTRODUCriON 

In this note some transformations of a certain series involving the solutions 
of Truesdell F-equations : 

dF(z, 0‘)j'dz — Ffe a 4- 1) (1) 

0^(2. mz = rfe ^ + 1) (2) 


and the Confluent Hypergeometric Functions have been deduced. These transfor- 
noations in certain cases turns out to convert an infinite series of product of two 
functions into a finite one, thus expressing the sum of the infinite series in finite 
terms. 


2. First we shall prove the following identities ; 


lo °’y ' 

T 

= exp [/a: + + pqz] ^2 F^(x + zq) i/ F^(y + zp). ^ 

2^ F{x, a -I- r) (e^^ F^iy) ^z''/r ! 

f 

= exp (qy) Pix + « + r) (y) z^jr ! 

X^r{x,l3-r) 

= exp rqy) ^2 Tf* + zq, ^ - r) Pi(y)jz^lr] 


( 3 ) 

(4) 

( 5 ) 
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where F(;f, a) and Y{x^P) satisfy the equations (1) and (2), and denotes the 
differentiation with respect to x alone* These results are formal and subject to 
the convergence of the both sides. 

Proof. Consider, 

X D Fiwl D Fjj(j^)l z^'jr ! 

,=0 X I 'J Jl> L J 

= eV Fi{« + F^iy)zrlT ! 

= e^y +F« +F9« S '^pn d"-" i5'^(ic+ zq) D" F^{y) z^jr ! 
r= 0„=:0 y 

= exp [px+qy ^ pq^) V F^{x + zq) Ff,y + zp) z^lr ! 

r=nO ^ 

hence proved. 

On putting j& = 0 and F^{x) as the solutions of equations (1) and (2), we obtain (4) 
and (5), 

Now we shall add a few examples. 

Example 1. 

LetFiC^;) « c\ a:], F^{y) == d;j;] and = (7 = 1. 

Then on substitution in (3) we get [2, p. 344J 
(c ~ a)/}* {d — b)‘)/' 

rfo ^'+ ^ ; jJ 1 

„ (^)r {.F)t 

= Fla + r, c + »■ ; x-z] FU + r, d + r y-z\ Z'^jr ! 

Similarly when p = - 1, ^ = - 1, we get [2, p. 34t] 

(c — a)/p {b^v 

^X iFi[fl, c + rix\ iFil6 + r, d + r,y-z] Z^lr ! 

(fl)/* {d -• b)f 

= ■{■r,d + r-, x-z] xF^lb, d r y] z‘>^jr ! 

Example 2. 


Let F^(x) = :r“ L“ (x) and F^(y) = iFi[&. d ;y] 
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From (3), using [1, p. 190], we gfet, 


X 

r=0 


(I + w)r [d - b)r ot-t 


{djr~~ d+r ly] {-zjxYfr ! 




and 


{d)f j2 

iPi{b + r, + f ; j - -5] (zlx-zy/r ! 


r=0 


(l+«)r{^)r 

{d)r~ ^n + r ; Jl' - «] {z/xyjr 

i^+»+°^-r)r {d-by a-r, . 

(!-«/*) rzv -f-. M 


{d^r n 

d •\-r ‘,y'\ {-zjx~zYlr ! 

If we replace b by -m and d by l+;8 ia (6j and (7), we obtain 
Z (1 +n), (x) {y ) (rzixYlr 1 


f=0 


m 

m 


and 


= « ^ {l~z}xf X (1 + K + a - f)^ 1,“"'’ (x-z) 

r=0 

^+r 

^m-T ~ I ^ • 


(1 + n + a - Or (JC - z) ( j ) ( - zlx-zYfr ! 


tn 

^X (l+«), Ll-_^,i.x) {-zlxYlr 


( 6 ) 


(7) 


(8) 


(9) 


Putting m = 0, (8) and (9) reduce to 


X (*+”)»• ^«+rW = ^-''^(1 + if Ll [«(1 + t) ] (10) 

X (1 + B 4- o: - Or (.V) trjr 1 = L® [*{1 + t)l (11) 

f«=0 

(10) reduces to a known result [1, p. 189], when n = 0. 

Example 3. 

Let F{x, a.) = x~^ G ( ^x I '^p \ 

P-Q \ I l>i >•<>, bg I 

■ FiU) = c, r1 
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Then fronj (4) on simplification We get, 

P><I \ / r, % . . . / n 


+^, 


r=0 

Similarly from (5) when, 


(y) t^'lr ! 


( 12 ) 


we get 




-(1 + 0 - ^( 1 + 7 -/ 6 ^,..., 6 

Example 4. 

Let [3, p. 21], 

^(*. '!> a *) 

then from (4) we get, 


1, . . . , /i -r\ ^S+r 

,(y){‘n + tyiri 


(13) 


M {b,x-z) (y) (-zy/r 


(14) 


A^e get 


Similarly when F{x^ a) = ; x) 


6-4- ?* 

Zj - a - r\x) 


(*) i-zYIr ! 


f=0 ' ' n 

n 

“ ~ - f ; * - «) +*■ (j) (-2)r/r ! 


(15) 


On putting ol — n — o and using the transformation, 

; a) =■ V'(a! 1 a) F,j(n ; a) 

(14) reduces to the known generating iunction of Poisson’s frequency function 




a) ;rT = (l+t/„)^ 
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ABSTRACT 

Kharadze (1935, 1960), Chatterjec (1955), and Sharma (1948) have given a generalisation oi 
Legendre, Hermite, and Associated Legendre polynomial us’ng the operator, 

_(A'-1) Id . ^ ^ 

K ^^-2 dz dz 

in the Rodrigues formula. 

In the present paper we have deduced these generalised forms by defining a structure of 
numbers, from ordinary definitions of the polynomials, without using these different forms of this 
operator, 

INTRODUCTION 

KharadzCj [3, 4,] Ghatterjee [2] and Sharma [5], generalized the ordinary 
Legendre, Herixijte and Associated — Legendre polynomials by considering the 

operator They defined these functions in a generalized form according 

to this operator and deduced their properties. It is interesting to note that by 
defining a structure of numbers, one can obtain these generalized functions from 
ordinary functions without using the different iorms of this operator. Simi- 
larly other functions can also be deduced in a generalized form and their proper- 
ties can be obtained. This is the main object of this paper, la section 2, 3, 4, 5; 
and 6, some definitions are given and a lew useful theorems have been pro /ed. 
Finally in the rest of the paper the various functions have been deduced in a 
generalized form , 

2, Let be a fixed natural number. We define a structure 

{mk + I), - mk, —1), 0^ K, K + l^2k, , . . . , mk, + 1, . . . . 

which we call a field Bk> We form the reduce classes modulo as below : 

0^ — . , « , , , “tnkf * • t • ky 0, Ai, • * . * , tnk^ . • • * 

IJT = . . . . , -{mk + 1), . . . . ( ~ 1), {K+ l\ + 

The following laws for calculating \^ith these two spaces are constructed 
according to their remainders (residues), thus, 

Ok + Oa* = 1a: 4- 1 a* = Oa", Oa- + ^ ^ 

Oa' . Oat = Oa* . Ik = Ok, Ik . Ia* = Iat 

Thus multiplication and addition can be defined by the following tables : 


+ 

mk 


rk 

{m+r) k 

(m+r) A:+ 1 

rA+1 

(m+r) A+l 

(m+? + 1)^ 
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X 

mk 


rk 

2mrk 

(2mr-\-r)k 

rA+l 


(2wr+w+f) A + l 


We define also with the usual notations over the Bk field, the following ; 

= « (a -1- 1) {a + k) {a + -1- 1} .... (a -I- b-l) 

a \ = I .K.K + I a 

00 

r{a) = (^-1) r(«-i) = jTa r 

J OK 


where a, b both s £/c . The last terms in the above expensions can be derived 
according to the above tables. 5^ is the inverse of the operator D* , which we 
shall define later on. Then. 


K^i 



^ (^ )r {b)r 
r=0 (^)r r 1 


Z'>' 


reBK 


a. b 

+ <• 1 ' 


fi(rt-l-l). 6(/> + l) „ 

■ -1- 1) 1. A" ^ + 


r- , , , Z , , 

Ek{z) = 1+ t +y.k + 


+ 1 

Lirr^+i + 



^/)-&+l 


(1 - ;)? ^+1 p,qeBic 


3. We now prove the following theorem 
Theorem : 


and 


CO oo 

S X br = 

n=0 r=0 ” 


E 


[«/A] 

^ br 

r=0 



where « and r e I3k> 
Proof ; 


00 00 

n¥o f§ 


The product must 
negative intergal i and j. 


include all terms of ihs type Oi dj {i, j a I^k) for 
therefore we consider the array : 


«o *0 + flo *r f ••.+ fl« /!>„* + flo 


noD' 
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+ • • • + a^k ^mk + ‘^mk ^mk+ 1 + 

^mk+l ^o+fimi+l *1 + • • • + ^m/t + 1 ^mk + ^mk+l + 


The product of the series is formed by grouping the above array in finite 
diagonals according to the following scheme : 

Let X = mk* Then 

^tk,mk “ ‘‘sk *1 + ^(i-Zm)k + • • • • 

and 

^sk+l,mk = ^sk+l *o + '^(j-CT)it + l + ‘‘(,s-2m)k+l^K + 


The number of terms will be finite and depends upon the number 

r sk ] r sk-^l 1 

mk L J 

In the same way when \ = mk-\- I v/c get 

^tk,mk+i ^ *0 + “(/-m-l)A+l ^i+ ‘‘{s-2m-l)k+l *jr + 


^sk + l.mk+1 — ‘‘d+ 1^0+ ‘^(s.m)k ‘‘(s-2m)i 

In all these possible cases we see from the tables that 

^sk.mk ~‘^sK-0,mK *o+ ^sk \,n,K '^1+ ‘^sK-K.mK + 

^sk+l,mK ~ ^sK+]-0.mK ^«+ ^ji+l-l.wiT “iK+l-K.mR: + • ' 

^sK, mK+l ‘^sK-0{mS:+l) *o+ („jsr+I) *i+ ^s!C-K (mK'+l) + 


and 


^^r+l.infi’+l — ^iA'+>-0.(mi+l) + "fJT+l-I. (mK'+l) ^i+ ^sK+\-K (ni^'+l) 

+ 


[«/A] 

P«9 S’ ^n~\ T 

n,rePj^ 


Hence we have proved the theorem. In the same way we can prove the 
second part of this theorem. 
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4. Generalized Leibnitz’s Theorem. 


We define 

D\{u.V) + 

+ «.£)"F 


where « e Bk 

We should note that the restriction imposed by the various authors on the operator Dk 
according to dijfferent spaces seems to be unnecessary. For example they define : 

S mK d 1 d mK 


___ 

^ ~ 'dTzK-T dz 


Z-^- = mK. [ ]. 


But if we consider the elements of the field Bk in view of the tables we get 
at once; 


7«A". [ (ot- 1)A"-|-1] since ^m-l)A"-|-l + l = 


=m/r 


'K 

Now let us define the operator Dk as 

u. ..fe W 

We can also prove very easily that 

Dj^ (u. u) = D V -\rD^v. u. 

Now let us operate on both sides of the generalized Leibnitz’s theorem by 
the operator Dk We get 


72 "f" 1 

iu.V) 


Hence we have proved the theorem. 
5. Generalized Maclaurins Theorem 
We define it as follows. 


y \ / ri\ n-r r 

rr.Bj^ [ ( r / ^K ^ _ 

V /n-\-[ \ n + l-f »■ 

^ / ' 1 Z)./ u. Dr.V 


1 di' A'+l 

/a W = /a: (0) + ^ / ^ (0) + -J fj. (0) 4 f ^ (0) + . - . 

Proof ; Suppose 

■T (*) = ^0 + A ^ + -d/r j ^ 4- ■ - . . 
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Then by successive differentiation, we get, 


K 


(x) = K.l Aj.-^{K +\)K A X + 


A'+l 


Putting A? - 0, we find 


yJ(o) 


Aq - fj^{^)i ^1 “~ (0)} j « - 

hence the theorem follows. 

6. W‘e can easily prove the following results : 

^ a^b^c £ Bk 


and 


r «. M = r(t) nt-a-b) 

^ \ C \ r{c-a) nc-b) 






a, b, c E B j' 


this has generalized Bailey’s series[l] 

/If 


(i-;cr° tFs 


m 


where 


Pn . • • = Ps V-^J J TsBg 


then 


^1’ ^2 ^ ^ 

r £ jS 


X' 2i' ' ^ 

{x) rFs+x\ p^^ . . . , Ps[A.,/>] 




i7r 


Also if, 


(5)1 


{x) rFs+x 

then 

(1 - «) ® r+x^s+x 


. . . ar 


L Pi- . . . Ps [a, p \ 


ex' 




. . . ffr. [A, g] 2^ 


(p)- 

,A- 


L Pi. • • ■ Ps. [A.^] 


(i-)]- ? 


K 

With the help of these series we can obtain the following relations 
cases : 

Put X = J == 1, r = r, in {A), then 
a,p - p 


EKix) kFk 


-X , 
P,0C-V J 


= a -I- (‘»)i^ 4- (f)^ , 

“ ^ (a - v)i ^ {a - v)jr ^ ■ 
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■ (Pin 

as particular 



where 


(1 kF^ a: j + («)i ^ + (a)j^ 

If V =: 0 we obtain 

[ V ~ [ f * 

Again if A == iT, r = A", ^ = 1, we obtain [in A] 

77 r.A 7^ ^ / A? I b. i 


vhcre 


(1 - *r? irFi 1^ 


a, - 

K 

PF+I 

P 

E' 

’ K ’ 

«5 «i5r+i 

pJC -f- 1 ^ J 

A' 

> 

= 0, c = 

— 1, 

a, q 

- X 


'^‘’+(A)x +■ 


^0 “l~ ^1 X -{- b^ xf^ -)-... 


, M’ ^ -Zi. 1 = S . . 

^ L /> 1 - a: J nsBK 

1^1 I * 1 = E (x) ^ - a;1 _ X 

IP J ±p J nt'jBj^ 


Again if X = r = 1, j = 0, c = - T, then 

o+HK (l ~x) nK 

7. Hermite Polynomials ; 

We define the generalized Hermite Polynomials, as, 


L J 


hence. 


^KlpCxt-t^) =r S -ST^,- (*) (r 

\ ) r ! 


U. E^{.x^) kH„ (X) = / jT E^[~(x-i^)]j^ 

= ( - 1 ) 
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This definition was given by Ghattarjee [2) 

8. Laguerre Polynomials : 

We define as : 


,("=) , , (1 +«)« r - « 1 

L (x) = ^ I , xl nsB 

K n ^ ^ ll+«J 1 


We can show very easily that 

(x) =*-"■£ (x)ln \ . dI B i-x). x" + “1 
K n ^ ^ K ^[k J 

9, Jacobi Polynomials : 


Let P (*) = 

K n 


Z (1 +-)n (1 +nn 

r,mBK (w-r) ! r ! 1 + ^)n-r 





"(i-h D”r(,_i)«+^ (,+!)" + ^ 

jr" kV ^ ^ J 

If « = /3 « 0, we obtain 

« 1 K 

This result, with slight changes is due to Kharadze [3]. 

I conclude this paper with the hope that these methods will give more results 
very soon. 
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ABSTRACT 


In this paper, the integrals 

r r ^^+y+np-\ -b'.x) /,. dx dy 

Jo Jo 

and 

f f e~^ iPi(a ; i>; x) (Vfx^^y) {Vlx'^y) dx dy 

have been evaluated by usinc the Reed’s theorem. Twenty kernels transforraing Ry,p into 
have been investigated by giving particular values to the parameters. A self- reciprocal 
function has also been determined 


INTRODUCTION 

1 . The well-known Hankel transform in one variable, viz. 
fi(«) = {xy)^Jv{xy)f{y) dy 

has been extended to two variables and is defined by the integral equation 

^00 ^00 

s{x,y) = J ^ J ^ (x^y v)^Jp(vy)Jv{l x) f(^, v) d] d<i 

Gray [1], Erdelyi L2| and Owen f3j have investigated some self-reciprocal 
functions involving two complex variables under this transform. R. P. Agarwal 
L4J has given two formulae connecting different classes of self-reciprocal functions, 
of different orders in two variables. Following the analogy of self reciprocal 
function of one variable, we define the kernel in two variables in the following 
manner. 

If two functions / (u,u') and g {x,y) are connected by the relation 

f oo ^oo ^ 

0 J 0 ^ («. u') du du ' , 

where /(««') is and g(A:,j) is ; then P (x,jy) is called the kernel in two 
variables for translorming R^,p into /i^,^ and vice-versa. 

Recently I have found some kernels in two variables [5]. The object of 
this paper is to find more kernels and to employ them to find new self-reciprocal 
functions. 
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tlonsider the integral 

‘ “ J." S' «-* ,F. {. ; J ; /„ (} .«,) k, a «.»*<(». 

Evaluating, we get 

JY+nB+s-ai-fi^a-i THy-^-jn^+js) r|(l+y+»g+,) 

TT r(6-a) I(b y np r( i i b 7 J \ 

\ 5- 5 - - 2 -- 2 / ^ Is + 5--2 - - 3 - - ^ ^ 


X ri(i+^a-y-wg-^) ri(i-/ 3 -«) r (1-^-1) r|(v-t-ff4-P-t-a) ri(v+^+«-p) 

J’{i(''-iS-a + P)+l}. r{^(v-/2-a-p)4-i} 

provided Re{ - v ± p) </?»(« + /3) < i, + np ^ s) > 0, Re b > 0. 

Since the integrals involved are absolutely convergent, it follows by the 
Reed’s thcorem[6] / s . / 


TT (27rj)2 


^^*-|-100 ^ ICO 

^J'.. J'. 

c — zco ^-zco 


, li 

9“ + ^_ 

[1+ f + ' 2 ) + !■ 

+ 

nfi s\ 

-2 + 2 ) P 

/bay 
\ 2 ~ 2 ~ 2 ' 2 


JA- _ L _ 2 ^ _1] 
2 2 2} 

1 r| 

fi + ±- 
[2^ 2 

y «;8 i ^ 

2 " 2 ■ 2j 

1 


V r(i + l-l-s --f-- 5) rKi-i3-«)r(i-| - |)ri(r-i-yg+p+«) rKv+ff-P+<^) 

i{|(v-^-^ + P} + 1} r[4(v-^-«-p} + ij 

X x~^ y~°‘ds da. 


Case 1. y = 6- £-|, a = 2s-6, /3 = 0, t'=-p = |P‘-i, we get 

^i7i(2£ -b\b-,x) h^.i{kxny) Ki.^_^{\xny) 

1 /. c'+ico .c+io3 

= (»),• ) • 2“+'' fH+je+Ji) r(i+j£+4r) rii+i(f‘-i)+i-«] 

^ C ^ too ^ C^IQO 

X 1(1 4* 41^ + (■^s °‘) y~^ ds da 
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wlierti 


). 1 + 1 .) 

^ r{2b-2e) rl - i-f ^+1 ) ) 

^ rd +5 - 3 - 1) r(uH--| -- )r(g ) j:(l - ^) 

= X(1 - S, 1 - a). 

Hence the function 

/-c-i g-x -bib;x) 
is a kernel transforming 

■^e-1, ji-l 

provided Re b < Re b - ^, Re b > Q, Re \i ^ 

Case 2. For T •■=• s - J, a = 0, ^ = 0, f = - p = we get 

hiL-k{\xny) K,.^^^{lxny) 

as a kernel transforming 

to R^ J, 

provided Re s > Re (J* ^ J. 

Case 3, For y = — - J, a , v = - p es ^ ^ /? = 0, we get 

;c- if /ge (^-;¥) 

3 2 

as a kernel transforming 

■^E-l,Jt-l ^t',g 

provided Re e "> 3/2, Re 

Case 4. For T = e - = - 1, ^ = 2 e - 2, /? 0, v = - p = --2, we get 

iF,( - 1 ; 2 e - 2 ; ^) /5j,.3. ilxny) Ki.ii,(ixnj) 

as a kernel transforming 

^e-5,ii-l to 

provided Re e > 2, Re le ^ |,-. 
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Case 5. For y = e -f a = - I, * = 2e -}- 1, = 0, v = - p = 

e-^ x^xC - 1 ; 28 + 1 ; x) 
as a kernel transforming 

provided i?« s > 0, J?« ^ 


Case 6. For y = i ^ e _ j, ^ = 2^ - 6, == ~ - v = 


6 3’ 


we get 


/ » g-x ^Fj^2s-b ;l>;x) I ^ (ix’^y) 

as a kernel transforming 




A 

3 


R 


H + l to 

Cl 


provided Re e < Re b - Re b > 0, ^ ^ Re it > - 

Case 1. For y = £ - a = 0, ^3 = ^ - 1, v = p = | 

f** 

3 (4x”y) 

3~~« 3 "® 

as a kernel transforming 

provided Re s > ^ Re P* ^“1* 

e w , Tz/A 

2 - g + 


-ry o t:* ^ ^ ^ ^ n 1 P 2e , 4e 

Caxe 8, Fory^^-^+-^-|, ^=i-g-,a=y,6 = ~,v 


we get 


q q «1 


^ Sy 3 mif, ^{\xr^y)K^ Jixny) 

q 2 q'“'S’ q “ti 


as a kernel transforming 


1 f*+l ^s,l^ 
■> 


provided i?« s > |, | > i?« fi > - J. 


i, we get 



- h we get 


03'”S= 



Case 9. For V — “ g + 3 * “ I, b ~ 2f ~ 2, 13 — J - g- , v = p = 

I - -J, we get 

yr 3 ^ ,-a: _ 1 ; 2« - 2 ; a:) /j, ^ [^x^y) 

3 - •« 3--V 

as a kernel transforming 

^ o F+1 ‘0 

E-a,- - 2 - 

provided e > 2, Re ^ ~ I- 

Care 10. For 'i' “ ® ~ ^ + a> ^ ~ ~ ^ “ 2e + 1, ^ = ,1 - , v = P = 

- -i-j we get 

i_f* 

/ 3 _ 1 ; 2e + 1 ; A') //, ^ 

'F 3 " ■»' 

as a kernel transforming 

^ , /r+l 

« i.- 3 

provided /Je b > 0 , J "^Re P- 

3. Consider the integral 

/ = (■“ r x^+y+r>M f^P-l e-« ,Fi(a ; A | *) JpWlx^^y) ^p('/F”J') 

^ 2 ‘>'+"-®”"+^~^+-'+® r(A) r-t(i+y+«/ 8 -)-A') r^A-a-y-nM 

TT f( 6 -,j) T|(A-r-7ijS-4 rKi+A-V-n^^^^^ 


X 


rfp ± l_+,2 J, JK" +A 




provided R€{b-a) > Re{y+ii^'\h) > 0, Fe i > 0, 4- 4 P) > | /?(? P | • 

Since the integral involved are absolutely convergent, it follows by the 
Reed’s theorem 

yP e-x ^F^{a; A ; x)Jp{/lx’^y) Fp(/fA:«jv) 

= 2y+”^'-^+/s-3 r(6) p +*” (•«+"“ r-Hy +«/g+^) fKi+y+«yg+j) 

TT ri,A-a) (2iri)a J c'-ixi J c_i« r^{A-y-n,0-j) 

S, ri (A-a-Y-n^-f) ri ( 1 + b-a-y-nR~s) r-Kff+/e+2p) ri(«+^) _« J ^ 

fJ(l+^-y-«^-5) ri( 2 >d-^-i-o +27 ri(2p-a-/?+"2) 
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Case 1. If y = i — e - — i, a =3 2s - i, ;S == we get 

/fcC"l"tco 


“-i ^2 g X ^p^^2e-b lb I x) Jp{V^x‘^y) Kp{'/ ix'^y) 


1 "T^oo ^C+tcO . 

= J«'-fco 2'^'^^rH+is+i^) r(i+je+ij) r(i+p+i«) 

X r(i+J«) X(i, a) ds da 


where 


X(.,») = W) r(-i-|+|+,») rfi4-;+i ) Td+t-i-i) 


X 


u- ^ ^ ^ 


r(| + 4-y r(t + ;+|) r(n-^?) 


= X(l-J, I -a) 


Hence the function 

J-e-i g-x - b;b-, x) Jp{Vix^y) £^p(VTx^y) 
is a kernel transforming 

^£-1,2p 

provided Me s <. Re b — ^, Re b > 0, Re p > - ^, 

Case 2. For y = £ - -^n - 1, a = 0, ,S = |, we get 
x’^-lyl e'^ JpiVFx^y) K'p(Vix«_y) 
as a kernel transforming 

^£-1,2p -^£.0’ 

provided Re s > Re p > - 1, 

Case 3. For y = ^ - Jn - J, a = i = ^ , /? = J, we get 

x-^yi j-a* {\x) Jp (Vix^y) Kp 

3 « 
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as a kernel transforming 


^e-l,2p ^e,Q’ 

provided /2tf e > §, i?e P > - 

Case 4. For y = ^ a — - 1, 6 = 2fi - 2, ,9 = we get 

yi ,Fi( - 1 ; 2« - 2 ; *) /p(V>«j) 4^”j) 

as a kernel transforming 

'^£-3,2p ^r,0’ 

provided Re e > 2^ jRe p > 't i*. 

Cose 5. For y ==' g - ^ ^ 2r + 1, we get 

e-\F,{- 1 ; 2. -|- 1 ; x) Jf>(Vixny) A;,(ViA-”7) 

as a kernel transforming 

^r-l,2p ^f,0> 

provided Re n > 2, Re p > ~ Ij. 

Case 6. For y = b - e - (5/2)n ~ a = 2e - b, 13 = 5/2, we get 
^6-s-i^5/2 g-x - b ; b ; a) Jp^Vlx^y) KpiV^x^y) 

as a kernel transforming 

^Vl,2p ^£,2’ 

provided i?« e < Re b - i, Re 6 > 0, Re p > ^. 

Case 7. For y = « - {5l2)n — a = 0, 13 = 5/2, we get 

x^~i jv^/2 Jp{\/%x>]y) Kp('/ ix^y) 

as a kernel transforming 

provided Re r > Re P ^ h. 

Case 8. For y == 1 - (5/2)« - a = , b = /? = 5/2, we get 

Ar-^-/V2 J 

3 2 

as a kernel transforming 

^£-1,2p ^fi,2 

provided Re s > 3/2, Re p > 
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Case 9. For 7 = £ - (V2 )b ■ j, a = - 1, 6 = 26 - 2, (8 = 5/2, we get 

/-i j),5/2 fX 1 ; 2e - 2 ; a:) Jp{VF Kp{VTx^y) 

as a kernel transforming 

-^s.3,2p ^6,2 

provided Re e > 2^ Re 9 > 

Case 10. For y = g - (5/2)^ + ss ^ == " 1> ^ = 2£ -p 19 /^ = 5/2, we get 

(_ 1 ; 2£ + 1 ; a:) JpiV^lx’ij) K p{-\/1xny) 

as a kernel transforming 

^e-\,2p “^£,2 

provided i2^ £ > 0, p > J. 

Example^ We know that 

Kr^p_,,s^ ixy), Rev> -l,Itep>-l 
is 


1 P 


Hence considering the case 9 of § 2, 

CM = J'J j'l i^ii- 1 ; 2V-2 ; XU) (;«')§■ 3~ Ip _ ^ 

Jfp _ , (ix^yu') ^""Kp-v) 


b 6 


2'’_+<'»-n’(2v-2) ,.t«(^hJ+3) + -’±'’+l) ],4+S+l) 

r(2v-i)T 


X e 


, 4 , 4 / x 2«+2 jS 


4.6 1 


L^j.Lj.£ Aj. ^ _ I j- A 5 p 

12'^4'^12’4'^4 4’4 4‘^4’4~4'^4 

A+ L J_ A _ i + L + A i + ^' + Ao. A4. A 
12 ^4^ 12’ 4^4^12’4 + 4^4’4^4^4’ 


^_2’4.A Ao.'A 

4 4 4 ’ 4 4 


provided (1 V + ^A) + 1 > 1 fi£(P - V) I , + ^) + I > 1 iie(p _ v) ) . 
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Re 


'Sv P 

" 2 ~+ iP-i + 2min(-lr + -Jp - -|i', - - -Jv - 12 j I ~ iP + ■s’') > - 1 


( 7 5p . P \ 

J 2 *“ ^ 

on using the results [7, pp. 437, 153, 430, 442] and [8J. 

Thus the function 

« (5+W+-U-) + 1 ] y-(^+^+ 1 ) 


4,4/ x^n+^ jZ 

I 4 — 


4>6l 


11+ L_4. fL_ 3 + ?rr .1 + ^-+ H’’ 

12 + 4 ^12 ’4^ 4’ 4^4’4^ 4 

I 5 , V , 5p ^ j ^ I ^ 3-|-3v-4“P 1 "-|^3^’'*|~'P 
' r2+T+T7'*““T+T+ 12" 4 4 '”“’ 


9-v+p 7-p+P 

■ ^ “ ’ “ T" 


V3.-e±i. 
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iisiokOANic co-ordination complexes of bivalent nickel 

PART I. CO-ORDINATION COMPLEXES OF NICKEL (II) 
BENZOATE WITH PRIMARY ALIPHATIC AMINES 

By 

GOPAL NARAIN and P. R. SHUKLA (Miss) 

Department of Chemistry, Lucknow University, Lucknow 
[Received on 24th March, 1966] 

ABSTRACT 

Nickel (II) benzoate was found, to undergo complex formation with primary aliphatic amines 
and diamines. All the complexes were found to be amorphous coloured solids. The general 
molecular formula on the basis of analysis and other experimental results turn out to be [Ni (AmJ^ 
(Ben)a] ^iid [Ni (DAm)^ (ben)^]. Molar conductance in formamide shows the complexes to be 
non electrolytes and molecular weight measurements confirm this. The general properties of the 
complexes have been discussed. 

During the past many years considerable a^nount of work has been done on 
the reaction of amines with inorganic salts of nickel (II), but practically very 
little work has been carried on the formation of amino-complexes of nickel (IL) 
with oi'ganic anions^'®. There are also a number of evidences which suggest 
that the nature of the anion is a contributing factor to the stability’, coordination 
number® and colour of the complexes^. 

The present investigation has been carried out with a view to study the 
formation and properties of the compounds of nickel (11) benzoate with primary 
aliphatic amines and diamines. The benzoate ion besides neutralizing the charge 
of the metal, can also be co-ordinated to it through the oxygen and it will also 
be an interesting point to see its effect on the properties of the complexes. 

EXPERIMENTAL SECTION 

General method of preparation of compound , — About one grn of nickel (II) benzo- 
ate was suspended in 15 ml of benzene. A little more than the calculated 
quantity of amine was added. The reaction mixture was shaked for few hours, 
faltered, washed to remove excess of amine and dried in a vacuum desiccator first 
over fused calcium chloiide then over phosphorous (V) oxide and analysed. 

The ammonia complex was prepared in acetone medium. The complex 
was dissolved by the addition of an excess of ammonia and then it was crystallised 
by evaporating the excess ammonia and acetone in a vacuum desiccator. 

Analysis , — Metal was estimated as dimelhylglyoxime complex, carbon and 
nitrogen micro-analylically. The amine content was determined as outlined by 
the authorA® 

(1) DibenzoaMetra {amine) nickel (//) 

The complex is blue in colour, ciystalline and soluble in formamide. Found 

Ni=15-68%, C=44-88%, N=15-08%; Ci^HaaO^N^.Ni requires Ni= 15-92%. 
G=45-57%,N = 15'19%. -a 4 * 'i /o. 
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(2) tlibenzoaio’teira (meihjiamine) nickel {H) 

The complex is blue in colour, amorphous solid and soluble in lormamMe 
Found Ni = 13-82%, C=50'01%, N = 12-99% ; CigHaoOjN^.Ni requires Ni = 13-82%' 
C=50'86%,N = 13-19%. 

(3) DibenZoato-tetra (ethylamne) nickel (//) 

The complex is blue in colour, amorphous solid and soluble in formamide 
Found Ni= 12-02%, G — 54’06%, N = ll 22% ; requires ]Ni = 12‘21%* 

C = 54-92%, N= 1 1-65%. 

(4) Dibenzoato-tetra (n^propjlamine) nickel {11) 

The complex is blue in colour, amorphous solid and soluble in formamide 
and nitrobenzene. Found Ni = 10 66%, G---57-67%, ]N = 10-22%, Oa„Hi„OjN., Ni 
requires Ni = 10-93%, G=58-13%, N-10-43%. ao 4« 4 4 

(5) Dibenzoalo-fetra {n-batylamine) nickel {11) 

The complex is light blue in colour, amorphous solid and soluble tn form- 
amide, Found Ni =9-73%, G = 59-8%, N=9'21% ; G3oFl5,j.O,iN,j,.Ni requires Ni = 
9-9%, G=60-73%, N=9-45%. 

(6) Dibenzoato-bis {ethylenediamine) nickel {11) 

The complex is pink in colour, crystalline and soluble in water, alcohol 
and formamide Found INi=13-62%, G.-=50-02%, N = 13-21 %; Ci8H2.04N..Ni 

requires Ni- 13-95%. G=51'37%, N= 13-31%. 

(7) Dibenzoato-bis {propylenediamine) nickel {11) 

The complex is pink in colour, crystalline and soluble in water, alcohol and 
formamide. Found Ni==13-23%, G = 51-5%, N=12-28"/o ; GjjoHg^O^N^.Ni requires 
Ni = 13-08%. G = 53-49%, N=12-48%. 

Determination of molar conductance and molecular weight 

The conductance measurements were done in formamide at a concentration 
of 10-®M, The cell used had a cell constant ol 0 0245. The molecular weight 
measurements were also done in formamide. A modified apparatus was used as 
outlined by the author^^ to avoid supercooling. 

TABLE 

Results of molar conductance, percentage of total amine and molecular weight 


No. 


Formulae 


Molar Total amine Molecular Weight 

Conductance Gale. Obs. Gale. Obs. 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7- 


[Ni (NH3), {G^HsGOO)^ 

[Ni (GH3NH2), (GgHsGuO)^ 
[Ni (GaHBNH,)^ (CeHsCOOy 
[Ni (CaHyNHa)^ (GeH^COO)^ 
[Ni (G.HgNFIa)^ (Cef-IeGOO)^ 
[Ni (en)a (CeHgCOOy 
[Ni (pn)a (GeHsCOO^J 


0-83 mhos 
0-56 mhos 
0 93 mhos 
0 36 mhos 
0-88 mhos 
0 55 mhos 
0-98 mhos 


18 45% 

18-33% 

368-7 

29-lb«% 

28-69% 

424-7 

37-45% 

38-10% 

480-7 

43 96% 

43 36"/(i 

536-7 

49-26% 

48-88% 

592-7 

28-53% 

28-22% 

420-7 

32 98% 

32-66% 

448-7 


In the above table en = HaN GHaCHaNHa 

pn — HaN CHaCHaCHa NHa 


340±10 

388±15 

451±15 

5UO±20 

550±25 

410±15 

430+10 
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DISCUSSION 


On the basis of percentages of constituent elements the general molecular 
formalae turn out to be Ni(Ben)^.4 Am and Ni(Ben)2.2 DAm, where Ben, Am and 
DAm represent the benzoate ion, primary aliphatic amines and aliphatic diamines, 
respectively. These formulae show that four molecules of primary amine and 
two molecules of diamine are added per molecule of nickel (II) benzoate, which 
is also confirmed by the estimations oF the percentage of total amine content. 
These complexes are blue and pink in colours, very stable, amorphous and 
crystalline solids and mostly soluble in formamide. The diamine complexes are 
also soluble in water. They are neither hygroscopic nor decompose when they 
come into contact with moisture. 

The compounds dissolve in formamide to give very dilute solutions. 
Measurements of molar conductance in these solutions gave a value less than 1. 
These values indicate the compounds to be nomelectrolytes. 

The freezing point determination in formamide gave the normal absolute 
value of molecular weight. These results suggest that benzoate ions are inside 
the co-ordination sphere along with the amine. The formulae must be written 
as [Ni(Am )4 (Ben)J" and [Ni(DAm )3 (Ben)J^ 

The structures of the^e compounds isunder investigation. Infra-red, magnetic 
susceptibility and visible spectrophotometric measurements are being conducted 
and it is hoped these results will help in elucidating the structure of these 
compounds. 
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COMPARATIVE PERFORMANCE OF THE DRY COMBUSTION 
AND THE RAPID DIGHROMATE METHODS FOR THE 
DETERMINATION OF ORGANIC CARBON IN 
DIFFERENT SOIL GROUPS OF INDIA 
By 

G. G. SHUKLA and IC. S. TYAGI 
Division of Soil Science and Agricultural Ciiemistry^ 

Indian Agricultural Research Institute^ Kew Delhi 
[Received on 24th March, 1966] 

ABSTRACT 

Walkley-BIack method is extensively used for the estimation of organic carbon in soils. The 
recovery of total organic carbon, reported by Walkley is 11%. This was verified for different soil 
groups of India using dry combustion method as standard. The mean recovery values obtained 
differ considerably from the original. 

A large number of promising methods for the estimation of organic carbon 
in soils aie known (Robinson and Williams, 1929 ; Tiurin, 1931, i934 ; Walkley 
and Black, 1934, 1935 ; Van Slyke and Folch, 1940 ; Tinsley, 1950).^ Out of all 
these methods the Walkley-Black method is the most popular and widely adopted 
because of its simplicity, rapidity and as it gives better index of the soil fertility. 
However, it suffers from the disadvantage that it does not estimate highly con- 
densed forms of organic carbon e.g* charcoal, coal, graphite etc. Therefore, a 
suitable recovery factor is used for the determination of total organic carbon. 
Walkley (1947) found a recovery of 77%, Browning (1938) compared this method 
with the dry combustion method as recommended in A. O A. O. and reported a 
mean recovery of 84‘7%. He applied the method to 150 samples of different origin 
and arrived at variations from 92*9 to 110T%, Tinsley (1950) obtained a recovery 
of 83-6 ± 1*3%; Smith and Weldon (1941) 74%. 

An approach towards finding out recovery factor for Indian soils was made 
by Dewan et aL (1959). However, no definite factor for use emerged from this 
study as differences in soils were not recognised on the basis of natural groups. 
All the soils were grouped into two classes depending on the presence or absence 
of carbonates. The composition of the soil as well as the nature of organic 
matter is related to geoclimatic conditions. Hence, the present investigations 
were made with due consideration of the different soil groups of India, 

EXPERIMENTAL 

A variety of soils, surface (0-9^^) and sub-surface (9-18"), representing different 
soil groups found in India, e.g, black, red, alluvial, laterite and hilly and forest 
soils were collected for the present investigations, The soil samples were air dried 
and crushed to pass 2mm sieve. For the organic carbon determinations the 
samples were screend through a 0*5 mm sieve. Organic carbon was determined 
by dry combustion method (Read and Ridgell, 1922) and also by rapid titraiion 
method (Walkley and Black, 1934). Estinaation of pH value was made in 1 : 2 soil 
water suspension using Beckman glass electrode pH meter, Collin’s calcimeter 
(Wright, 1934) was employed for the determination of carbonates. 
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RESULTS A ND DISCUSSIONS 
TABLE 1 


Analysts of different soil groups 


SI. 

No. 

Soil 

Alluvial 

groups 

Red 

Black 

Laterice 

Hilly and 
forest 

L Number of sam- 

27 

11 

10 

6 

6 

pies analysed 






0- 9" 

3-8-8‘l 

3-7-7-9 

6-0-8-3 

3-7-8-0 

4-6-7-6 

2. pH range 






9-18" 

3-7-8-2 

3-9-8-0 

6*4-8*4 

3-9-8- 1 

3-9- 7-6 

3 Range of 

Nil-34-048 

Nil 

Nil-6- 175 

Nil-1-083 Nil 

GaG03% 9^18'^ 

Nil-33-516 

Nil 

Nil-6-270 

Nil-0-950 Nil 

0— Q" 

4. Range of Orga- 

O' 172-2-200 0-285-4-53 

0-355-2*56 

0-339-3*18 

0-738-2-I8 

nic C% 

0 101-1-64 0-189-4-12 0-293- 1-93 

0-279-2-29 

0*472-1-71 

c T3 f 0- 9" 

5. Range ot re 

70-92 

79-92 

78-85 

77-89 

77-89 

covery of G 9^28" 

68-92 

78-94 

78-86 

77-85 

78-86 

6. Mean carbon 0- 9" 

83-36±5-94 85-32±3-75 82-84±2-34 83-39±4-75 84-34±3-98 

percentage re- 






covery 9-18 " \ 

30-84±6-19 81- 

11 ±3-60 81-02±2-36 81-92±4*23 82*72±2-96 

7. Mean carbon ^ 

1-199 

1-172 

1-210 

1*190 

1-180 

recovery factorg^j^/? 

1*237 

1-240 

1-230 

1*220 

1-200 


The results show a variation in the recovery of organic carbon as well as in 
the mean recovery of organic carbon for different soil groups. In the order of 
high to low values of recovery of organic carbon the soils may be arranged as 
follows : 

(^z) Red soils>Hilly and Forest soils>Laterite sojls>Aluvial soils>and 

Black soils. 

ip) 9-18^ Hilly and Forest soils > Latent e soils>Red soils>Blacfc soils>and 
Alluvial soils. 

High mean recovery was obtained in hilly and forest soils and red soils. It 
appeared that the organic matter present in the former was comparatively much 
fresh and therefore susceptible to oxidation. The red soils were rich in FcgOg and 
AI 2 O 3 and so some quantity of iron and alluminium may be present in the 
divalent forms. It is interesting to record that in black and alluvial soils where the 
mean recovery of organic carbon has been found as lowest were rich in liming 
materials also. The present liming material may retard the process of oxidation by 
protecting the organic matter particles with CaSO^ granules fow||.d in the reaction. 
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This opinion was expressed by Dewan et aL (1959)* Gypsum is also known to 
exert detrimental effect on the process of microbial oxidation of organic matter 
in the soil (Ames and Richard, 1917). It may be noted that red and hilly and 
forest soils were conspicuous in the absence of GaCOg. 

The percentage mean recovery of organic carbon was less for subsurface soils 
than surface soils, for all the soil groups investigated (Table 1). ^ This indicated 
that deep layer organic matter is more humified and resistant to oxidation. 

The mean recovery precentage data found for all the soils was in consider- 
able difference from the mean value of 77% reported by Walkley. For computing 
values for total organic carbon the mean percentage recovery or the recovery 
factor as reported in Table I should be employed with due regard to the soil 
order spectrum of the Indian soils. However, taking into account large values of 
standard errors obtained, it is preferable where the conditions may permit to work 
out this value for the concerned soil region or area and then use it. 

SUMMARY AND CONCLUSION 

A large veriety of soil samples from surface as well as subsurface, re- 
presenting major soil types of India were collected. These were analysed for pH, 
CaGOg and organic G content by Walkley-Black method and dry combustion 
method. The mean recovery of organic carbon found by Walkley-Black method, 
was in considerable difference from the conventional value of 77%, It was found 
to vary with the soil group and for all the soils analysed, it was less for subsurface 
than surface samples. 

Total estimation of organic carbon should be made on the basis of the 
obtained factors. Since, these values are accompained with marked variations in 
standard errors, wherever it is feasible the recovery factor for the stipulated soil 
region may be found out and applied. 
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